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So far our knowledge of the PDFs mostly comes
from the analysis of high-energy scattering data

Unpolarized PDF TMD PDF
I T : Existing global analyses of TMDPDFs or TMD
oof Xq(x, Q7 =10 GeV?)  : fragmentation functions rely on the modeling

of their nonperturbative evolution.

« Kang, Prokudin, Sun and Yuan, PRD93 (2016);
« Bacchetta et al., JHEP1706 (2017);
e Bertone, Scimemi and Vladimirov, arXiv:1902.08474.

The most definite experimental finding so
far is the sign change of the Sivers

function in SIDIS and Drell-Yan processes.
COMPASS Phys.Rev.Lett. 119 (2017) 12002
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Gluon PDF is key to the Standard S Wihout sign change
Model predictions at LHC. 0 0 B

Yong Zhao, SCET 2019, San Diego See also STAR Collaboration, PRL116 (2016). 3



Lattice QCD calculation of PDFs?
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 Minkowski space, real time;

 Defined on the light-cone which depends on
the real time.

o—iTh(P" )<p|w(b+) W[I’?Jr Olw(0) [ P)

bt =rFx7

Lattice QCD:

t=ir, e® —e>, (0)= JDwDWDA O(x)e™

Euclidean space, imaginary time;
General difficulty of analytically continuing to
real time.

Light-cone PDFs not directly
accessible from the lattice!
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A novel approach to calculate
light-cone PDFs

] * Ji, PRL110 (2013);
 Large-Momentum Effective Theory: . x i J-H. Zhang, and Y.z, PRL111 (2013):

. Ji, SCPMA57 (2014).
al al

PDF ¢(x): Quasi-PDF g(x, P):
Cannot be calculated Directly calculable on the
on the lattice lattice
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A novel approach to calculate

 Large-Momentum Effective Theory: . x i J.-H. Zhang, and Y.z., PRL111 (2013)

2 !

PDF ¢(x):

Cannot be calculated

on the lattice

Yong Zhao, SCET 2019, San Diego

light-cone PDFs

 Ji, PRL110 (2013);

* Ji, SCPMA57 (2014).

Related by Lorentz boost

Quasi-PDF g(x, P):
Directly calculable on the
lattice



A novel approach to calculate
light-cone PDFs

- Ji, PRL110 (2013);

 Large-Momentum Effective Theory: . x i J.-H. Zhang, and Y.z., PRL111 (2013)

. Ji, SCPMA57 (2014).

Related by Lo;entz boost
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PDF ¢(x):
Cannot be calculated
on the lattice

Calculating the quasi-PDF at

Quasi-PDF g(x, P*):
Directly calculable on the
lattice

hadron momentum Pz is
equivalent to boosting it.

Yong Zhao, SCET 2019, San Diego



A novel approach to calculate
light-cone PDFs

lim G(x, P%) = 2 x
P—= o0

o 1 Instead of taking P?—« limit, one can
‘ perform an expansion for large but finite Pz:
PZ

G(x, P?) = ® g(x)+0 (1/(P¥?)

e X. Xiong, X. Ji, J.-H. Zhang and Y.Z., PRD90 (2014);
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« g(x, P*)and ¢(X) have the same infrared physics (nonperturbative),
but (perturbative);

* Therefore, the matching coefficient is perturbative, which
controls the logarithmic dependences on Pz,

Yong Zhao, SCET 2019, San Diego 6



The quasi-PDF factorization

e Spatial correlator in a highly boosted hadron:

yRe [(P=0[0@)|P =0)] sRe [(P|0(2)| P)]
J/\\_ » J/ \\_ ’
< > : «—1—> <
~ Agep < A(_)%ID
 Operator product expansion at small distance:
R z ] H Dorn, Fortschr. Phys. 34 (1986)
y B D i _ .
O(z,€) = w()y*Pexp | —ig [O dz’ A%z | w(0) = ( Q(OZ/(/O()O)) %= 0in-DO
Oz p) =7, ' Z-1e®H0(z, €)

f f di in Wil * X. Ji, J.-H. Zhang, and Y.Z., PRL120 (201 8);
om renormalizes linear ivergence in wiison . J. Green et al., PRL121 (2018);

line self energy (under lattice regularization). . 1 |shikawa, Y.-Q. Ma, J. Qiu, S. Yoshida, PRD96 (2017).
Yong Zhao, SCET 2019, San Diego 7/



Factorization formula

* Operator product expansion (for the non-singlet case):

O(z, ) = Z C (/4222)( 'Z) 2,72, O + higher twist

<> <>
0”0/“1 //tn('u) S n_+1(€, //t) [l//}/{”OlD/’tl cee lD'un}l// — traces]

1
a,, (1) = [ dy y"q(y, n)
—1

( Z)n n M2
(P10 |P) =2 Y C ey —=a,,, (1) | (P) “—0<§) + 0@ Agep)
n=0 . L .
_ [ d SiE(2P) (—iyzP*)"
=J Z 2p2 ) .
dz . .. - I dy M? AQCD
(x, P%u) = | —e™ (P |O(z, u) | P) = — 1)+ 0
G(x, P*, p) Lme (P| Oz, w) | P) J_l 0] q(y, ) <P22 2P

* Y.-Q. Ma and J. Qiu, PRD98 (2018), PRL 120 (2018);
* T. lzubuchi, X. Ji, L. Jin, |. Stewart, and Y.Z., PRD98 (2018).
Yong Zhao, SCET 2019, San Diego 8



Systematic procedure of
calculating the PDFs

1. Simulation of the quasi

PDF in lattice QCD

Yong Zhao, SCET 2019, San Diego



Systematic procedure of
calculating the PDFs

2
-~ dy X W M? Ajep
Q()C,PZ,,M)="—C ’ Q(ya//t)'I'O 2’ 2p2
|yl \y yP? P2’ x2P:
2. Renormalization of the Nonperturbative renormalization on the lattice:
lattice quasi PDF, and then + |. Stewart and Y.Z., PRD97 (2018);
taking the continuum limit * J.-W. Chen, Y.Z. et al., LP3 Collaboration, PRD97 (2018).
* Constantinou and Panagopoulos, PRD96 (2017); C. Alexandrou

et al., ETM Collaboration, NPB923 (2017).

Yong Zhao, SCET 2019, San Diego 10



Systematic procedure of
calculating the PDFs

3. Subtraction of power
corrections
e J.W. Chen et al. (LP3), NPB911 (20186).

d
é(x,PZ,u>=[—yC<x - )q(w) 0

ly| ~ \y yPe

Adep
qx) - O (x2(1 — x)P? )

Renormalon contribution to the power correction:
Braun, Vladimirov, and Zhang, PRD99 (2019).

Yong Zhao, SCET 2019, San Diego



Systematic procedure of
calculating the PDFs

dy M? A%)CD
gd(x, P, u) = | — ) )+ 0 '
q(x, P*, p) { N q(y, ) P2

 Matching for the quasi-PDF:

e X. Xiong, X. Ji, J.-H. Zhang and Y.Z., PRD90 (2014);
e |. Stewart and Y.Z., PRD97 (2018);

* Y.-S. Liu, Y.Z. et al. (LP3), arXiv:1807.06566;

* T. lzubuchi, X. Ji, L. Jin, I. St rt, and Y.Z., PRD98 .
(zoil;);uc VTS 4, Matchm to the PDE

* Y.-S. Liu, Y.Z. et al., arXiv:1810.10879;
* Y.Z, Int.J.Mod.Phys. A33 (2019);

Yong Zhao, SCET 2019, San Diego
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Systematic procedure of
calculating the PDFs

dy / M? A%)CD

q(y, #)+0 :

g(x, P*,u) = [

 Matching for the quasi-PDF:

* X. Xiong, X. Ji, J.-H. Zhang and Y.Z., PRD90 (2014);
e |. Stewart and Y.Z., PRD97 (2018);

* Y.-S. Liu, Y.Z. et al. (LP3), arXiv:1807.06566;

* T. lzubuchi, X. Ji, L. Jin, |. Stewart, and Y.Z., PRD98
(2018);

e Y.-S. Liu, Y.Z. et al., arXiv:1810.10879;
e Y.Z., Int.J.Mod.Phys. A33 (2019);

[y P?  x*P;

<
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Lattice calculation of the iso-vector
PDF u(x) —dXx)

2014
o SRR IO LR 1 . * Nucleon momentum, from 1.4 GeV to 3.0
200 CJ12 - GeV:
1.5 _ < “}‘\‘\\\ _
S Lok N ; « Pion mass, from 310 MeV to 135 MeV
? oo “u : (physical point).
, 2 \" %"\,\ ]
Of—======" ‘ -
_0.5-. | | | L | |
-04 -0.2 0 0.2 04 0.6 0.8 1.0
X

Lin et al., PRD91 (2015)

Lattice renormalization:
2  X. Ji, J.-H. Zhang, and Y.Z., PRL120 (2018);
= |+ J.-W. Chen, Y.Z. et al. (LP3), PRD97 (2018).

Perturbative matching:
+ e |. Stewart and Y.Z., PRD97 (2018);
* Y.-S. Liu, Y.Z. et al. (LP3), arXiv:1807.06566;
e T. lzubuchi, X. Ji, L. Jin, |. Stewart, and Y.Z., PRD98 (2018);
* Y.-S. Liu, Y.Z. et al. (LP3), arXiv:1810.10879.

Improved Fourier transform:
e H.-W. Lin et al. (LP3), PRD98 (2018).

Yong Zhao, SCET 2019, San Diego
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Lattice calculation of the iso-vector
PDF u(x) —dXx)

2014

2.5F :
[ MSTW PN
2.0

1.5}

0.5}

L B HRA |

CJ12 PN ]

~0.5—

Lin et al., PRD91 (2015)

1 . * Nucleon momentum, from 1.4 GeV to 3.0

GeV;

 Pion mass, from 310 MeV to 135 MeV

(physical point).

\

Lattice renormalization:
2  X. Ji, J.-H. Zhang, and Y.Z., PRL120 (2018);
= |+ J.-W. Chen, Y.Z. et al. (LP3), PRD97 (2018).

Perturbative matching:

e |. Stewart and Y.Z., PRD97 (2018);

* Y.-S. Liu, Y.Z. et al. (LP3), arXiv:1807.06566;
* T. lzubuchi, X. Ji, L. Jin, |I. Stewart, and Y.Z., PRD98 (2018);
* Y.-S. Liu, Y.Z. et al. (LP3), arXiv:1810.10879.

Improved Fourier transform:
e H.-W. Lin et al. (LP3), PRD98 (2018).

Yong Zhao, SCET 2019, San Diego

qu—d

2018

---CT14
— matched PDF

J.W. Chen, Y.Z. et al. (LP3), arXiv:1803.04393.
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Lattice calculation of the iso-vector

PDFs

Helicity PDF
4 g
| \\“
I \“‘ LP3
3l
S
3 2
I |
x
) L
3 4L
0f
‘—0‘.4‘ | ‘—6.2‘ | ‘0.0‘ | ‘012‘ | ‘014‘ | ‘0[6‘ | ‘018‘ | ‘1.0
X

H.W. Lin, Y.Z., et al. (LP3), Phys.Rev.Lett. 121 (2018).

Similar improvements also achieved by
ETMC collaboration, PRL121 (2018), PRD98 (201 8).

Yong Zhao, SCET 2019, San Diego

Ou(x)-od(x)

Transversity PDF

| | | | | | | | [ | | | | | | | | | | | | |
-0.4 -0.2 0.0 0.2 0.4 0.6 0.8 1.0

Y.-S. Liu, Y.Z., et al. (LP3), arXiv:1810.05043.

The first case of PDFs where lattice
calculation outperforms experiments!
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Outline

* Quasi-PDF approach

* Physical picture and factorization formula

« Systematic procedure to calculate parton distributions

e Quasi-TMDPDF

* Relation of the quasi-TMDPDF and physical TMDPDF

e Collins-Soper Kernel from lattice QCD
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TMDPDFs

. TMDPDF factorization for Drell-Yan: /
N~ ~N—

* Collins, Soper and Sterman, NPB250 (1985); Collins, 2011;

* Becher and Neubert, EPJC71 (2011); — <
* Echevarria, Idilbi and Scimemi, JHEPO07 (2012), PLB26 (201 3); =
Chiu, Jain, Neil and Rothstein, JHEPO05 (2012), PRL108 (2012);

Li, Neil and Zhu, arXiv: 1604.00392.

For a review of different schemes, see:

* Ebert, Stewart and Y.Z., arXiv:1901.03685 (Appendix B).

l+

= Y HAO,n) |d’b; e’ 91B.(x , b 1, tt,~—=) Bx;, b 7, tt,~—)S: (b, t,
dQdYd2q; ; < 'M)U 4 Ko b1 1 y2) (X, b s y2) i(bs 1, V)
- 2 Hij(Q’ M) dszeibT'E)T flTMD(xa, b —_ z:a)ijMD(xb, b s Z:b)
ij *
i = g for DY — — G ,-
Z _ ZZ fgi H fiMP(x, bp,p, &) = Bix, b T,,u,ﬁ)\/S (b, pu, V)

C: Collins-Soper Scale ( (;, = 0+

Yong Zhao, SCET 2019, San Diego 16



Evolution of TMDPDFs

 Renormalization scale evolution:
d .
//t%fl-TMD(x, br, i, $) = v OF M, by i, )
* Collins-Soper evolution:

d |
gd_CﬁTMD(xa bT? U, C) - E}/é(/’t’ bT)fiTMD(X, bT’ U, C)

y¢(u,br): Collins-Soper kernel, nonperturbative when br~Aaqcp™.
* Solution to evolution equations:

‘ A b gt 1
P, B g s £) = [P B 7, gy C)exp “ L go)] . [Eyé(ﬂ’bﬂm g]
Ho ¥

* u, C: factorization scales, y>>Aacp, (~Q%
* uo, Go: initial or reference scales, measured in experiments or determined

from lattice (~2 GeV).

Yong Zhao, SCET 2019, San Diego 17



Quasi-beam function

* Beam function: € : UV regulator 7 : rapidity regulator
— abt ... . — —
B (x, br,€,7,xP7) = J4—€_l%b o )<P|C_](b”)W(b”)%WT(— ooft; b7, 0 )W'(0)q(0)| |P)
7r

Lorentz boostand L & «
<

e Quasi-beam function on lattice:

L= Cdb*
B, (x, br,a,L PY) = e "B (b, b .a, L, P
] 272'
Cdbt .
= e PPN P | Ggb"YW(bH; L — bZ> S WLz b, 0T>WT<0>q<0>|P>

27r

Finite Wilson line length L due to the flnlte lattice volume.
Yong Zhao, SCET 2019, San Diego 18




Quasi-soft function

* Soft function:
1 — — —_— — — — —_ —
S (br.e.7) = (0| Tr [S,f{( b )Si(B 1)Sy(= o0 b7, 07)SH(0 )80 1) (—com; b 7, 0 T)]

Cc

=

10)

Cannot be related by
Lorentz boost

X

* Quasi-soft function on lattice (naive definition):

~ 1 — — A —_— —_— —_— ~ —
S, (br,a,L) = V(O | Tr [Sg( b3 D)S_:(b s LSH(LZ by, 07)ST.(0 75 L)S,(0 75 L)S(=LZ; br, 07) [ 10)

Cc

Yong Zhao, SCET 2019, San Diego 19



Impact of finite-length Wilson lines

« Linear power divergence under lattice regularization ~ L/a

* Finite L regulates rapidity divergences:

* Light-like Wilson lines

o SRR |
gst n pn > gst n k_+
1 1 — ktL 1 — kL
e = [dk%zk— J +dk™ - -
(k+k—)1+€ (ktk—)e ket fe—

* Space-like Wilson lines

1 1 J 1 ] —e*°L ] — gL
> Od

L., = |dk.dk k
div J 0~*"z (k(% _ kzz)e kzz < (k(% . kZZ)e fz Kz

* By construction the L dependence has to be canceled out between
the quasi-beam and soft functions.

Yong Zhao, SCET 2019, San Diego



Quasi-TMDPDF

e Quasi-TMDPDF in the MSbar scheme:

—

z B (b% b r,a,L,PY

N N db* .. .. . 5
ngD(x’ b T° ﬂaPZ) — [Telb (P )Z/(bz, K, ﬂ)ZUV(bZ’ /’laa) d
g V/Subr.a. )

e Schematic factorization formula:

~ — 1 .
FIMP@, b, P ~ ) exp | Srp. bpln

J L i

— b 1 1
X fIMD(x b, O)+6 | =, ,
FMP, b, §) <L P sz>

2xP%?

_ 1
Hierarchy of scales: »:~ = < br <L, br~Agep

Yong Zhao, SCET 2019, San Diego
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One-loop test

* Physical TMDPDF:

— a,C 1 1+ x?
MO, b e, ¢) = =L | - (— + Lb> + (=% 0001 - x)
27 €IR I —x
- 4+
. Cy N 1 2
L, = In 2# + o(1 =x) [——+ +L, | +—=—
b b(% 2][ _€UV €uv 2 2 12_
2 _
- 1
L,=1n— s“F ’
4 — )| ==
T 27 5(1 X) 2LbLbLC]  Ji, Jin, Yuan, Zhang and
_ _ ] Y.Z., arXiv:1801.05930;
* Naive quasi-TMDPDF: _ + Ebert, Stewart and Y.Z,
NI s asCF 1 1 + xz arXiv:1901.03685.
fo ' b€, PY) = - —+L, +(1=-x| 661 - x)
27 €IR 1 —
« Same collinear divergence; i ] i )
* br dependences do not a.C 3 1 1 2 2 3
match even if one sets +——=8(1 — x) -t I
¢ = 2P 2r 2 egy 2 (2xP?)? (2xP?)2 2
» No perturbative matching 4 ¢, C , w2
when b, ~ Agep + o(1 —x) | —=L; L,In >
Yong Zhao, SCET 2019, San Diego 2 2 (2xP)= 22




Y

One-loop test

* Physical TMDPDF:

— a C | 1 1 + 2 |
FIMPO (e oy = 20| (1, Y +d-»n| 6woa -x
9 271' €IR 1 — X
- 14
bo = 26_}/E — -
12,2 Cr 1 1 (3 1
b b(% 271' _€UV €UV 2 2 12_
2
_ 1M C 1
L.=In— a,CF 2
: - - - Ebert, Stewart and Y.Z.,

 Bent quasi-soft function: 2 Rt

FIMOO G B e, Py ==L |- —+L, | —— + (1 —x)| 061 - x)

T 9 . 271' €IR 1 — X
b e Ry - -+
i C 31 1 . 2 Sl
S +237F 501 = %) _ — p2 R
| o 2eyy 2 (2xP?)? (2xP?)2 2
+—= L1 - ) |~ L L Ly ———

hao, SCET 2019, San Diego 2 2 (2xP)= 23




Correct relation between quasi-
TMDPDF and TMDPDF

Ebert, Stewart and Y.Z., PRD99 (2019), arXiv:1901.03685.
e Factorization formula (for the non-singlet case)

— 1 (2xP%)?
FIMPGe, 7, , P) = 85(by. ) exp [Eygw, bp)in

fTMD(xa Z)T’ H, C)

a,C
8 (brs ) = 1+ ==L, + 0(a)
T

g, (by, ) = 1+ O(a)

« gSi does not depend on the external state or quark flavor, but can
be different between quark and gluon;

* For the bent quasi-soft function, gSi needs to be checked at
higher loop orders;

 One can form ratios of TMDPDFs to cancel out gs..

Lattice calculation of the ratios of the TMDPDF moments:
Hagler, Musch, Engelhardt, Yoon, et al., EPL88 (2009), PRD83 (2011),
PRD85 (2012), PRD93 (2016), arXiv:1601.05717, PRD96 (2017)

Yong Zhao, SCET 2019, San Diego 24



Collins-Soper kernel from lattice

- Proposal to calculate (4, by) with Lattice QCD

Ebert, Stewart and Y.Z., PRD99 (2019).

LGP xP)f
n

Eé\dD(xa bT?/’ta Pf)

q ,b —
R S R

LGPy

IF%\/ID(xa b T K, Pf)

[db* e FiZ/(b%, u, ) Z (b5 i, a)B, (b5, b 1, a, L, PY)

= n
In(P3/P%) CIMD(y, xP5)

db* e Z(b%, p, i) Zyy (b7, i, @)By(b%, b 1, a, L, P3)

 g° as well as the quasi-soft function gets canceled in the ratio;

 The quasi-beam function includes a linear power divergence~that depends on
, Which needs to be nonperturbatively renormalized by Z,/(b%, i, a)

before the Fourier transform

Yong Zhao, SCET 2019, San Diego
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Summary and Outlook

In 5~10 years, expect:

Lattice calculation of quark PDFs to be within 10% accuracy or even better;
Determination of sea quark distributions to be better than experiments;
Reaching smaller x region with larger nucleon momentum;

Lattice calculation of gluon PDFs;

Zhang et al., arXiv:1808.10824; Li et al., PRL122 (2019);
Wang et al., EPJC78 (2018), JHEP1805 (2018);
Fan et al., PRL121 (2018).
Lattice calculation of gluon spln and parton orbital angular momentum (OAM);

Y.-B. Yang, R. S. Suffian, Y.Z., et al.
Lattice calculation of GPDs; xQCD), PRL118 (2017). _
. Y.Z., Liu and Yang, PRD93 (2016)

Liu, Y.Z. et al., arXiv:1902.00307.

Lattice calculation of transverse structures such the TMDPDFs.

Yong Zhao, SCET 2019, San Diego 26



The next frontier of QCD

Electron-lon Collider!

* Highly Polarized Beams
e Large Kinematic Range
* High Intensity Beams

3-D tomography of the nucleon:
* More precise PDFs |
Sea quark distributions 5 Electron lon Collider:

. . - The Next QCD Frontier
Gluonic structure of nucleon and nuclei .’ : e i
Sma".X phySiCS - . / that binds us all

Gluon polarization and parton orbital

angular momentum
TMDPDFs, GPDs A. Accardi et al., Eur.Phys.J. A52 (2016) no.9, 268.

Yong Zhao, SCET 2019, San Diego 27



Bunsub ? P~
l (xa K €, 7T, X )

B.(x, ?T, U, %) = lim Zé(bT, U, U, €,7,XP7)

e—0,7—0 SlO(bT, €, T)

Si(bTa M? U) — hm Zg‘(bT’Ma v, €, T)Si(bTa €, T)

€¢—0,7—0
1
~ — N dy A g
fiTMD(xa b, pu, P) ~ Z I —|y| CI.JT-MD (x,y,//t,P*, C(x, P*’))
- o
J

~

C(x, P

X €Xp E}/é(:ua br)ln
Yong Zhao, SCET 2019, San Diego L

£y B 1, )
28



