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If you’re fortunate to know enough about an theory, one way to
construct the set of operators for an EFT is to:

o identify the degrees of freedom at the low scale,
e identify how they transform under given symmetries,

e and write down all possible singlets.

This procedure will over-count the number of operators that should
appear in the Lagrangian.



OPERATOR BASES

Effective operators O, and Oy, give the same S-matrix elements if:

e O, =0+ 00 (integration by parts)
e O, =0+ O% (equations of motion)

Eliminate either O, or Oy. This choice is called an operator basis.
Easy, right?

[Politzer, (1980)], [Georgi, (1991)]



AN EXAMPLE

Real singlet scalar s in 341 spacetime dimensions.

The singlet operators at mass dimension d = 5 and 6 are:
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AN EXAMPLE

Real singlet scalar s in 341 spacetime dimensions.

The singlet operators at dimension d = 5 and 6 are:

s” .5‘(0“.5'>(0“.5’) s8 53925 (823)2

If the Lagrangian is:

L 2 1 oo 1.5 1.4
5:5(8,45) —gmTsT = gis —1)\5

The equation of motion for s can be written as:
2 2 I o, 1.3
7as:ms+5,us +§)\s 4

An instance of 9%s can be replaced with other operators, yielding operators
already in the basis.

Best to think of this as a field redefinition.
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AN EXAMPLE

Real singlet scalar s in 3+1 spacetime dimensions.

The singlet operators at dimension d =5 and 6 are:

S st (S| | (@B

If the Lagrangian is:

The equation of motion for s can be written as:
1 1
—8%s =m2s+ i,usQ + 5)\53 + -

An instance of 8%s can be replaced with other operators, yielding operators
already in the basis.

Best to think of this as a field redefinition.



AN EXAMPLE

Real singlet scalar s in 341 spacetime dimensions.

The singlet operators at dimension d = 5 and 6 are:

This operator can be written as:

1 2 au 1 5.0
$(0us)(0"s) = = Ou(s”0s) —=s07s
total derivative EOM

So this operator is redundant.

Relations like this get more and more complicated as one goes to higher
dimensions.



AN EXAMPLE

Real singlet scalar s in 341 spacetime dimensions.

The singlet operators at dimension d = 5 and 6 are:

S | sQusHers) | 0 Lot (0%

This operator can be written as:

1 2 1 5.0

$(0us)(0"s) = = 0u(s*0"s) —= 205
2 ~— y 2 N~~~

total derivative EOM

So this operator is redundant.

Relations like this get more and more complicated as one goes to higher
dimensions.



AN EXAMPLE

Up to and including d = 8, a non-redundant set of operators is:
s° 50 57 s (Ops)*

Operator bases are difficult to construct by hand. Try it.



History: THE SMEFT

Weinberg figured out the SMEFT operator basis at d = 5 in 1980.

[Weinberg, (1980)]

It took until 2010 to figure out the set of non-redundant operators for
the SMEFT with one family at d = 6.

[Grzadkowski, Iskrzynski, Misiak, and Rosiek, (2010)]

...and until 2013 for with three families at d = 6

[Alonso, Jenkins, Manohar, Trott, (2013)]

...and until 2015 until ford =7, 8, 9, ...

[Henning, Lu, Meliac, Murayama, (2015)]

With plenty of missteps along the way...
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HQET

Consider a field theory with one heavy fermion, subject to external
gauge fields, with rotational symmetry in the rest frame:

D2 s-B

= iD -
L= t+C22M+CF2M

4+ |0

Here, 1 is a 2-component Pauli spinor, [D¥, D;] = igE*,
$[D7, D¥]eiP™ = jgB™ and s = o /2.

Additional constraints on the coefficients from reparameterization
invariance, but that does not change the number of operators.



HQET

There has been little agreement in the literature regarding the
number of operators at each order in 1/M in HQET:

’ Operator dimension H 5 \ 6 \ 7 \ 8 ‘
Mannel (1994) 2027 | -
Manohar (1997) 20211 -
Dassinger, Mannel, Turczyk (2007) || 2 |2 | 5 | -
Mannel, Turczyk, Uraltsev (2010) 2129 |18
Gunawardana, Paz (2017, v1) 2129 |18

Goal: resolve this.

The Hilbert series = tool to aid construction of an operator basis.

[see any paper by Hanany; Manohar, Jenkins (2009); Lehman, Martin (2014, 2015, 2016);

Henning, Lu, Melia, Murayama (2015, 2016, 2017)].



HILBERT SERIES

3 ingredients:

® Ordinary multiplication of characters of a group represent tensor
products of group representations.

e Symmetric products of characters are generated by a Taylor expansion
of this function:

n

o n n
exp ZX(Z Yt )
n=0

® Products of derivatives are symmetric.

Method:
e Generate all operators, singlets or not
e Subtract all operators with equation of motion relations

e Subtract total derivatives

Pick out the singlets
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1ST INGREDIENT: REPRESENTATIONS

In SU(2), we know 2®2 =3 ® 1:

. . 214 )4
- )=z il

* z i z 22 ~—~
TT 5;_/ 1

What are these polynomials? They're the characters of these
representations of SU(2). For example:

SU(2 ; _
X2j+(1) = Z (m| e/ Im), z=ev?
Im|<j
Or, put another way,

SU((2) SU(2 SU(2 SU(2
(SU@SU@) _ sU@) | sU@
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2ND INGREDIENT: EXPONENTIALS

For all symmetric products of ¢, Taylor expand in ¢:

— " s n 5 s
o [Z R G I e P
n=1

And for all antisymmetric products of ¢:

exp lz nﬂd)n TE (2

n=1

=1+ x5 P+ ¢?

¢ is just a mathematical flag, not a field.
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3RD INGREDIENT: DERIVATIVES

Generate all possible symmetric products of derivatives:

oo

> P<a">fx§’”2><z">]

exp

=14+ x50 1 5ONSUDD 4 4 SV 4 ...

— D} D" 503), n
ple) = |3 2 |2 200
n=1 | n=1 |

D, and D; are just mathematical flags for spatial and time
derivatives, not actual derivatives.
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SUBTRACTING EQUATIONS OF MOTION

Don’t want operators with D;¢? Just subtract it.

(oo}

exp Z SUG (27 (1 - Dy)

50(3) SU(2

=1+ o+ Dig+--
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SUBTRACTING TOTAL DERIVATIVES

Let S be the set of all operators.

S = O14+O0s+ -+ DO +Os+--) + D01 + Oz + - --

total derivatives
(1+D+D*+--) (O + Oy +---)

P no total derivatives

P generates all terms with derivatives (and the number 1)

1

Sno total derivatives = FS



PickinGg OuT THE SINGLETS

If you want to pick out the singlets, use character orthogonality:

;4 il x(z) Xr(2) = O

since Xsinglet = 1,

f[d:u]G XR = L iff XR = Xsinglet = 1

[du]g is the Haar measure for the group G.



BUILDING BLOCKS FOR HQET

In the rest frame:

[ T SOBG)rot [ SUG)ecolor | SU2)spin |

1 3 2
Pt 1 3 2
E 3 8 1
B 3 8 1
s 3 1 3
D, 1 1 1
D, 3 1 1

Input into Hilbert series...



THE RESULT

The output from the Hilbert series is, after imposing invariance under

parity...

HS;5 = D2 +sB,

HS;—¢ = 2ED, +sED,,

HS,—7 = D} +2E*+2B*+sE?+ sB?+ BD? + 5sBD?,
HS;—s = DB?D;+ E?D; +2sB*D; + 2sE°D; + 6EBD, + 3sED?

+ 5ED3 + 21sEBD,
These are the operators O that are sandwiched between 1T O.

The numerical coefficients count the number of singlets with those
degrees of freedom.

One can automatically impose invariance under parity if the fermion
is charged under SU(3), but not time reversal, since fup. is T-odd.
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Order HS T even T odd
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NUMBER OF OPERATORS IN HQET

’ Operator dimension H 5 \ 6 \ 7 \ 8 ‘
Mannel (1994) 2127 -
Manohar (1997) 20211 -
Dassinger, Mannel, Turczyk (2007) || 2 | 2 | 5 | -
Mannel, Turczyk, Uraltsev (2010) 212|918
Gunawardana, Paz (2017, v1) 21219 |18
AK, Pal (2017) 22112
Gunawardana, Paz (2017, v2) 2121125

[AK, Pal; Phys. Lett.

B772 (2017)]
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ASIDE: SOMETHING FUN

We removed all operators in our basis with Dy, due to the equations
of motion. This is functionally equivalent to setting Dy = 0.

This looks similar to 0;% = 0, which is the equation of motion for a
free fermion. Connection between operator basis and conformal
symmetry?

Yes. The HQET operator basis is indeed spanned by a special kind of
primary operator of tensor products of the Schréodinger group.

Direct analogy in relativistic theories, where the operator basis is
spanned by scalar primaries of tensor products of short
representations of the conformal group.

[Henning, Lu, Melia, Murayama (2015, 2016, 2017)]

[AK, Pal; Phys. Lett. B783 (2018)]
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ASIDE: REPARAMETERIZATION INVARIANCE

The number of operators does does not equal the number of free
parameters in HQET, due to reparameterization invariance.

Aided by another Hilbert series we developed, we constructed an
operator basis for a theory with a single fermion with degrees of
freedom that are manifestly invariant under reparameterization, and
showed that this is closely related to Lorentz invariance.

Possible, but cumbersome, to go from this to the heavy in HQET.
But that’s life.

Maybe possible to employ the Hilbert series to encode RPI from the
bottom up?

[AK, Pal; hep-ph:/1810.02356 |
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SUMMARY

e Writing down operator bases can be tricky. Hilbert-series
methods are valuable. Much more than just operator counting.

e We wrote down the HQET Lagrangian up to and including
1/M* terms. Result replicated by other groups.

e Showed that the HQET operator basis is closely related to
representations of the Schrédinger group.

e How can reparameterization invariance be encoded in the Hilbert
series?

e Similar methods should be applicable for SCET. No one has yet
tried.

26



