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Higgs threshold production

» Leading power
» Next-to-leading power
» Leading Log: m =2n —1 asIn(l —2)+a2In®(1—2) +...
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DY cross-section

A(pa)B(ps) = DY(Q) + X

z = “Z threshold z — 1

Q~Q(-2)

Factorization theorem valid at LL accuracy

3 =
6(,2) = >< Q / d’q 1 /d4xei(waPA+xpr—q)-w
Q+qe 2

{So( )+ %/dw T (@anipa;w) Soe(z,w) + c—term}

Scales:
» hard pp ~ Q
> collinear ji. ~ /QQ (no LL collinear contribution at NLP)
» soft pus ~ €2

Q>0
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Hard Function

g(z) = |H(8)
3 =
y QQ/ d>q i/d‘lx ei(@apatzypp—q)-x
(2m)32,/Q2 + g2 27
X

_ 1 _
{5’0(3:) +2- §/dw J2(§O)(CL‘GTL+pA;w) Soe(z,w) + é—term}
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Hard function
When considering power corrections we have to be careful about kinematic

factors.
Consider the hard function

) = [ ddE GO D) FOwD),  H ) =09

We can obtain power corrections from expansion of § around Q>

H(3) = H(Q") +Q*(1 - 2)H'(Q") +...
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Hard function

When considering power corrections we have to be careful about kinematic
factors.
Consider the hard function

) = [ ddE GO D) FOwD),  H ) =09
We can obtain power corrections from expansion of § around Q>
H(8) = HQ*) +Q*(1 - 2)H'(Q) + ...
This correction modifies the LP factorization

(2) = H(Q") @Sy (Q(1 — 2)) + Q*(1 — 2)H'(Q”) @Spv (Q(1 - 2))

with

H(3)=1+0 <n,, In’ <L>> and  Spy(Q) = 5(Q) + O (as)

Hh

This contributions starts at a2 In? (ﬁ) so at the LL accuracy it is enough
to replace H(3) by H(Q?)
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Kinematic corrections

6(z) = H(3)
X Q2 f (2)32(1% % fd4a’; ei(wapA+wpr_Q)'m
™ q
3 1 (0) 3 5
x4 So(x)+2- 3 dw Joe " (zanipa;w) S (z,w) + &-term
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Kinematic corrections I

At LP we only need the soft function at x = x¢ but for now consider the
soft function for generic x

~ 1
So(ﬂ?) = N

T (0] T(Y{ (2) Y~ (2)) T(Y1(0)Y+(0))[0)

Use partonic center-of-mass frame z,p4 + zpp5 = 0
Momentum px, of the soft hadronic final state is balanced by the
lepton-pair ¢+ px, =0
g~ A, " =VE+ 00N
Energy of the soft radiation

~ —_ Q. 7’
[$1p1+w2p2—q]0:pg(s:\/E—VQ2+Q2:7_;17Q+O()‘6)
with
Q*ZQQI*;/E:Q(1fz)+ZQ(1fz)2+(9(A6)
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Kinematic corrections II

Expansion of the kinematic factors leads to

Q d3 q 1 iz ei(waPA +wbPB—Q)'¢C§O(T)
(2m)32,/Q% + @2 27 h
dx® . ) ~

a/%e”m*” (1+ szé (’)()\4)> 502, &)y5—0

s Spv(QUL— 2)) + = S (Q(1 — 2)) + = S1e2(Q(1 — 2)) + O(AY)

Q Q
NLP kinematic soft functions
o}
Sxi(Q) = 550250 (2.3);5-
9]
Sr2(Q) = 7926*950( T)|3=0
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Kinematic corrections II1

It is more convenient to introduce

Agy(z) = Gan(2)

z

AL (2) = 657 (2) but ANFF(2) receives additional NLP correction
(1—-2) x éLpr(2)

which leads to
Sk3(Q) = QSo(Q, %) z=0

Factorization theorem for A(z) = Agg(2):
A(z) = H(Q)
3
< Q {SDY(Qu —9)+ Y 55m(QU - 2)

1 -
+2. 5 /dw Jég))<.77,,,77,+p,4; w) Soe(z,w) + E—term}
No further expansion in A is needed!
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Example: expansion of the soft function RGE 1

In position space, renormalization of the LP soft function is multiplicative

d
dlnp S

el
N
8
=
Il
—

2F<JuspL - 2’7W:| 50(1“)

L=In (—in,wnpcuze%m)

yw = O0(al)
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Example: expansion of the soft function RGE 1

In position space, renormalization of the LP soft function is multiplicative

d
dlnp S

el
N
8
=
Il
—

QFcuspL - 2’7W:| go(l“)

L=In (—in,wnpcpze%m)

yw = O0(al)

Expansion of the soft function, z = (2°,0,0, 2)

280(x)z—02> + ...

N | =

§o(z) = §0({C0) + ...+
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Example: expansion of the soft function RGE 1

In position space, renormalization of the LP soft function is multiplicative

d
dlnp

Bute) = [2 L. - 2] o)

L=In (—in,xnpcpze%m)

yw = O0(al)

Expansion of the soft function, z = (2°,0,0, 2)
- ~ [ o~ .
So(x) = So(xo) + ...+ 50750 (2) =02 + ...

Expansion of the log generates inhomogeneous term

52 4
L=Ly— —— —
0 (20)2 +0 ((w0)4>

Lo=In (—i(xo)szeQ'YE)
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Example: expansion of the soft function RGE 11

Coefficient of z° gives

d 10~ 1 =5~ 2
*8250(.%)‘5:0 = |:2FcuspLO — 2’YW:| 532250 (Z‘)‘f:() - WSO (330)

dlnp 2
Define soft functions
Ss(wo) = %522%(&3)@:0
- —9i ~
Sz (TO) = 20 _ iES(mO)
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Example: expansion of the soft function RGE 11

Coefficient of z° gives

d 10~ 1 =5~ 2
*8250(.%)‘5:0 = |:2FcuspLO — 2’YW:| 532250 (Z‘)‘f:() - WSO (330)

dlnp 2
Define soft functions
Ss(wo) = %522%(&3)@:0
- —9i ~
Sz (TO) = 20 _ iES(mO)
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Example: expansion of the soft function RGE 11

Coefficient of z° gives

d 1z9~ B lzag 2 ~
dlnp 282 So(x)jz=0 = [QFcuspLo 27W] 502 So(x)z=0 7@0)2 So(zo)
Define soft functions
Sa(wo) = Z%nggdx)lf:o

. —9% ~

Sz (x0) = o i85($0)
Soft functions mix

d ~ ~ -
din i S3(xo) = [QFcuspLo — QWW] S3(x0) + Szo (z0)
d ~ ~
m Smo (70) = |:2FcuspL0 - 27W] Smo (10)

Note: §3($0) = O (asLo) and gwo (ro)=1+0 (ozsL%)
g;l;()<él70) corresponds to #-soft previously function defined in JHEP
1808 (2018) 013 by Ian Moult, Iain Stewart, Gherardo Vita, Hua Xing Zhu
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RGE for kinematic soft functions

Proceeding like in the example we obtain

d =

. .
= [oreLo—2 ]1
din S = [2ewslo 29w ] 15()
00 0 +1
00 =6 +3 |z 0
t T | g g o g [5G
00 0 0

- ~ - - \T
with S(z%) = (SKI,SK275K37 Szo)

d ~ _ _
ding SK1+K2+K3 (HCO) = [QFcuspLo—Q’YW] SK1+K2+K3 (SCO)—G Icusp SKS(-TO) ,

Note: Ski+r2rrs(®) = O ()

No LL kinematic corrections to all orders!

Robert Szafron



Soft function

6(z) = H(3)
3 =
% Q2/ d°q i/délx ei(ﬂcaPAJrl"bPB*‘I)'z
(2m)32/Q2 + q2 27
X

. 1 =
{SO(JJ) +2- é/dw JQ(?)(.ZIJGTL+])A;W) Soe(x,w) |+ E—term}
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Time-ordered products

Soft operator in position space
7dL

Sac (0,22) = T [Vl @¥-()] T VI O)V20) 7551, ()
with decoupled soft fields
B =Y [iD4Yy]

Lagrangian is already multipole expanded — soft fields depend only on z_

1
50 = 5xe!i 2 [i0sin_0B;] %XL

Robert Szafron



Time-ordered products

Soft operator in position space
7dL

Sac (0,22) = T [Vl @¥-()] T VI O)V20) 7551, ()

In the factorization theorem we need only vacuum matrix element

n Z ’LIL‘O iw(nyz 1
Sl / / + Q/2—iw(ng z)/2 A Tr (0]S2¢ (2°, 2-)[0)
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Time-ordered products

Soft operator in position space
7dL

Sac (0,22) = T [Vl @¥-()] T VI O)V20) 7551, ()

In the factorization theorem we need only vacuum matrix element

n Z ’LIL‘O iw(nyz 1 S
Se(0) = [ G / 22) gtaszien 2 Lgy (0/8e(a, 2 )[0)

n—

ny

n- a 1‘ n-
A\

>bﬁaa§<

ny i ny
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Time-ordered products

Soft operator in position space
7dL

Sac (0,22) = T [Vl @¥-()] T VI O)V20) 7551, ()

In the factorization theorem we need only vacuum matrix element

'Lz iw(nyz 1 S
525 w) / / n+z 00 /2—iw( +2)/2 N Tr <0|82§(IZ?0, Z_)|O>
y{ men{
\>’WV< ¥>a B<

Sae (9, w) = % {9(9)6(w)< D ” ) + Mf(w)@(ﬂ—w)}
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Soft function renormalization

We assume that renormalization in the momentum space is a convolution
in © and w

S25(97w)|ren = /dQ//dw/ Z2§,2§(Q7W;Q/awl) SQ{(Q/vw,)Haare

+ /dQ/ ZZfﬁzO (Qv w; Q/) Sar?o (Q,)“’ﬂre

Renormalization through mixing with the same S, as in the case of
kinematic corrections

ZQ&,Q&(Q,LU; Q?“)/) = 6(Q - Q/)§(w - w/) + 0(0(5) )

asCp 1
ALY

21

Zoe 2 (w5 Q) = (O —Q)o(w) +0(al).

How to determine Zag¢ 2¢(2,w; Q,w’) at one loop?
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Soft operator

Let us consider an operator rather than its matrix element

Sa (9 / / (ne2) (00 e) 2 F [y ] (@) Y- (20)]

101,

xT[YHmn() L ()

Generalize renormalization equation to

[SA (Q7 ren Z/dQ dUJ]ZAB (Q OJ“Q WJ) [SB (Q w])]bare

1
ZQ& 26 — ﬁ Z (ZQE 25)(10.,(:(:
c

For the leading 1/€? pole we find that
(Z2¢ 2¢)ab,cd = dacOpa Zae 2¢ + 0(671)

hence
Zagoe = Zagoe + O()
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Soft matrix elements

Problem of finding Z-factor reduced to operator renormalization

n_ n_ n_
=% | < .
o

ny Ny ny

n—

Tree level matrix element is not zero

*

(94(D)[S2¢ (2, ) |0 tree = goT* (p;j;l _ TE:Z—); ) 5()6(w —np).

Dependence on the external momentum allows to determine full
dependence on '’
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One loop “real” diagrams

ny Ny ny

np iy g

T ny
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(gA (p) |82§ (Qa UJ) |0> (11-)100p =

(525 + 0(7)] @r@)iSre(. ) 0res

2w €2

(94(0)|S2¢ (2, )[0), . =

[E& + 0 (E_l)] (9 (P)|S2¢ (22, w)[0) tree

2w €2

(94(0)|S2¢ (2, )[0), . =

_ala (e-l)] (94 (D)1 S2¢ (2, @)|0) tree



One loop “virtual” diagrams

n— n n n
(4) (k) -
n— n-— ) n— n— ) n_
-
(94 (P)|S2¢ (2, w)[0)I1ER) =
/ v as Ca _
525+ 0 ()] @r)iSac(. ) 0)ree
n) oy n fiy n T €
(m) (n) (o)
no n_ n- n_ n_ n_
N N OB

W @ e
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Diagonal part of the anomalous dimension

We find the sum of virtual and real contribution to give a result exactly
equal to the corresponding cusp anomalous dimension of the leading power
soft function

_osOr 1 s )5 (w—w)

Z(l)
T €2

2¢ ¢ (Q,w; Q',w/) =

Taeoe (Qw; @) = 4297 10 5 (0~ @) 5 (0 — o)
i s
» (4 part cancels!
» leading pole is diagonal in color indices

» result is proportional to the tree level but the dependence on €’ must
be extrapolated from the LP result
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LL soft function RGE

We checked our result by explicit two-loop computation of the soft function.
Both methods lead to the same AD matrix — non-trivial check of

» the choice of Sz,

» the correctness of our procedure to extract leading poles

» the relation between soft operator and soft function renormalization
At the LL we have

p ( S (5(2 L)u) );O‘? 4cplni —Cré(w) ( Sne (?W;) )

dlnp 0 4C’Flnﬁ Sz
Hs
with a solution
2CF as(p) LL
SE(Q, w, = = —48™ (e, )| 0(0)8
F@wp) = T S exp [ 48U (s, )] 0(©)5()

Cr —ln—exp[ 20 22 1n? i] 0(Q)5(w)
T w
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LL resummation

The resummed collinear function does not contribute to the LL result, we
only need tree level result

pp

I5E 05 abae (4D nypiw) = — ngip6(n+p — 149 )0ap0adber + O (as In (5))

The resummed cross-section is

A™(z) = ArB(2)

—exp [45“(%,#) - 43“(/@,#)] x 8¢

where at LL accuracy

LSOF In? H2 and — ln as (1) =& In B2

SU _
(s i2) 2m H1 ﬂo as(p2) 2T
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Fixed order expanded result
> R. Hamberg, W. L. van Neerven and T. Matsuura, 1991
» D. de Florian, J. Mazzitelli, S. Moch and A. Vogt, 2014

AXip(zn) = —6(1—2) {4CF% [ln(l —z)— Lp,]

+8C% ( ) [Ins(l—z)—?)L,, 1112(1—2)—‘,-2L2 ln(l—z)}

+80F( ) [m fz)—5Luln4(1—z)+8Liln3(l—z)—4Liln2(1—z)]
+136Cf;(0:) [ U1 2) = TLu 8 (1 — 2) + 18L% In®(1 — 2) — 20L3 In*(1 — 2)

4 3
+8Luln (1—2)]
+2 c o) N9(1 = 2) — 0L, n®(1 — 2) + 3202 In"(1 — 2) — 56L3 In6 (1 — 2)
F H I3 I
+48L;£ In(1 — 2) — 1615 In*(1 — z)]} + O(al x (log)1),

Ly = In(u/Q).
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Higgs threshold production I

A(pa)B(ps) — H(q) + X(px)

Threshold variable
mi

w
1l

S

O‘S(:u) 1.4 v H
Lot = 3 Ct(me, ) EFWF/‘{ ln<1+7
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Higgs threshold production I

A(pa)B(ps) — H(q) + X(px)

Threshold variable
m¥

w
1l

S

055(/1) 1 A v H
Eeff = I Ct(mtnu) ZF;LVFIIZ In (1 + 7

LP current
Ff,,FZ" — 2gi‘,,nJ9A§fn+8AZf

The derivation of the factorization is similar like in the DY case, with
Wilson lines in the adjoint representation

0
Yi(z) = V8 = Pexp {gs / dsf*Pn: AS (z + sn;)}
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Higgs threshold production IT

Important differences with respect to the Drell-Yan case are:

» Derivatives in the current produce additional factor of § compared to
DY case
Sk3(Q2) =2Q50(Q, Z)|z=0

Kinematic corrections do not cancel for the Higgs production!
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Higgs threshold production II

Important differences with respect to the Drell-Yan case are:

» Derivatives in the current produce additional factor of § compared to
DY case
Sk3(Q2) =2Q50(Q, Z)|z=0
Kinematic corrections do not cancel for the Higgs production!

» After using EOM for soft fields, the tree-level collinear function takes
form

. 0
J;gicp(mrp, nypsw) = —ZZTRfABCg,J;p [2 — 2n+p/m} §(nyp —ngp’)

The derivative term does not contribute to the DY LL but it
contributes to the Higgs case due a factor s in the current
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NLP Resummation for Higgs threshold production

SEE@ ) = 2w S0 o [~ )] 0(0)5(0)
Sk@wan) = S5 i 2 o [ u )] 0(00)

Convoluting Sa¢ with tree-level Jy¢ and adding kinematic correction we
obtain the LL resummed cross-section

AL () = AL (2)

—exp [4SLL(N}17#) *4SLL(/LS,M)} X 8;)‘ n 22l g )

s (i)

where at LL accuracy

_ asCa 1112 &

SLL _
(p1, pa) o i

The result has the same form as Drell-Yan with C'r <> (4
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Summary and Conclusions

» NLP LL threshold resummation for Drell-Yan and Higgs production is
completed, simple relation (' <+ C'4 holds to all orders

» Renormalization of new, generalized soft functions is understood at LL
accuracy but we must better understand its renormalization properties

» Work in progress: Extension to the quark gluon channel

» Next step: extension of factorization theorem to NLL and resummation
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Auxiliary slide: Hard function running

Well known RGE for two-jet operator

d 2 Q2 2
H = [ 2cusp In = 2 H )
dlnlLL (Q 7/'1’) ( p i [112 + Y (Q ,U/)
s 3 as
Fcusp = gCF + O(Oé?), Y= _705701? + O(a§)7
s 2T

The general solution RGE reads

) 2\ —2ar (ph,n) )
H(Q7, i) = exp [45(jin, 1) — 2ax (pin, )] (72) H(Q", pun)
h

where
as(p) r ( ) « d’
y cusp (&Y (e%
s = = [ aatgEe [,
as(v) s (v)
as () r ( ) as(p) ( )
cusp (¥ pd e’
ar(v,p) = - /daTz)’ ay (v, p) = — /dOCM
as(v) as(v)
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Soft function in position space

At the one-loop order in dimensional regularization with d = 4 — 2¢, the
bare soft function must have a simple dependence

& Qs 2\ € 1132
Sopare () =1+ = (—n_aniap’) fle, ————
T niTn_x

Explicit evaluation gives
aSC F r (1 - 6)

§0,barc(x) = 1+ - Te_e’YE
1 € 2 1+e 2
X (—7n7xn+:cu2ez'”5) (17) 2 (17 1,1 —¢1— :67\
4 N_TN4x n_xnic)
asC 1 L L2 2 . z2
= 1+ —E (S +Z+5 + S +Lis (1-—— ) +O(e)
™ € € 2 12 nN_ITN4T

where we defined 1
L=In (fzn_zn_;_x;ﬂe%”f) .
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Auxiliary slide: Kinematic soft functions at O ()

Expanding the kinematic factors in the factorization formula we obtain
further corrections related to the LP soft function

Sk1(Q)
Sk2(82)

Sk3(2)

_ O‘QfF( %+21n%f2)8(§2)
_ "‘;F( §+6ln%+6>9(9)
= olr <—§—81n%>6(ﬂ)
ZSKz _ asC'F 0(Q)

At O (as) no LL kinematic corrections!
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Auxiliary slide: Soft function renormalization

We assume that renormalization in the momentum space is a convolution
in © and w

Soe (W) jren = /dQ//dw' Zae,26(Q,w; Q' w') S2¢ (', w) jbare

+ /dQ/ Zag w0 (2, w; Q) Sao () bare
Renormalization through mixing

ZQ&aQE(va; Q?“)/) = §(Q - Q/)§(w - wl) + 0(0(5) )

asCp 1
2B s

Zog 2o (Q,w; Q) = ~0(Q O)o(w) +0(a2).

2w
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Auxiliary slide: Soft function renormalization

We assume that renormalization in the momentum space is a convolution

in © and w
S2§ (Q7 w)lren = /dQ/ / dw/ Z2§,2§ (Q7 w; Q/a wl) SQ{ (Q/, w,)|bare
—|— /dQ/ ZQ@VIO (Q/ wy Q/) Swo (Q,)Hmre
Aside:

Is the convolution assumption too strong?

» Dependence of Z on Q' cannot be uniquely determined - at LP we
determine it from the known properties of Wilson loop renormalization
in position space — multiplicative renormalization in position space

» Dependence on w’ can by determined under additional assumptions
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Auxiliary slide: Soft function renormalization

We assume that renormalization in the momentum space is a convolution
in © and w

S25(va)|ren = /dQ//dw/ Z2§,2£(Qaw;Qlawl) SQ{(Qlyw,)|bare

+ /dQ/ Zag w0 (2, w; Q) Sao () bare
Renormalization through mixing

Z2€a2€(Q7w; Q?“)/) = 6(9 - Q/)§(w - wl) + 0(0(5) )

sCr 1.
aer —0

Zog 2o (Q,w; Q) = ~0(Q O)o(w) +0(a2).

2w

How to determine O (as) of the diagonal Z-factor?
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Auxiliary slide: Alternative approach without operator renormalization

Renormalization condition for the two-loop soft function 5’5?
S 420 S 422 S0 420, 5 = fnite
Séé) + /_)i ‘,”ng))) = finite
Following structure
Taaln & +
I'=as (1) A4 T T A VﬁB
YBA FBBan +vBB

implies

1 1 1
25y = 170 (28 +3z) v 0 (%) a#B.

@ _ 1,0 (1) 1 0 _ 1
Sz = 3% (322& 2¢ ¥ Zé())zo) Se =0 (5)

Two loop result agrees with one-loop operator renormalization
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Fixed order check

For arbitrary ;. we then find

AMir() = exp [45™ un, ) = 45™ G 0] x S E 1 220 g1 - )

Note AKY (2, 1) has the same form — no LL in collinear function!

sCF 2 p2 s (p1) Mz
SUE (g i) = 2Oz g Ly e =%y
(b, ) 27 p1 Bo  as(uz) 27f
Our result
~LL
AW oy = D) @Oy 2 gasCry o i
z ™ Hs ™ Hh
asCp

_ nHs 01— 5
x(—4) ' 001~ )

agrees with

» R. Hamberg, W. L. van Neerven and T. Matsuura, 1991, full fixed
order NNLO computation

» D. de Florian, J. Mazzitelli, S. Moch and A. Vogt, 2014 approximate
results for u = up, up to N*LO
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Auxiliary slide: RGE for kinematic soft functions — Higgs case

Proceeding like in the example we obtain

d = 0 _ =1
Ty 5@ = [2FwspLo - 27W} 15(z)
00 0 +1
00 6 43 |20
t Tas| g o o _g |9@)
00 0 0

. ~ ~ . L \T
with S(2°) = (SK17SK2,SK375900)

d ~ _
m SK1+K2+K3 (JCO) = [QFcuspLo — Q’YW] SK1+K2+K3(330)

74Fcusp§z0 (ZEO) -6 Fcusp §K3(xo) )

Note: §K1+K2+K3($0) =0 (CMS In :7)
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