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FACTORISATION OF AMPLITUDES
IN THE HIGH-ENERGY
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HIGH-ENERGY LIMIT

MRK in N=4 SYM: Dixon,

* Very interesting theoretical problem: Pennington, Duhr, 2012; Del
Duca, Dixon, Pennington, Duhr,
* retain rich dynamic in the 2D transverse plane, 2013; Del Duca, Druc,
Drummond, Duhr, Dulat,
& tO)’ mOdeI fOI" fU” amphtUde, Marzucca, Papathanasiou’

P ! Verbeek 2016, ...
* non-trivial function spaces,

- predict amplitudes and other observables in overlapping limits:

— soft limit, infrared divergences.

* Relevant for phenomenology at the LHC and future colliders:

- perturbative phenomenology of forward scattering, e.g.
— Deep inelastic scattering/saturation (small x = Regge, large Q2 = perturbative),
— Mueller-Navelet: pp = X+2jets, forward and backward.

See e.g. Andersen, Smillie, 201 I; Andersen, Medley Smillie, 201 6;
Andersen, Hapola, Maier, Smillie, 2017; ...



2 => 2 SCATTERING IN THE HIGH-ENERGY LIMIT

P1 P4
—
t channel
s channel
P2 p3

* Consider 2 — 2 scattering amplitudes in the high-energy limit:

s=(p1+p2)’>—t=—(p1 —ps)° > 0.

* The amplitude is expanded in the small ratio |t/s|; we consider here the leading power term:

S t | —7 0 —17 t 1 —7



HIGH ENERGY LIMIT AT LL: REGGE POLES

7 N\

~1/s ~ 1/t

At leading power, gluon exchanges in the t-channel:
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+ The amplitude contains logarithms of the ratio [s/t|.

— Characterised in terms of Regge poles at LL:
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 The function ag(t) is known as the Regge trajectory:
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BEYOND LL: REGGE CUTS

* Crossing symmetry s < u: \

— project onto eigenstates of signature:

MF) (s,t) = %(/\/l(s,t) + M(—s — t,t)).

— Express amplitudes in terms of the signature-even combination of logs:

,7T_1 | —s—iO_H —u — 10
z2—2 og ) 0og ; ;

L = log ;

— M(*) and M() are respectively imaginary and real.

* Color: beyond tree level
M = Z i MU (s, ¢).
— Decompose the amplitude in a color orthonormal basis in the t-channel

SR8=108, 88, 100106 27

— Invoking Bose symmetry we deduce (gg scattering)

odd: M8l ./\/l[loer], even: M Aql8sl Aq127],




2 => 2 SCATTERING IN THE HIGH-ENERGY LIMIT

Odd : M8l Aq[10+10] Even : MM, AMBs] Af127]
LL
3>
NLL
-
3>
NNLL +
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Caron-Huot, 201 3; Del Duca, Falcioni, Magnea, LV, 2014, Caron-Huot, Gardi, LY, 2017



FROM BALITSKY-]IMWLK TO AMPLITUDES

» High-energy limit = forward scattering: to
leading power, the fast projectile and target
described in terms of VWilson lines:

400

U(z1) = Pexp [igs/

— O

iyt o =), zL)d:UjLT“] ,

Korchemskaya, Korchemsky, 1994, 1996;
Babansky, Balitsky, 2002, Caron-Huot, 2013

- The Wilson line stretches from —o0 to +00 and thus develops rapidity divergencies. The

regularised Wilson lines obeys the (non linear!) Balitsky-JIMWLK evolution equation:

d n
e [U(zl) LU = Y Hy [U(zl) )
i,j=1
with
Qs a a a a a a a
H;; = 52 /[dzi][dzj][dZO]Kij;O [Ti,LTj,L AR s — UG (0 1T o 4 Tj,LTib,R)] + O(s).
* Evolution in rapidity resums the high-energy log: l
S T Balitsky Chirilli, 2013;
n =L = log == 25 Kovner, Lublinsky,

Mulian, 2013, 2014, 2016



FROM BALITSKY-/IMWLK TO AMPLITUDES

In perturbation theory the unitary matrices U(z) ~ 1: parametrize in terms of a field W

o O Kovner Lublinsky, 2005;
U(z) = e ; Caron-Huot, 2013

The color-adjoint field W sources a BFKL Reggeised gluon: a generic projectile is expanded
at weak coupling as

¥} = g5 Di1(8) W) + g5 Di 2(8) IWW) + g; Dis(t) [WWW) +.

Focus on the Regge-cut contributions: define a “reduced” amplitude by removing the
Reggeized gluon and collinear divergences

Mijosi = (Z:2;)7" e T O L M, s,

Scattering amplitude: expectation value of Wilson lines evolved to equal rapidity:

(1 R Regge 1 Rl P Ui =
e N (M(+) VIS )E<¢§+)‘€ HL’¢§+)>_|_<¢§ )|e HLWE )>.
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Caron-Huot, 2013, Caron-Huot, Gardi, LV, 2017



FROM BALITSKY-/IMWLK TO AMPLITUDES

* An m—m+k transition from the leading-order Balitsky-|IMVVLK equation is proportional to

g2tk Thus for k = 0, all the interactions can be extracted from the leading-order equation.

LO BFKL kernel <

From LO B-JIMWLK <«

Caron-Huot,
2013, Caron-
Huot, Gardi,

LV,2017

> Terms in NNLO

B-JIMWLK -
predicted by

symmetry H = HT
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* Interactions with k < 0 are suppressed by at least gs2*kl, which means that they can first appear
in the (|k|+/)-loop Balitsky-JIMVWLK Hamiltonian.

« At NLL we need m — m transition only = the LO BFKL kernel.

“Reggeon field theory” still elusive; see Rothstein, Stewart 2016 for a SCET approach



THE TWO REGGEON CUT




THE 2-REGGEON CUT

See Caron-Huot,
Gardi, LV, 2017
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THE TWO-REGGEON CUT

* The amplitude takes the form of an iterated integral over the BFKL kernel:

PCE SN (BO)K / DY p2 Q(ﬁ—l) L T2 (0) B SE F2(1 oo G)F(l T 6)
MNLL o Zﬂ-(f—l)! [ ] k‘2(k‘—p)2 (p7 ) s—uM ) 0 € F(1—2€) .

* One “rung” = apply once the BFKL kernel on the “target averaged wave function”:
QD (p, k) = HQU(p,k),  H=(2Ca — T2) H; + (Ca — T2) Hy,

+ “Integration” part:

A

B p.) = [IDF] () [0, 1)~ (o, )]

e (p—K)? P’
fp, k' k) = k2(k — k')2 R (p—k)2(k — Kk')? N =l

 “Multiplication” part:

mae b =52~ () - (Gae) |7

 |nitial condition




THE 2-REGGEON CUT

Exact solution in the adjoint channel: QQ = 1.

Cases where eigenfunctions are known:

— Color singlet dipoles, Lipatov

— Color adjoint.

For d # 2/other color representations eigenfunctions are not known:

— |terative solution.

General features:
— “top-bottom” and “left-right” ladder symmetry;
— outermost rungs are always easy (multiplication);
— first non-trivial integration at 4-loops: Caron-Huot, 2013

Bt 1 1756
MG = im B (0 -2 (o + e o)

+ aCa- TP ([- 2] 2t - Tp2e+0()) L2, MO,

T G 8

* Integration in d=2-2€ involves Appell functions starting at 4 loops.
— How to predict higher orders!?

top — bottom symmetry




THE 2-REGGEON CUT

* Observations:

|) The wavefunction Q(n)(p,k) is finite as € = 0:

— poles can only appear from final integration.

2) Evolution closes in the soft limit:

/ 0O (p, k).
k—0

— R divergences occur only when a full rail goes soft!

— compute evolution in the (left) soft region and multiply by two.

kE<<p

S

“left soft”

E—p<p

“right soft”




2-REGGEON CUT: SOFT APPROXIMATION

* The soft function is polynomial in (p2/k2)e: _—v I functions

2 ne (n+1)e
2t __1fBu(d |
k2 24 By ) k2
I:I ]?_2 ne 5 i ]?_2 ne . ]?_2 (n+1)e
T k2 2¢ | \ k? k2 .

* It is easy to compute to all orders, and integrate to O(€/): we get the reduced amplitude

~ (42 B - 5
ML |s = i 553 ﬁ>u+34M@rn%£1

1
S
_|_
—
e
ey
N, A

 The result is highly constrained, the wavefunction has to be finite!

— The amplitude reduces to a geometric series, to O(€-/):

e ' ) — s
| M(""ae)‘s — i 1 Bg(e) e R(G) CA (CA g T2)£ i T2 M(O) L O(EO) |
\\7 NLL (26)6 /) CA A T% s—u ;
where Caron-Huot, Gardi, Reichel, LV, 2017
e
R(e) = (LGl e Gl i) & @),



TWO REGGEON CUT: SOFT APPROXIMATION

- A few orders:

/\}l(—l—,l) = Caron-Huot, Gardi,
NLL |s Reichel, LV, 2017
+,2 ;
1(\ILL)’ | " u/\/l(()),
(+ 3) 5 (0)
NLL ’ Ts uM )
(‘|‘ 4 CSCA O 0 T2 (0)
Mty s = i | 2 1(Cy — T2) + O(e )] TN
—(GE ) Ve 364Ca O(2) | T2 (0)
MNLL ’5 N ‘ 26 16(CA et ng—i_ (6 ) S—’U,M B
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determines the soft
anomalous dimension

iteration of lower loops



2-REGGEON CUT:
INFRARED SINGULARITIES




REGGEVS INFRARED FACTORISATION

« 2 = 2 kinematic limits:

1 —t exponentlatlon \
¢ log we M of IR div )

g soft limit of BFKL
Soft \j Regge limit of I'yof

Aﬂ: Regge

| BFKL
Regge resummation

>
L ~log =

- Application: test (and predict) the analytic structure of infrared divergences.



REGGEVS INFRARED FACTORISATION

* The infrared divergences of amplitudes are controlled by a renormalization group equation:

Mn ({pi}nua O‘s(MQ)) e Zn ({pi}alua O‘s(MQ)) Hn ({pi}mua 048(,&2)) y

where Z, is given as a path-ordered exponential of the soft-anomalous dimension:
Becher, Neubert, 2009; Gardi, Magnea, 2009

Zy, ({pi}aﬂa(%(/ﬂ)) = Pexp {_;/OM %Fn ({pi},)\,&s()\2))} ;

» The soft anomalous dimension for scattering of massless partons (pi2 = 0) is an operators in

color space given, to three loops, by

' ({pz’}v )‘7048()‘2)) = I‘iip. ({pi}a )‘70480‘2)) + Ay ({pijri}) -



REGGEVS INFRARED FACTORISATION

'y ({pi}v A, CVS()‘Z)) = I‘?zip. ({pi}7 A, O‘S()‘Z)) + A, ({pijkl}) '

e |
v ,\
N\

“dipole formula” “quadrupole correction”

* Early studies of constraints from soft-collinear factorisation, collinear limits, and the
high-energy limit in Becher, Neubert, 2009; Dixon, Gardi, Magnea, 2009; Del Duca,
Duhr, Gardi, Magnea, White, 201 |; Neubert, LV, 2012;

» First evidence of “beyond dipole” contribution at four loops in Caron-Huot, 201 3;

» Calculated a three loops in Almelid, Duhr, Gardi, 2015, 201 6; ‘ 3
« Confirmed, in 2 = 2 scattering in N=4 SYM in Henn, Mistlberger, 201 6; Z g
 Confirmed, in the high energy limit, in Caron-Huot, Gardi, LV, 2017; L;

 Re-derived based on a bootstrap approach in Almelid, Duhr, Gardi, McLeod, White, 2017.




2-REGGEON CUT: INFRARED SINGULARITIES

+ Expand the soft anomalous dimension in the high-energy logarithm:

r (O&S()\)) — (CVS()\), L) + I'nLL (CVS()\), L) + I'nNLL (CVS()\), L) e

* At LL gluon Reggeization fixes I'LL from gluon trajectory:

W s (A
o (oo — 2 )”5 e = SO e
0 s Del Duca,
« At NLL Duhr, Gardi,
(D) () Magnea,
e — P NLL T FNLL’ White, 201 |
* with
2 (1) (2)
Qg (A
b Z <7K Cilog 75 L 19,00 >> - ( 75 )> Vg 50
G




2-REGGEON CUT: INFRARED SINGULARITIES

* Derive an Infrared-factorised representation of the reduced amplitude: start from

Jrlaie { &

- we obtain

T

eXp{1 _ Eillole

2€

0

pd)\e
— ex
\ P

) B w2 (Fomn () M (i)

S
7 NTL pi},u,as(ﬂ))],

No poles

2 O Tf)} Wb

s

A

21E ozs(p)L(CA — Tf) [1 — (B)e} } I‘l(\I_L)L (Oés()\)) M(tree) ot 0(60).

By matching we get the soft anomalous dimension to all orders:
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Caron-Huot, Gardi, Reichel, LV, 2017



2-REGGEON CUT: INFRARED SINGULARITIES

- Explicitly, for the first few orders we have:

| . = Ao
Fl(\ILL) = e 1 Fl(\ILL) = 0, Fl(\ILL) = U,

B o T T,
Caron-Huot, Gardi,

e 1C2_48 Ca(Cs— T2PT2 Reichel, LV, 2017
) e & (Ch — 24T
NLL 640

_ e i e 1
Thip, = imms [;;g CA(Ca— T + = (6§ — 5Gs) Cal(Ca - T%)S] Bk

— ) I [3¢3C4
A2

Ca(Ca—T5)° + 634 ((3¢4 = 3Cn CACIES Tf)6] Tinin

* The result can be used as constraint in a bootstrap approach to the soft anomalous dimension.

\

See e.g. Almelid, Duhr, Gardi, McLeod, White, 2017



2-REGGEON CUT: INFRARED SINGULARITIES

* Write the soft anomalous dimension as a function x = L a./I1:

piE) e (O‘—L) d L Glz) =Y «*1G0.

(il il
Il

* Write G(x) as the Borel transform of some function g(1/n):

G(x) 1 / e g
=== —=13ING
271 wW—100 i 7 7

g(1/n) has isolated singularities away from the origin:
— G(x) has an infinite radius of convergence.

— it is an entire function, free of any singularities for any finite x.

i
10




2-REGGEON CUT: INFRARED SINGULARITIES

» Plotting G(x) for larger values of x reveals oscillations with a constant period and an

exponentially growing amplitude.

* Here we plot the logarithm of |G(x)| weighted by the sign of G(x):

r)

sign[G(x)] In |G{(:

* The function is well approximated by

G(z) — ce*® cos (bx + d) , 1

a b C d
L2972 1525 (20258 UEARS
2717146 | 0410 S 2l

Caron-Huot,
Gardi, Reichel,
LV, 2017



FINITE WAVEFUNCTION
AND AMPLITUDE




FINITE WAVEFUNCTION AND AMPLITUDE

* What about the finite part?

— Claim: € = 0 limit determined from evolution with € = 0.

() = /k : d“ ““k Q(p, k) — (subtractions) + / d°k Q(p, k)

k hard e=0
N\ 4 N\ 4
LN\ C VO
computable using soft limit wavefunction in D=2
of wavefunction in D dimensions
Recall: the wavefunction
is finite, singularities are
generated upon the last
integration for k—0.
|| > ||

E<<p ! k—p~p kS

L S > 3 S

“left soft” “hard” “right soft”




WAVEFUNCTION IN D=2

* Introduce complex variables

Caron-Huot, Gardi,

- BFKL kernel in D=2: Reichel, LV, in progress

* “Integration” part;

. 1
aas = o= | d*wK(w,w,2,2) | (w,0) - U(z,2)].
/[
1. 2 1
s ) — + s iy




WAVEFUNCTION IN D=2

Translate the action of the BFKL kernel into a set of differential equations, thanks to

d [~ " : d i
Z@ [Hgd,i\lf(z, z)} — 5L ZE\I/(Z, ZHE
. . i Brown, 2004, 2013,
* The full algorithms requires taking care of contact terms, Schnetz, 2013
2 2
0,0z log(zz) = mdé°(2),
e r. : Dixon, Pennington, Duhr, 2012;
» and to considering the action of (|-z)d/dz as well. ey Dzoguc:ng;zinonpen:inrgton

Duhr, 2013; Del Duca, Druc,
Drummond, Duhr, Dulat,

Marzucca, Papathanasiou,
Verbeek 2016, ...

The 2D wavefunction is expressed as function of SVHPLs, e.g.

1
Qg? = 502 (EQ I 2£1>

l. 1
Qgi) = 5022 (50,0 + 2[,0,1 S 2[,1,0 I 451,1) + 10102 (—,C(),l = £1,0 o 2£1,1)

1
Q;?é) = 101022 =2 — 8wy — Pl — Wiwn— Tl gl = (Luag
3
— 1142 5.5 == e = ZCS (Loive - 2L000 F2L0 1o phmi 2 R

1
+4L101+4L110+8L11.1) + 1—601202 (Lo01+2Lo10+4Lo 11
+Lip0+4L101+4L110+8L11,1),
where (C/=2Ca-T, C; = Ca-T%) and, e.g,,

e — 0 1.1(2) - H11.00(2) + Hpo,1(2)H1(2) + Ho(2)Hi1,0(2) + Hoelz)Hy 1(2) =26 ERNES



FINITE AMPLITUDE

Hl(\IJ}J)L = /k . d*~ %k Q(p, k) — (subtractions) —|—/k ; dd2k Q(p, k) ey

\ J/ A J/

VO VO
computable using soft limit wavefunction in D=2

of wavefunction in D dimensions

+ Two methods to perform the last integration, and sum consistently soft and hard region.

s =0 M®| o =0,

T 11

MW o = —ir ez S+ e )| T2, MO
T 3 Lri2 ok 2 Ton ’

. Bo)® [ 1
M® o = —in 4(:) Cé(— %%) +C1C5 (31—363C5) +C{C3 ( = §C5>] E2 I

MB)| o = —in

2
: (Bo)® U B 2630 A
MBlo =—in= |G| ~ gz S+ %) + 10 55 4~ 5%
399 39
rarcy( - T5) + cres( ) | 1M

Caron-Huot, Gardi, Reichel, LV, in progress



FINITE AMPLITUDE

11
et et (Bo) ool 958003197 , £ 147 7424524707
i T [ 2 519 C5Gs + 512C5C6 T 1024C4C7 4096C3C8 1024 Gi1
2676706539 525 19105018467
CH(@3 — — — —
+ (1 2( =19 G565 512C5C6 1024C4C7 2006538 T —1oma Cll)
808582491 2744295 6586245
+ C%OS( e GsCo - GG+ s

3087315 10685853783 68007 -
(o1 =15 Cilil = T C5 3 3) Qe -]Tg—uM(O)-

- Hard regions contributes only with odd (,, consistent with 2D wavefunction made of SVHPLs.

» Finite (hard) amplitude contains (533 at | | loops: no exponentiation in terms of I' functions.

Caron-Huot, Gardi, Reichel, LV, in progress



- Series seems alternating;

FINITE AMPLITUDE

PRELIMINARY

* Coefficient grows exponentially: finite radius of convergence in (@/II L): define

n 7
n)| . _ i p~ln) m2 (0) (n) [ %s = Cs (2)
M ’60 — gcolor TS—uM ’ A(:olor — I | = T L gcolor'
h =1
then F 2 -
Caron-Huot, Gardi, Reichel, LYV, in progress
(n)
A7 (x) R AL (x
. : 27 R
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----- 05 : =
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\\.\s:"lu\.:.. : n=4 : :=4
2 N . oo e s
hY ~\~: *-:.‘:: ...... ] =
"s“\\'t . n=6 \\'4:""-. ,,.4:/ ] n=10
-4 ‘)‘I‘\:\\ N n=12 -05 1.\:’ " ] n=6
“;},\ n=11 | \\ 1 n=
R\ | n=10 LN N n=5
-6 | W\ n= -1.0 ! 1 n=7
N Y nes | n=11
| n=7 -15 | \ L —N=
~80.0 0.2 0.4 0.6 0.8 000 005 010 015 020 025 0.30

* Radius of convergence stabilises to |[R| = 0.66 for singlet, [R| = 0.24 for 27 representation after

a few orders, by means of a Pade approximant (pole at -|R]).

See also Larkoski, Moult, Neill, 2016 for a similar analysis in the context of NGL.




CONCLUSION

* Modern approach to high-energy scattering via Wilson lines:

— new theoretical control up to NNLL.
« 2 = 2 amplitude at NLL obtained by iteration of the BFKL kernel.

- Solved to all orders in the soft limit: gives the soft anomalous dimension in the high-

energy limit to all orders.

» Ongoing studies of the finite amplitude:

— wavefunction expressed in terms of SVHPLs, analytic expression to |12 loops.
— amplitude expressed in terms of (, values, up to 12 loops.

— no exponentiation in terms of I functions only.

— finite radius of convergence.



