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⟨O[A, ψ, ψ̄]⟩ = 1
Z ∫ D[A] det D[A]e−SG[A]O[A]

Lattice Gauge Theories beyond Euclidean Monte Carlo Approach

= Lattice Gauge 
Theory (LGTs)

Monte Carlo (MC) 
Simulations
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<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

x0
<latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit>

t0
<latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

Euclidean 
space-time
✏ �! �i a

<latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit>

⟨O[A, ψ, ψ̄]⟩ = 1
Z ∫ D[A] det D[A]e−SG[A]O[A]

Lattice Gauge Theories beyond Euclidean Monte Carlo Approach

=
Monte Carlo (MC) 

Simulations
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Complex

Weight W

⟨O[A, ψ, ψ̄]⟩ = 1
Z ∫ D[A] det D[A]e−SG[A]O[A]

Lattice Gauge Theories beyond Euclidean Monte Carlo Approach

Sign Problem

Monte Carlo (MC) 
Simulations

Inaccessible with conventional 
MC approach: 

 [Troyer, Wiese  PRL 94 170201(2005)]
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Complex

Weight W

⟨O[A, ψ, ψ̄]⟩ = 1
Z ∫ D[A] det D[A]e−SG[A]

Lattice Gauge Theories beyond Euclidean Monte Carlo Approach

Sign Problem

Monte Carlo (MC) 
Simulations

➡ Real time dynamics

➡ Topological -term

➡ Finite chemical potential 

➡ . . .

θ

Inaccessible with conventional 
MC approach: 

Quantum Simulations

 [Troyer, Wiese  PRL 94 170201(2005)]

 1 / 20

of LGTs



• Quantum systems with many degrees of freedom: fast/slow thermalization         [von Neumann(1929), Deutsch. PRA (1991), Srednicki PRE (1994)]

• Under which conditions can thermalization be evaded? 

Real-time dynamics of  pure gauge theory in 2+1DU(1)

 2 / 20



• Quantum systems with many degrees of freedom: fast/slow thermalization         [von Neumann(1929), Deutsch. PRA (1991), Srednicki PRE (1994)]

• Under which conditions can thermalization be evaded? 

• Quantum Many-Body Scars in simple gauge/fermionic theories

• Probed for small volumes and small spins due to severe sign problems in real-time dynamics simulations 

• Analytic construction of ergodicity breaking states for arbitrary volumes —> U(1) gauge theory in 2+1D

[Pakrouski et al. PRL 125 (2020), Mukherjee et al. PRB(2021), Banerjee, Sen 
PRL (2021), Surace et al. PRX (2021), Delacretaz et al. JHEP (2022), 
Desaules et al. PRB (2023), Srdinsek et al. PRL (2024), Calajo et al. (2024)…]

[Budde, MKM, Pinto Barros, PRD 110, 
094506 (2024) + work in preparation]

Thea Budde                           Joao Pinto Barros

Real-time dynamics of  pure gauge theory in 2+1DU(1)
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8

Eigenstate Thermalization Hypothesis (ETH)

• Local observables are expected to thermalize

• ETH [von Neumann(1929), Deutsch. PRA (1991), Srednicki PRE (1994)] bounds the fluctuations

 

 ;    ;     — smooth function;     — random variable

𝒪(t) = ⟨ψ(t) |𝒪 |ψ(t)⟩ = ∑
n

|cn |2 𝒪nn + ∑
m≠n

c*mcn ei(Em−En)t 𝒪mn

𝒪mn = 𝒪(E) δmn + e−S(E)/2 f𝒪(E, ω) Rmn

E = (Em + En)/2 ω = Em − En f𝒪 Rmn
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How Do Quantum Systems Thermalize?

Thermalization: observable converge to values
independent of the initial details.

Scar: special initial conditions avoid thermalization.

• Involves real-time evolution;
• Generically a�icted by severe sign problems;
• Well suited for quantum simulators.

ETH, Institute for Theoretical Physics
High Performance Computational Physics group Joao C. Pinto Barros 7/15
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Exceptions to thermalization: 

❖ Integrable models 

❖ Many Body Localization

❖ Fragmentation 

❖ Quantum Many-Body Scars: special initial conditions 
avoid thermalization [Turner et al.,Nature Physics (2018))]

Thermalization of isolated quantum systems 
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t
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Exceptions to thermalization: 

❖ Integrable models 

❖ Many Body Localization

❖ Fragmentation 

❖ Quantum Many-Body Scars: special initial conditions 
avoid thermalization [Turner et al.,Nature Physics (2018))]

• Ergodicity: single fragment Hilbert space; Hamiltonian connects all basis states

• Strong breaking of ETH: integrable models, disordered systems; exponentially many fragments;    

• QMBS: weak breaking of ETH, (many) anomalous high-energy states;           as     .

n
Ntot

∼ e−V

n
Ntot

→ 1 V → ∞

Thermalization of isolated quantum systems 

 4 / 20



Thermalization of isolated quantum systems 

• Quantum Many-Body Scars: special initial conditions avoid thermalization [Turner et al.,Nature Physics (2018), Pakrouski et al. PRL 125, 230602 (2020)]

• Fundamental questions that might be answered on quantum simulators

• Real-time evolution; severe sign problems [Troyer, Wiese  PRL 94 170201(2005)]

• Signatures found in analog quantum simulations with Rydberg atom arrays [Bernien et al. Nature (2017)]

How Do Quantum Systems Thermalize?

Thermalization: observable converge to values
independent of the initial details.

Scar: special initial conditions avoid thermalization.

• Involves real-time evolution;
• Generically a�icted by severe sign problems;
• Well suited for quantum simulators.

ETH, Institute for Theoretical Physics
High Performance Computational Physics group Joao C. Pinto Barros 7/15

t

⟨O⟩

[Bernien et al. Nature 551 (2017)]
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Entanglement Entropy Across the Spectrum

Bipartite Entanglement Entropy

Trace out subsystem B: flA = trBfl

Compute entropy of entanglement: S = ≠trflA log flA

ETH, Institute for Theoretical Physics
High Performance Computational Physics group Joao C. Pinto Barros 18/35En

Bipartite entanglement entropy:

Compute the trace:

Compute entanglement entropy:

Observables of interest: entanglement entropy
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Entanglement Entropy Across the Spectrum

Bipartite Entanglement Entropy

Trace out subsystem B: flA = trBfl

Compute entropy of entanglement: S = ≠trflA log flA

ETH, Institute for Theoretical Physics
High Performance Computational Physics group Joao C. Pinto Barros 18/35En    En

QMBS: entanglement measure shows anomalous behaviour

Bipartite entanglement entropy:

Compute the trace:

Compute entanglement entropy:

 6 / 20

Observables of interest: entanglement entropy
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Quantum Many-Body Scars in Gauge Theories

• Observed experimentally in the PXP model (Rydberg atoms); [H. Bernien et al. Nature (2017)] 

• PXP maps exactly to a U(1) gauge theory in 1+1D; [Surace et al. PRX (2020)]

• Quantum scars found in a variety of 1+1D gauge theories [Wang et al. PRL (2022), Desaules et al. PRX (2023), Halimeh et al. Quantum (2023), G. Calajo 

arXiv:2405.13112]

• Quantum scars predicted in 2+1D for  [Banerjee et al. PRL (2022), Biswas et al. SciPost. Phys. (2022), Sau et al. PRD (2024)] 

• Quantum scars in 2+1D theory with fermions for  [Osborne et al. 2403.0885]

• Quantum scars for arbitrary  in 2+1D pure gauge theories [this work, Budde, MKM, Pinto Barros, PRD 110, 094506 (2024)]

S = 1/2

S = 1/2

S
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Hamiltonian for U (1) Pure Gauge Theories

H = ≠t
q

n
U†

n1U†
n+1̂2Un2U

n+2̂1¸ ˚˙ ˝
U⇤

+h.c. + Ÿ
q

n
E2

n

En œ Z

Un unitary raising
operator

Ui |EiÍ = |Ei + 1Í

Gauss’ Law
Ei ≠Ek +Ej ≠El = 0

ETH, Institute for Theoretical Physics
High Performance Computational Physics group Joao C. Pinto Barros 3/15

Hamiltonian of U(1) gauge theory in 2+1D

• Quantum spins: continuous gauge symmetries with discrete link operators

• Finite Hilbert space at each link: (2S + 1)-dim.
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Hamiltonian of U(1) gauge theory in 2+1D

• Quantum spins: continuous gauge symmetries with discrete link operators

• Finite Hilbert space at each link: (2S + 1)-dim.

Quantum Link Models (QLM)  [Horn PLB (1981); Orland, Rohrlich 

NPB, (1990); Wiese, Chandrasekharan NPB, (1997); Rokhsar, Kivelson PRL (1988)]   

Truncated Link Models (TLM)  [Zohar, Cirac, Reznik PRL110 (2012); 

Desaules et al. PRB107 (2023), Popov et al. 2405.00745 PRD(2025)]  

;  ; 

Ui |Ei⟩ = S(S + 1) − Ei(Ei + 1)
S(S + 1) |Ei + 1⟩

Ui |Ei⟩ = Ei |Ei + 1⟩ U |S⟩ = 0 U† | − S⟩ = 0
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Truncated Hamiltonian of U(1) gauge theory in 2+1D

Truncation: En œ {≠S, . . . , S}

H = ≠t
q

n
U†

n1U†
n+1̂2Un2U

n+2̂1¸ ˚˙ ˝
U⇤

+h.c. + Ÿ
q

n
E2

n

Un non-unitary
raising operator

Ui |EiÍ = |Ei + 1Í
Un |SÍ = 0

Gauss’ Law
Ei ≠Ek +Ej ≠El = 0

• S = 1/2 and S = 1 are equivalent
to spins (Quantum Link Models);

• S large enough … S = Œ
(at least in 1 + 1D: see T. Budde,
Tuesday, 4:15 PM, Quantum
Computing track)

• Here: arbitrary integer S.

ETH, Institute for Theoretical Physics
High Performance Computational Physics group Joao C. Pinto Barros 4/15

• So far: ;  spin models; both Quantum Link 
Models (QLMs), Truncated Link Models (TLMs) 

• Gauge theory recovered in  limit 

• In practice:  “large enough” 

• In this work:  is arbitrary integer 

• Note about QLMs: not constructed with  limit in 
mind

S = 1/2 S = 1

S → ∞

S

S

S → ∞
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U⇤

+h.c. + Ÿ
q

n
E2

n

En œ Z

Un unitary raising
operator

Ui |EiÍ = |Ei + 1Í

Gauss’ Law
Ei ≠Ek +Ej ≠El = 0
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Index theorem for U(1) gauge theory in 2+1D

• Point group symmetries: lattice translation, rotations, reflections 

• Charge conjugation:  

• For  holds  ;            even;     

• Zero-modes are protected by an index theorem and have a -charge  [Schechter, Iadecola PRB 98, 035139 (2018)]  

• # of zero-modes grows exponentially with volume in non-integrable spin chains 

• Can we use the zero-modes to build low-entropy states for gauge theories?

(U, U†, E) → (U, U†, − E)

κ = 0 {H, ℂ} = 0 ℂ = ∏
xy

Exy → x(y) ℂ |E⟩ = | − E⟩

ℂ

An Index Theorem

H = ≠t
q

n U †
n1U

†
n+1̂2Un2Un+2̂1

¸ ˚˙ ˝
U⇤

+h.c. + Ÿ
q

n E2
n

There are an exponentially large number of zero-energy states

• Consider tr (RxC) (Rx reflection with respect
to x axis);

• Only zero modes contribute;

• Grows exponentially with the volume.

M. Schecter and T. Iadecola PRB (2018)
T. Budde, M. Marinkovic, JPB - arXiv:2403.08892

Density of States

An exponential number of zero modes
Can we use the exponential number of zero-energy states to build low-entropy states?

ETH, Institute for Theoretical Physics
High Performance Computational Physics group Joao C. Pinto Barros 24/35
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Non-integrability of a 2+1D system with ladder geometry

• Planar quantum (truncated) link models are strongly interacting, non-integrable physical systems 

• Demonstrate non-integrability: resolve symmetries and compute level space distribution

• Integrable systems: Poisson     

• Non-integrable: Gaussian Orthogonal Ensemble (GOE)     

pPoisson(r) = 1
(1 + r)2

pGOE(r) = 27
4

r + r2

(1 + r + r2)5/2

Non-Integrability of the Ladder

Address integrability:
• Resolve symmetries;
• Compute level space distribution.

p (r) , rn = min
;

En+1 ≠ En

En ≠ En≠1
,

En ≠ En≠1
En+1 ≠ En

<

≠ Parity Symmetry Sector + Parity Symmetry Sector

Integrable systems: expected Poisson
Non-integrable: expected Gaussian Orthogonal Ensemble (GOE)

ETH, Institute for Theoretical Physics
High Performance Computational Physics group Joao C. Pinto Barros 26/35

p(r), rn = min{ En+1 − En

En − En−1
, En − En − 1

En+1 − En }

□□□□□□□□□□□□
 lattice:12 × 1
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 QLM: two-plaquette zero modeS = 1

• Explicit construction of a zero mode corresponding to   for  lattice:  Hkin = ∑
n

(U□ + U†
□) □□

Spin-1 QLM: Two Plaquettes Zero Mode

We construct a two-plaquette state (7 spins)

ZERO MODE

q
n

1
U†

n1U†
n+1̂2Un2U

n+2̂1 + h.c.
2

|BlueÍ = 0

ETH, Institute for Theoretical Physics
High Performance Computational Physics group Joao C. Pinto Barros 28/35

        |Ψ1⟩

    |Ψ1⟩
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Spin-1 QLM: Two Plaquettes Zero Mode

We construct a two-plaquette state (7 spins)

ZERO MODE

q
n

1
U†

n1U†
n+1̂2Un2U

n+2̂1 + h.c.
2

|BlueÍ = 0
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    |Ψ1⟩ =

        |Ψ2⟩ =

• Explicit construction of a zero mode corresponding to   for  lattice:  Hkin = ∑
n

(U□ + U†
□) □□
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Spin-1 QLM: Two Plaquettes Zero Mode

We construct two-plaquette states:

q
n

!
U⇤ + U†

⇤
"

|BlueÍ =
q

n

!
U⇤ + U†

⇤
"

|RedÍ = 0

Tiling the blocks

Still zero energy

We can use this to construct many
"special" zero-energy states

o o o

ETH, Institute for Theoretical Physics
High Performance Computational Physics group Joao C. Pinto Barros 29/35

        |Ψ1⟩

    |Ψ1⟩

        |Ψ2⟩
    |Ψ2⟩
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Spin-1 QLM: Two Plaquettes Zero Mode

We construct two-plaquette states:

q
n

!
U⇤ + U†

⇤
"

|BlueÍ =
q

n

!
U⇤ + U†

⇤
"

|RedÍ = 0

Tiling the blocks

Still zero energy

We can use this to construct many
"special" zero-energy states

o o o
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        |Ψ1⟩

    |Ψ1⟩

        |Ψ2⟩
    |Ψ2⟩

• Zero-energy state for  on a  latticeHkin □□□□

Tiling procedure:  :□□ ⟶ □□□□
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Spin-1 QLM: Two Plaquettes Zero Mode

We construct two-plaquette states:

q
n

!
U⇤ + U†

⇤
"

|BlueÍ =
q

n

!
U⇤ + U†

⇤
"

|RedÍ = 0

Tiling the blocks

Still zero energy

We can use this to construct many
"special" zero-energy states

o o o
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        |Ψ1⟩

    |Ψ1⟩

        |Ψ2⟩
    |Ψ2⟩

Construct many zero-mode states by tensoring 
appropriate zero-modes:
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The Periodic Ladder
The Periodic Ladder

H =
ÿ

n

!
U⇤ + U†

⇤
"

+ ⁄
ÿ

l top row

Sz

l

Bipartite Entanglement Entropy ⁄ = 0.2

ETH, Institute for Theoretical Physics
High Performance Computational Physics group Joao C. Pinto Barros 30/35

 E

 SL
2

H = ∑
n

(U□ + U†
□) + λ ∑

m top row
Em
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Scars for Arbitrary Volumes and Spins

|Â(i,T )
s Í = 1

(S + 1)|T |/2

Ÿ

(n,nÕ)œT

A
Sÿ

k=0

(≠1)k(U⇤n)i≠S+k(U⇤nÕ )i≠k

B
|0Í

|0Í © State where all links are zero

Entanglement entropy for
S = 1 and 6 ◊ 2 volume

Entanglement entropy for a
S = 2 ladder

For details and other types of scars see T. Budde, M. Marinkovic, JPB - arXiv:2403.08892

ETH, Institute for Theoretical Physics
High Performance Computational Physics group Joao C. Pinto Barros 31/35

 lattice□□□□□□
 E

 SL
2

 SL
2

Spin-1 QLM: Two Plaquettes Zero Mode

We construct a two-plaquette state (7 spins)

ZERO MODE

q
n

1
U†

n1U†
n+1̂2Un2U

n+2̂1 + h.c.
2

|BlueÍ = 0
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|0⟩ ≡

TLMs: Scars for arbitrary volumes and spins
[Budde, MKM, Pinto Barros, PRD 110, 094506 (2024)]
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• Phase diagrams, real time dynamics of LGTs intractable from first principles: Hamiltonian formulations

• Quantum Many-Body Scars challenge foundational aspects of thermalization; initial-value problems in QFT

• Scars occur in many-body quantum systems including simple gauge theories; analytic construction for any spin  now possible  [U(1) theory]S

Summary & Outlook (I)
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• Constructed scars in 2+1D amenable for experimental realization …

• Can the proposed mechanism be generalized for other models? [Osborne, McCulloch, Halimeh 2403.08858, Calajo et al. Phys. Rev. Research 7, 013322 (2025)]

• Are the scars present in the continuum limit? Fragile or protected by by special algebraic structures? 

• Systematic way to construct efficient state preparation algorithms [Gottesman-Knill (1998), Bravyi, Kitaev, PRA 71, 022316 (2005), Chernyshev, Robin, Savage PRR7 (2025) 

• 1. Analytic understanding; 2. Numerical confirmation; 3. Quantum simulation.

□□□□□□ □□□□□□

Summary & Outlook (II)
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