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Motivation
Studying the properties of strongly coupled theories from first principles is necessary 
to fully understand the Standard Model 

• Provides precise and quantitative description of the 
strong nuclear force over an broad range of energies 

• Gives rise to complex array of emergent phenomena that 
cannot be identified from underlying degrees of freedom 

• Ab-initio calculations crucial for comparing theoretical 
predictions of the Standard Model to experimental results

Proposed QCD Phase Diagram

Rich phenomena of non-perturbative quantum field theories is a profitable place to look 
for new answers to the big questions

Quantum Chromodynamics (QCD)
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Hamiltonian Lattice Gauge Theory, Abelian 
Quantum simulations utilize Hamiltonian formulations 

•  Continuous time, but discrete space 

•  Use Weyl Gauge ( ) 

•  Can be derived from Wilson’s action  

•  Commutation relations inform how operators map onto qubits

A0 = 0

H =
1

2a
g2 ∑

ℓ∈ links

EℓEℓ +
1
g2 ∑

p∈ plaquettes

Tr (2I − Pp − P†
p)

Kogut-Susskind Hamiltonian

[ ̂Eℓ, Ûℓ′￼] = Ûℓδℓℓ′￼

Phys Rev D 11, 395 (1975)
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Ûℓ
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These define the theory and 
therefore the circuit
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Hamiltonian Lattice Gauge Theory, Abelian 

•  Commutation relations inform how operators map onto qubits 

•  Precise mapping will depend on choice of BASIS

H =
1

2a
g2 ∑

ℓ∈ links

EℓEℓ +
1
g2 ∑

p∈ plaquettes

Tr (2I − Pp − P†
p)

Phys Rev D 11, 395 (1975)

Kogut-Susskind Hamiltonian

|0⟩

| + 1⟩

| + 2⟩

| − 1⟩ | + 2⟩

|0⟩ | − 1⟩

| + 1⟩ | − 1⟩ | − 1⟩

| + 1⟩

| − 1⟩ | + 1⟩ |0⟩

| − 1⟩ |0⟩

| − 1⟩ | − 1⟩
[ ̂Eℓ, Ûℓ′￼] = Ûℓδℓℓ′￼

Operators defined in the electric basis

̂E = ∑
ϵ

ϵ |ϵ⟩⟨ϵ | Û = ∑
ϵ

|ϵ + 1⟩⟨ϵ |
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• Theory now contains both left and right electric operators 

• Rotations of gauge link from left and right are generated by 
left and right electric fields

General Idea: Similar to Abelian, but electric and gauge link operators carry color indices 

5

Probe theories that are inaccessible through 

Hamiltonian Lattice Gauge Theory, SU(N) Version 

H =
1

2a
g2 ∑

ℓ∈ links

Ea
ℓEa

ℓ +
1
g2 ∑

p∈ plaquettes

Tr (2I − Pp − P†
p)

Ûℓ

n n + ̂ei

̂ER̂EL

|ψ ⟩ [ ̂Ea
L, Ûj

mn] = Tja
mm′￼

Ûj
m′￼n

[ ̂Ea
R, Ûj

mn] = Ûj
mn′￼

Tja
n′￼n

[ ̂Ea
L, ̂Eb

L] = − if abc ̂Ec
L

[ ̂Ea
R, ̂Eb

R] = if abc ̂Ec
R

[ ̂Ea
L, ̂Eb

R] = 0

• Each electric field has their own Lie algebra 
and commutation relations

I can add something here

Û(n, ei) ⟼ Ω(n) Û(n, ei) Ω(n + ei)†

Phys Rev D 11, 395 (1975)
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Ûj
m′￼n

[ ̂Ea
R, Ûj
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So what is
 the obstacle to 

quantum simulation? 
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Probe theories that are inaccessible through 

Simulating Lattice Gauge Theories
Three fundamental hurdles must be addressed to carry out quantum 

simulations of lattice gauge theories Hamiltonian

C) Gauss Law is not automatically satisfied

Q= 0Q= 2
Q= 3

Q= 1B) Phenomenologically-relevant 
gauge groups are continuous

A) Infinite-dimensional Hilbert 
space must be truncated

• “Sampling” method needs to preserve gauge 
structure of the theory

• Gauss's law is the constraint associated with the  
Lagrange multiplier 

• Naive Hilbert space is tensor product of different 
charge sectors

A0
• Finite-dimensional Hamiltonian needs to faithfully 
capture desired physics 

• Akin to UV regularization of Lagrangian methods 
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Desired Properties of Formulations

Efficient for Fine LatticesSystematically Improvable

Gauge Invariant

Example Formulations 
• Electric Basis* 
• Discrete Subgroups** 

• Magnetic Basis***

Motivation: “Ideal” formulation has these three properties 

*  Phys Rev D 11, 395 (1975) 
** Phys. Rev. D 105, 114501 (2022) 
and subsequent work 
*** Focus of this talk
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Unfortunately achieving this trifecta has proven quite challenging

Example Formulations 
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Fully Gauge-Fixing SU(2) in 
2+1 and 3+1 Dimensions

Christian Bauer Chris Kane Marat FreytsisIrian D’Andrea

Bauer, D’Andrea, Freytsis and DMG, Phys.Rev.D 109 (2024) 7, 074501 

DMG, Kane and Bauer, Phys.Rev.D 111 (2025) 11, 114516
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Step One: Gauge-Fixing Procedure
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worrying about breaking gauge-invariance 
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Step One: Gauge-Fixing Procedure
Motivation: Gauge fixing allows for “importance sampling” when working in magnetic basis without 
worrying about breaking gauge-invariance 

General Idea 

Residual (spatial) gauge transformations 
allow for some links to be set to identity

U− ̂x U ̂x

U ̂y

U− ̂y

U− ̂x Ω† Ω U ̂x

Ω U ̂y

U− ̂y Ω†Θ̂Ω(n)
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Step One: Gauge-Fixing Procedure
Motivation: Gauge fixing allows for “importance sampling” when working in magnetic basis without 
worrying about breaking gauge-invariance 

General Idea 

Residual (spatial) gauge transformations 
allow for some links to be set to identity
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U ̂y

U− ̂y

U− ̂x Ω† Ω U ̂x

Ω U ̂y

U− ̂y Ω†Θ̂Ω(n)

Not all gauge links can be set to the identity as gauge transformations affect neighboring links
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Probe theories that are inaccessible through 

Step One: Gauge-Fixing Procedure
Motivation: Gauge fixing allows for “importance sampling” when working in magnetic basis without 
worrying about breaking gauge-invariance 

General Idea: Maximal-tree procedure provides 
a systematic method for determining which links 
can be eliminated 

• Tree links: unphysical links that can be set to 
the identity 

• Physical links: all other remaining links 

Still Incomplete: Procedure eliminates all local 
gauge transformations, but not global 

• All gauge transformations are carried out relative 
to the origin

[ℰ̂a
L(κ), X̂(κ′￼)] = TaX̂(κ)δκ,κ′￼

[ℰ̂a
R(κ), X̂(κ′￼)] = X̂(κ)Taδκ,κ′￼

Phys. Rev. D 15, 1128 (1977)
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Probe theories that are inaccessible through 

Step One: Gauge-Fixing Procedure
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Eye towards Digitization: Axis-angle coordinates are 
particularly convenient parameterization of SU(2) 

• Each loop variable is simply an SU(2) matrix 

• Electric operators are differential operators  

12

X =
cos ω

2 − i sin ω
2 cos θ −i sin ω

2 sin θe−iϕ

−i sin ω
2 sin θeiϕ cos ω

2 + i sin ω
2 cos θ

𝓔L/R =
Σ ∓ L

2

Step Two: Parameterizing Operators  
Motivation: Three quantum numbers of SU(2) Hamiltonian can be thought of as total angular 
momentum and projected angular momentums in lab frame and body frame: , , L̂2 L̂z L̂′￼z

Σ = 2in∂ω + cot ( ω
2 ) (n × L)

Bauer, D’Andrea, Freytsis and DMG, 
Phys.Rev.D 109 (2024) 7, 074501
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Shift of Intuition: Axis-angle coordinates are also 
hyperspherical coordinates of S3 

• Angular coordinates  can be recast as 

spherical harmonic quantum numbers  

• Quantum numbers  are discrete, with a 
natural truncation 

• Variable  is radial coordinate and can be digitized 
using previously developed methods*

(θκ, ϕκ)
(ℓκ, mκ)

(ℓκ, mκ)

ωκ

13

Probe theories that are inaccessible through 

Step Three: Digitize Operators  
Motivation: As currently written,  are all continuous variables and so cannot yet be 
implemented onto digital quantum computers

(ωκ, θκ, ϕκ)

Bauer, D’Andrea, Freytsis and DMG, 
Phys.Rev.D 109 (2024) 7, 074501
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Probe theories that are inaccessible through 

Step Three: Digitize Operators  
Motivation: As currently written,  are all continuous variables and so cannot yet be 
implemented onto digital quantum computers

(ωκ, θκ, ϕκ)

* Bauer, C.W. and DMG, Phys. 
Rev.D 107 (2023) 3, L031503

Bauer, D’Andrea, Freytsis and DMG, 
Phys.Rev.D 109 (2024) 7, 074501

θ

ϕ

I

(ω, θ, ϕ)

ω = π

−I

ω = π

θ′ 

ϕ′ 

(ω′ , θ′ , ϕ′ )

“Mixed Basis”:  is magnetic basis variable and  are electric basis ω (ℓ, m)
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Probe theories that are inaccessible through 

Finish Step One: Gauge Fix Fully  

Motivation: The quantum numbers  are 
related to the total color charge of the system

(ℓκ, mκ)

Ĝa(n0) = ∑
κ

[ ̂Ea
L(κ) − ̂Ea

R(κ)] = − ∑
κ

La
κ

Observation: SU(2) Hamiltonian can be thought of as a system of rigid rods fixed together at 
the origin (axis-angle are hyperspherical coordinates)

(“difference between lab and body frame”)

DMG, Kane and Bauer, Phys.Rev.D 111 (2025) 11, 114516
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Thought:  Is the remaining gauge redundancy related 
to the rotation between the lab and body frame?
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Finish Step One: Gauge Fix Fully  
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DMG, Kane and Bauer, Phys.Rev.D 111 (2025) 11, 114516
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Finish Step One: Gauge Fix Fully  

Euler Angle Rotation 
(α, β, γ)

n(ϑ3, φ3)

̂y

Lab Frame Body Frame

ω1

n(ϑ1, φ1)

n(ϑ2, φ2)

̂x

ϑ1

φ1

̂z

ω2

ω3

ϑ2

φ2

ϑ3

φ3

ω1

n(0,0)

n(θ3, ϕ3)

̂x

̂z′￼

̂y
ω2

ω3

Θ

n(Θ,0)

θ3

ϕ3
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|ωκ, ϑκ, φκ⟩ → |ωκ, Θ, θμ, θμ; α, β, γ⟩
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|ωκ, ϑκ, φκ⟩ → |ωκ, Θ, θμ, θμ; α, β, γ⟩

16

Finish Step One: Gauge Fix Fully  
General Idea: Appropriate basis change will lead us to a fully gauge-fixed theory for arbitrary volumes

SU(2) 
2+1 and 3+1

(Magnetic) Basis Change:

|ωκ, ℓκ, mκ⟩ → |ωκ, n12, ℓμ, mμ; Λ, M, N⟩(Mixed) Basis Change:

Key Points: After calculating all matrix possible matrix elements in Hamiltonian, we make 
three important observations 

1. No operator can change , the total global charge 

2. No one operator can change more than four (discrete) quantum numbers at a time 

3. (Discrete) quantum numbers can only change by 

Λ

{−1, 0, 1}

DMG, Kane and Bauer, Phys.Rev.D 111 (2025) 11, 114516
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that spans only one total charge sector 

Implication: Hamiltonian is sparse
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Two Plaquette System

Henry Froland Zhiyao Li

Work in Progress 
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Explicit Hamiltonian in Differential Form
General Idea: Fully gauge-fixing reduces the number of degrees of freedom 
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Two Important Questions:  

•  Are there efficient ways to implement this on digital quantum devices? 

•  Can these methods easily generalize to larger number of plaquettes?

18

Explicit Hamiltonian in Differential Form
General Idea: Fully gauge-fixing reduces the number of degrees of freedom 

Magnetic Electric

Legendre Differential Operator
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Different Discrete Bases for Two Plaquette System
General Idea: Different bases work well for different values of the gauge coupling

Gauge Coupling
Weak Strong
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Example: Two Plaquette Universe

20

General Idea: Full gauge-fixing can result in resource savings

ℓ = 1 ℓ = 2

ℓ = 3

ℓ = 6 ℓ = 7

ℓ = 5P = 1 P = 2ℓ = 4

Kogut - Susskind

| jℓ, mLℓ, mRℓ⟩
Irrep Basis

Dim(ℋ( jmax)) : ( 1
3 )

7
(8j3

max + 18j2
max + 13jmax + 3)7

( 1
3 )

7

((1 + jmax) (1 + 2jmax) (3 + 4jmax))
7

Dim(ℋ( jmax = 1)) ∼ 108
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Additional concerns: state prep and gauge violation due to truncation/Trotter

Most naive implementation!
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Example: Two Plaquette Universe

21

κ = 1 κ = 2

χ = 1 χ = 2

Fully-Gauge Fixed

| j1, j2, ν⟩

Irrep Basis

Dim(ℋ( jmax, νmax) : (2jmax + 1)2 (νmax + 1)

( 1
3 )

7

((1 + jmax) (1 + 2jmax) (3 + 4jmax))
7

Dim(ℋ( jmax = 2, νmax = 2)) = 75

Ze
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e 

S
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General Idea: Full gauge-fixing can result in resource savings
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21

κ = 1 κ = 2

χ = 1 χ = 2

Fully-Gauge Fixed

| j1, j2, ν⟩

Irrep Basis

Dim(ℋ( jmax, νmax) : (2jmax + 1)2 (νmax + 1)

( 1
3 )

7

((1 + jmax) (1 + 2jmax) (3 + 4jmax))
7

Dim(ℋ( jmax = 2, νmax = 2)) = 75

Ze
ro

 C
ha

rg
e 

S
ec

to
r

Additional concerns: effects of non-locality as lattice volume grows

General Idea: Full gauge-fixing can result in resource savings
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Mixed Basis Circuit Construction
General Idea: Construct circuit for each type of term independently and stitch them together 

Seven types of terms

f1(ω1)∂ω1

f1(ω2)∂ω2

f4(ω1, ν)

f4(ω2, ν)f2(ω1, ν)∂ω2

f2(ω2, ν)∂ω1

f5(ω1, ω2, ν)f3(ν)∂ω1
∂ω2

∂2
ω1

∂2
ω2

f0(ω1)

f0(ω2)
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Mixed Basis Circuit Construction
General Idea: Construct circuit for each type of term independently and stitch them together 

Seven types of terms

f1(ω1)∂ω1

f1(ω2)∂ω2

f4(ω1, ν)

f4(ω2, ν)f2(ω1, ν)∂ω2

f2(ω2, ν)∂ω1

f5(ω1, ω2, ν)f3(ν)∂ω1
∂ω2

∂2
ω1

∂2
ω2

f0(ω1)

f0(ω2)

Two Possible Approaches: Implementing these terms can be done in two (related) ways 

•  (Asymptotic Approach): Determine circuits for each term individually 

•  NISQ Approach: Decompose terms into Pauli strings and use truncation and clever 
orderings to cancel as many CNOTs as possible
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Mixed Basis Circuit Construction, Asymptotic Approach

<latexit sha1_base64="jbLx2sZnq9Rz5ypXOj7L92s2Ucg=">AAACCHicbZBLSgNBEIZ74ivGV9Slm8YguAozItFl0I3LCOYBmTH0dCpJk+6eobtHCEMu4Anc6gnciVtv4QG8hz3JLEziDwU/f1VRxRfGnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lCgKTRrxSHVCooEzCU3DDIdOrICIkEM7HN9m/fYTKM0i+WAmMQSCDCUbMEqMjR79MZjUjwQMSY9Ne+WKW3VnwqvGy00F5Wr0yj9+P6KJAGkoJ1p3PTc2QUqUYZTDtOQnGmJCx2QIXWslEaCDdPb1FJ/ZpI8HkbIlDZ6lfzdSIrSeiNBOCmJGermXhf/1uokZXAcpk3FiQNL5oUHCsYlwhgD3mQJq+MQaQhWzv2I6IopQY0EtXAkVsYAyLt4yhVXTuqh6tWrt/rJSv8kJFdEJOkXnyENXqI7uUAM1EUUKvaBX9OY8O+/Oh/M5Hy04+c4xWpDz9QvqCpsu</latexit>

|!ii

<latexit sha1_base64="WllCHn+F+ElB2RkDsX5uVThk1ZA=">AAACDXicbVBLSgNBFOzxG+Nvoks3jUFwFWZEosugG1cSwXwgCUNP503Spudj9xs1DDmDJ3CrJ3Anbj2DB/AeziRZmMSCB0XVe9Sj3EgKjZb1bSwtr6yurec28ptb2zu7ZmGvrsNYcajxUIaq6TINUgRQQ4ESmpEC5rsSGu7gMvMbD6C0CINbHEbQ8VkvEJ7gDFPJMQvXzl0b4QkTeh+7AvXIMYtWyRqDLhJ7Sopkiqpj/rS7IY99CJBLpnXLtiLsJEyh4BJG+XasIWJ8wHrQSmnAfNCdZPz6iB6lSpd6oUonQDpW/14kzNd66Lvpps+wr+e9TPzPa8XonXcSEUQxQsAnQV4sKYY064F2hQKOcpgSxpVIf6W8zxTjmLY1k+IqNgDMerHnW1gk9ZOSXS6Vb06LlYtpQzlyQA7JMbHJGamQK1IlNcLJI3khr+TNeDbejQ/jc7K6ZExv9skMjK9fslacoA==</latexit>

Nj qubits

<latexit sha1_base64="Qi6eodaGIuVbO5NSTlyOJN6uxU4=">AAACDXicbVBLTgJBFOzBH+Jv0KWbjsTEFZkxBl0S3bgymMgnAUJ6mgd06OkZu9+oZMIZPIFbPYE749YzeADv4QywELCSl1Sq3ku9lBdKYdBxvq3Myura+kZ2M7e1vbO7Z+f3ayaINIcqD2SgGx4zIIWCKgqU0Ag1MN+TUPeGV6lffwBtRKDucBRC22d9JXqCM0ykjp2/6YgWwhPG9D7yBJpxxy44RWcCukzcGSmQGSod+6fVDXjkg0IumTFN1wmxHTONgksY51qRgZDxIetDM6GK+WDa8eT1MT1OlC7tBToZhXSi/r2ImW/MyPeSTZ/hwCx6qfif14ywd9GOhQojBMWnQb1IUgxo2gPtCg0c5SghjGuR/Er5gGnGMWlrLsXTbAiY9uIutrBMaqdFt1Qs3Z4VypezhrLkkByRE+KSc1Im16RCqoSTR/JCXsmb9Wy9Wx/W53Q1Y81uDsgcrK9fsLGcnw==</latexit>

Ni qubits

<latexit sha1_base64="oL9lnW38eY6DTUkR2hsmROVeICE=">AAACCHicbZBLSgNBEIZ7fMb4irp00xgEV2FGJLoMunEZwTwgGUNPpyZp090zdPcIYcgFPIFbPYE7cestPID3sCeZhUn8oeDnryqq+IKYM21c99tZWV1b39gsbBW3d3b39ksHh00dJYpCg0Y8Uu2AaOBMQsMww6EdKyAi4NAKRjdZv/UESrNI3ptxDL4gA8lCRomx0UN3BCbtRgIGpPc46ZXKbsWdCi8bLzdllKveK/10+xFNBEhDOdG647mx8VOiDKMcJsVuoiEmdEQG0LFWEgHaT6dfT/CpTfo4jJQtafA0/buREqH1WAR2UhAz1Iu9LPyv10lMeOWnTMaJAUlnh8KEYxPhDAHuMwXU8LE1hCpmf8V0SBShxoKauxIoYgFlXLxFCsumeV7xqpXq3UW5dp0TKqBjdILOkIcuUQ3dojpqIIoUekGv6M15dt6dD+dzNrri5DtHaE7O1y/ropsv</latexit>

|!ji
∂i ∂i

Standard way of implementing 
second derivatives with exponential 
convergence*

∂i ∂i

f1(ωj)f1(ωj)f2(ωj)∂ωi
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Mixed Basis Circuit Construction, Asymptotic Approach

<latexit sha1_base64="SfGrfVmz0K977ysIHSnPX+Lafio=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBC8GHaDRI9BLx4jmAcma5idTJIhs7PLTK8QlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyJ1j+OY+yEdKNEXjKKVHs47Q4rpaPJY7haKbsmdgSwTLyNFyFDrFr46vYglIVfIJDWm7bkx+inVKJjkk3wnMTymbEQHvG2poiE3fjq7eEJOrdIj/UjbUkhm6u+JlIbGjMPAdoYUh2bRm4r/ee0E+1d+KlScIFdsvqifSIIRmb5PekJzhnJsCWVa2FsJG1JNGdqQ8jYEb/HlZdIol7xKqXJ3UaxeZ3Hk4BhO4Aw8uIQq3EIN6sBAwTO8wptjnBfn3fmYt6442cwR/IHz+QM1YJCi</latexit>

�k̂2

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="A3V81v6gNNzPRi8vpwCo96NKSDs=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbspMkeqy6MaVVrAPaMeSSdM2NJMZkkyhDP0TNy4UceufuPNvzLSz0NYDgcM593JPjh9xprTjfFu5tfWNza38dmFnd2//wD48aqowloQ2SMhD2faxopwJ2tBMc9qOJMWBz2nLH9+kfmtCpWKheNTTiHoBHgo2YARrI/VsuxtgPSKYJ/ez0t1T5bxnF52yMwdaJW5GipCh3rO/uv2QxAEVmnCsVMd1Iu0lWGpGOJ0VurGiESZjPKQdQwUOqPKSefIZOjNKHw1CaZ7QaK7+3khwoNQ08M1kmlMte6n4n9eJ9eDKS5iIYk0FWRwaxBzpEKU1oD6TlGg+NQQTyUxWREZYYqJNWQVTgrv85VXSrJTdarn6cFGsXWd15OEETqEELlxCDW6hDg0gMIFneIU3K7FerHfrYzGas7KdY/gD6/MHnjiTAg==</latexit>

O(N2)
<latexit sha1_base64="A3V81v6gNNzPRi8vpwCo96NKSDs=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbspMkeqy6MaVVrAPaMeSSdM2NJMZkkyhDP0TNy4UceufuPNvzLSz0NYDgcM593JPjh9xprTjfFu5tfWNza38dmFnd2//wD48aqowloQ2SMhD2faxopwJ2tBMc9qOJMWBz2nLH9+kfmtCpWKheNTTiHoBHgo2YARrI/VsuxtgPSKYJ/ez0t1T5bxnF52yMwdaJW5GipCh3rO/uv2QxAEVmnCsVMd1Iu0lWGpGOJ0VurGiESZjPKQdQwUOqPKSefIZOjNKHw1CaZ7QaK7+3khwoNQ08M1kmlMte6n4n9eJ9eDKS5iIYk0FWRwaxBzpEKU1oD6TlGg+NQQTyUxWREZYYqJNWQVTgrv85VXSrJTdarn6cFGsXWd15OEETqEELlxCDW6hDg0gMIFneIU3K7FerHfrYzGas7KdY/gD6/MHnjiTAg==</latexit>

O(N2)

<latexit sha1_base64="jbLx2sZnq9Rz5ypXOj7L92s2Ucg=">AAACCHicbZBLSgNBEIZ74ivGV9Slm8YguAozItFl0I3LCOYBmTH0dCpJk+6eobtHCEMu4Anc6gnciVtv4QG8hz3JLEziDwU/f1VRxRfGnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lCgKTRrxSHVCooEzCU3DDIdOrICIkEM7HN9m/fYTKM0i+WAmMQSCDCUbMEqMjR79MZjUjwQMSY9Ne+WKW3VnwqvGy00F5Wr0yj9+P6KJAGkoJ1p3PTc2QUqUYZTDtOQnGmJCx2QIXWslEaCDdPb1FJ/ZpI8HkbIlDZ6lfzdSIrSeiNBOCmJGermXhf/1uokZXAcpk3FiQNL5oUHCsYlwhgD3mQJq+MQaQhWzv2I6IopQY0EtXAkVsYAyLt4yhVXTuqh6tWrt/rJSv8kJFdEJOkXnyENXqI7uUAM1EUUKvaBX9OY8O+/Oh/M5Hy04+c4xWpDz9QvqCpsu</latexit>

|!ii
<latexit sha1_base64="1OvXq8NMdfqXqdLrgyb9Jjk0pFA=">AAACCHicbVDLSgNBEJz1GeMr6tHLYhA8hV2R6DHoxWME84BkDb2TTjJkdnaZ6RXDkh/wC7zqF3gTr/6FH+B/uEn2YBILGoqqbqopP5LCkON8Wyura+sbm7mt/PbO7t5+4eCwbsJYc6zxUIa66YNBKRTWSJDEZqQRAl9iwx/eTPzGI2ojQnVPowi9APpK9AQHSqWHNuETJaC4kBLGnULRKTlT2MvEzUiRZah2Cj/tbsjjABVxCca0XCciLwFNgksc59uxwQj4EPrYSqmCAI2XTL8e26ep0rV7oU5HkT1V/14kEBgzCvx0MwAamEVvIv7ntWLqXXmJUFFMqPgsqBdLm0J7UoHdFRo5yVFKgGuR/mrzAWjglBY1l+JrGCJNenEXW1gm9fOSWy6V7y6KleusoRw7ZifsjLnsklXYLauyGuNMsxf2yt6sZ+vd+rA+Z6srVnZzxOZgff0CKtObVg==</latexit>

ancilla

<latexit sha1_base64="YXb8vHUeLGwFR9eF0+iTij5hvtA=">AAACC3icbVDLSsNAFJ34rPXRqEs3g0VwVRKR6rLoxpVUsA9oQ5lMb9qhk4czN2IJ/QS/wK1+gTtx60f4Af6HSZuFbT1w4XDOvZzLcSMpNFrWt7Gyura+sVnYKm7v7O6VzP2Dpg5jxaHBQxmqtss0SBFAAwVKaEcKmO9KaLmj68xvPYLSIgzucRyB47NBIDzBGaZSzyx1EZ4wuaUPsStQT3pm2apYU9BlYuekTHLUe+ZPtx/y2IcAuWRad2wrQidhCgWXMCl2Yw0R4yM2gE5KA+aDdpLp4xN6kip96oUqnQDpVP17kTBf67Hvpps+w6Fe9DLxP68To3fpJCKIYoSAz4K8WFIMadYC7QsFHOU4JYwrkf5K+ZApxjHtai7FVWwEmPViL7awTJpnFbtaqd6dl2tXeUMFckSOySmxyQWpkRtSJw3CSUxeyCt5M56Nd+PD+Jytrhj5zSGZg/H1Cx0hm8M=</latexit>

N qubits

DSTII DST−1
II

<latexit sha1_base64="jbLx2sZnq9Rz5ypXOj7L92s2Ucg=">AAACCHicbZBLSgNBEIZ74ivGV9Slm8YguAozItFl0I3LCOYBmTH0dCpJk+6eobtHCEMu4Anc6gnciVtv4QG8hz3JLEziDwU/f1VRxRfGnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lCgKTRrxSHVCooEzCU3DDIdOrICIkEM7HN9m/fYTKM0i+WAmMQSCDCUbMEqMjR79MZjUjwQMSY9Ne+WKW3VnwqvGy00F5Wr0yj9+P6KJAGkoJ1p3PTc2QUqUYZTDtOQnGmJCx2QIXWslEaCDdPb1FJ/ZpI8HkbIlDZ6lfzdSIrSeiNBOCmJGermXhf/1uokZXAcpk3FiQNL5oUHCsYlwhgD3mQJq+MQaQhWzv2I6IopQY0EtXAkVsYAyLt4yhVXTuqh6tWrt/rJSv8kJFdEJOkXnyENXqI7uUAM1EUUKvaBX9OY8O+/Oh/M5Hy04+c4xWpDz9QvqCpsu</latexit>

|!ii

<latexit sha1_base64="WllCHn+F+ElB2RkDsX5uVThk1ZA=">AAACDXicbVBLSgNBFOzxG+Nvoks3jUFwFWZEosugG1cSwXwgCUNP503Spudj9xs1DDmDJ3CrJ3Anbj2DB/AeziRZmMSCB0XVe9Sj3EgKjZb1bSwtr6yurec28ptb2zu7ZmGvrsNYcajxUIaq6TINUgRQQ4ESmpEC5rsSGu7gMvMbD6C0CINbHEbQ8VkvEJ7gDFPJMQvXzl0b4QkTeh+7AvXIMYtWyRqDLhJ7Sopkiqpj/rS7IY99CJBLpnXLtiLsJEyh4BJG+XasIWJ8wHrQSmnAfNCdZPz6iB6lSpd6oUonQDpW/14kzNd66Lvpps+wr+e9TPzPa8XonXcSEUQxQsAnQV4sKYY064F2hQKOcpgSxpVIf6W8zxTjmLY1k+IqNgDMerHnW1gk9ZOSXS6Vb06LlYtpQzlyQA7JMbHJGamQK1IlNcLJI3khr+TNeDbejQ/jc7K6ZExv9skMjK9fslacoA==</latexit>

Nj qubits

<latexit sha1_base64="Qi6eodaGIuVbO5NSTlyOJN6uxU4=">AAACDXicbVBLTgJBFOzBH+Jv0KWbjsTEFZkxBl0S3bgymMgnAUJ6mgd06OkZu9+oZMIZPIFbPYE749YzeADv4QywELCSl1Sq3ku9lBdKYdBxvq3Myura+kZ2M7e1vbO7Z+f3ayaINIcqD2SgGx4zIIWCKgqU0Ag1MN+TUPeGV6lffwBtRKDucBRC22d9JXqCM0ykjp2/6YgWwhPG9D7yBJpxxy44RWcCukzcGSmQGSod+6fVDXjkg0IumTFN1wmxHTONgksY51qRgZDxIetDM6GK+WDa8eT1MT1OlC7tBToZhXSi/r2ImW/MyPeSTZ/hwCx6qfif14ywd9GOhQojBMWnQb1IUgxo2gPtCg0c5SghjGuR/Er5gGnGMWlrLsXTbAiY9uIutrBMaqdFt1Qs3Z4VypezhrLkkByRE+KSc1Im16RCqoSTR/JCXsmb9Wy9Wx/W53Q1Y81uDsgcrK9fsLGcnw==</latexit>

Ni qubits

<latexit sha1_base64="oL9lnW38eY6DTUkR2hsmROVeICE=">AAACCHicbZBLSgNBEIZ7fMb4irp00xgEV2FGJLoMunEZwTwgGUNPpyZp090zdPcIYcgFPIFbPYE7cestPID3sCeZhUn8oeDnryqq+IKYM21c99tZWV1b39gsbBW3d3b39ksHh00dJYpCg0Y8Uu2AaOBMQsMww6EdKyAi4NAKRjdZv/UESrNI3ptxDL4gA8lCRomx0UN3BCbtRgIGpPc46ZXKbsWdCi8bLzdllKveK/10+xFNBEhDOdG647mx8VOiDKMcJsVuoiEmdEQG0LFWEgHaT6dfT/CpTfo4jJQtafA0/buREqH1WAR2UhAz1Iu9LPyv10lMeOWnTMaJAUlnh8KEYxPhDAHuMwXU8LE1hCpmf8V0SBShxoKauxIoYgFlXLxFCsumeV7xqpXq3UW5dp0TKqBjdILOkIcuUQ3dojpqIIoUekGv6M15dt6dD+dzNrri5DtHaE7O1y/ropsv</latexit>

|!ji
∂i ∂i

∂2
ωi

Standard way of implementing 
second derivatives with exponential 
convergence*

∂i ∂i

f1(ωj)f1(ωj)f2(ωj)∂ωi
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Mixed Basis Circuit Construction, Asymptotic Approach

<latexit sha1_base64="SfGrfVmz0K977ysIHSnPX+Lafio=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBC8GHaDRI9BLx4jmAcma5idTJIhs7PLTK8QlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyJ1j+OY+yEdKNEXjKKVHs47Q4rpaPJY7haKbsmdgSwTLyNFyFDrFr46vYglIVfIJDWm7bkx+inVKJjkk3wnMTymbEQHvG2poiE3fjq7eEJOrdIj/UjbUkhm6u+JlIbGjMPAdoYUh2bRm4r/ee0E+1d+KlScIFdsvqifSIIRmb5PekJzhnJsCWVa2FsJG1JNGdqQ8jYEb/HlZdIol7xKqXJ3UaxeZ3Hk4BhO4Aw8uIQq3EIN6sBAwTO8wptjnBfn3fmYt6442cwR/IHz+QM1YJCi</latexit>

�k̂2

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="A3V81v6gNNzPRi8vpwCo96NKSDs=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbspMkeqy6MaVVrAPaMeSSdM2NJMZkkyhDP0TNy4UceufuPNvzLSz0NYDgcM593JPjh9xprTjfFu5tfWNza38dmFnd2//wD48aqowloQ2SMhD2faxopwJ2tBMc9qOJMWBz2nLH9+kfmtCpWKheNTTiHoBHgo2YARrI/VsuxtgPSKYJ/ez0t1T5bxnF52yMwdaJW5GipCh3rO/uv2QxAEVmnCsVMd1Iu0lWGpGOJ0VurGiESZjPKQdQwUOqPKSefIZOjNKHw1CaZ7QaK7+3khwoNQ08M1kmlMte6n4n9eJ9eDKS5iIYk0FWRwaxBzpEKU1oD6TlGg+NQQTyUxWREZYYqJNWQVTgrv85VXSrJTdarn6cFGsXWd15OEETqEELlxCDW6hDg0gMIFneIU3K7FerHfrYzGas7KdY/gD6/MHnjiTAg==</latexit>

O(N2)
<latexit sha1_base64="A3V81v6gNNzPRi8vpwCo96NKSDs=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbspMkeqy6MaVVrAPaMeSSdM2NJMZkkyhDP0TNy4UceufuPNvzLSz0NYDgcM593JPjh9xprTjfFu5tfWNza38dmFnd2//wD48aqowloQ2SMhD2faxopwJ2tBMc9qOJMWBz2nLH9+kfmtCpWKheNTTiHoBHgo2YARrI/VsuxtgPSKYJ/ez0t1T5bxnF52yMwdaJW5GipCh3rO/uv2QxAEVmnCsVMd1Iu0lWGpGOJ0VurGiESZjPKQdQwUOqPKSefIZOjNKHw1CaZ7QaK7+3khwoNQ08M1kmlMte6n4n9eJ9eDKS5iIYk0FWRwaxBzpEKU1oD6TlGg+NQQTyUxWREZYYqJNWQVTgrv85VXSrJTdarn6cFGsXWd15OEETqEELlxCDW6hDg0gMIFneIU3K7FerHfrYzGas7KdY/gD6/MHnjiTAg==</latexit>

O(N2)

<latexit sha1_base64="jbLx2sZnq9Rz5ypXOj7L92s2Ucg=">AAACCHicbZBLSgNBEIZ74ivGV9Slm8YguAozItFl0I3LCOYBmTH0dCpJk+6eobtHCEMu4Anc6gnciVtv4QG8hz3JLEziDwU/f1VRxRfGnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lCgKTRrxSHVCooEzCU3DDIdOrICIkEM7HN9m/fYTKM0i+WAmMQSCDCUbMEqMjR79MZjUjwQMSY9Ne+WKW3VnwqvGy00F5Wr0yj9+P6KJAGkoJ1p3PTc2QUqUYZTDtOQnGmJCx2QIXWslEaCDdPb1FJ/ZpI8HkbIlDZ6lfzdSIrSeiNBOCmJGermXhf/1uokZXAcpk3FiQNL5oUHCsYlwhgD3mQJq+MQaQhWzv2I6IopQY0EtXAkVsYAyLt4yhVXTuqh6tWrt/rJSv8kJFdEJOkXnyENXqI7uUAM1EUUKvaBX9OY8O+/Oh/M5Hy04+c4xWpDz9QvqCpsu</latexit>

|!ii
<latexit sha1_base64="1OvXq8NMdfqXqdLrgyb9Jjk0pFA=">AAACCHicbVDLSgNBEJz1GeMr6tHLYhA8hV2R6DHoxWME84BkDb2TTjJkdnaZ6RXDkh/wC7zqF3gTr/6FH+B/uEn2YBILGoqqbqopP5LCkON8Wyura+sbm7mt/PbO7t5+4eCwbsJYc6zxUIa66YNBKRTWSJDEZqQRAl9iwx/eTPzGI2ojQnVPowi9APpK9AQHSqWHNuETJaC4kBLGnULRKTlT2MvEzUiRZah2Cj/tbsjjABVxCca0XCciLwFNgksc59uxwQj4EPrYSqmCAI2XTL8e26ep0rV7oU5HkT1V/14kEBgzCvx0MwAamEVvIv7ntWLqXXmJUFFMqPgsqBdLm0J7UoHdFRo5yVFKgGuR/mrzAWjglBY1l+JrGCJNenEXW1gm9fOSWy6V7y6KleusoRw7ZifsjLnsklXYLauyGuNMsxf2yt6sZ+vd+rA+Z6srVnZzxOZgff0CKtObVg==</latexit>

ancilla

<latexit sha1_base64="YXb8vHUeLGwFR9eF0+iTij5hvtA=">AAACC3icbVDLSsNAFJ34rPXRqEs3g0VwVRKR6rLoxpVUsA9oQ5lMb9qhk4czN2IJ/QS/wK1+gTtx60f4Af6HSZuFbT1w4XDOvZzLcSMpNFrWt7Gyura+sVnYKm7v7O6VzP2Dpg5jxaHBQxmqtss0SBFAAwVKaEcKmO9KaLmj68xvPYLSIgzucRyB47NBIDzBGaZSzyx1EZ4wuaUPsStQT3pm2apYU9BlYuekTHLUe+ZPtx/y2IcAuWRad2wrQidhCgWXMCl2Yw0R4yM2gE5KA+aDdpLp4xN6kip96oUqnQDpVP17kTBf67Hvpps+w6Fe9DLxP68To3fpJCKIYoSAz4K8WFIMadYC7QsFHOU4JYwrkf5K+ZApxjHtai7FVWwEmPViL7awTJpnFbtaqd6dl2tXeUMFckSOySmxyQWpkRtSJw3CSUxeyCt5M56Nd+PD+Jytrhj5zSGZg/H1Cx0hm8M=</latexit>

N qubits

DSTII DST−1
II

<latexit sha1_base64="jbLx2sZnq9Rz5ypXOj7L92s2Ucg=">AAACCHicbZBLSgNBEIZ74ivGV9Slm8YguAozItFl0I3LCOYBmTH0dCpJk+6eobtHCEMu4Anc6gnciVtv4QG8hz3JLEziDwU/f1VRxRfGnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lCgKTRrxSHVCooEzCU3DDIdOrICIkEM7HN9m/fYTKM0i+WAmMQSCDCUbMEqMjR79MZjUjwQMSY9Ne+WKW3VnwqvGy00F5Wr0yj9+P6KJAGkoJ1p3PTc2QUqUYZTDtOQnGmJCx2QIXWslEaCDdPb1FJ/ZpI8HkbIlDZ6lfzdSIrSeiNBOCmJGermXhf/1uokZXAcpk3FiQNL5oUHCsYlwhgD3mQJq+MQaQhWzv2I6IopQY0EtXAkVsYAyLt4yhVXTuqh6tWrt/rJSv8kJFdEJOkXnyENXqI7uUAM1EUUKvaBX9OY8O+/Oh/M5Hy04+c4xWpDz9QvqCpsu</latexit>

|!ii

<latexit sha1_base64="WllCHn+F+ElB2RkDsX5uVThk1ZA=">AAACDXicbVBLSgNBFOzxG+Nvoks3jUFwFWZEosugG1cSwXwgCUNP503Spudj9xs1DDmDJ3CrJ3Anbj2DB/AeziRZmMSCB0XVe9Sj3EgKjZb1bSwtr6yurec28ptb2zu7ZmGvrsNYcajxUIaq6TINUgRQQ4ESmpEC5rsSGu7gMvMbD6C0CINbHEbQ8VkvEJ7gDFPJMQvXzl0b4QkTeh+7AvXIMYtWyRqDLhJ7Sopkiqpj/rS7IY99CJBLpnXLtiLsJEyh4BJG+XasIWJ8wHrQSmnAfNCdZPz6iB6lSpd6oUonQDpW/14kzNd66Lvpps+wr+e9TPzPa8XonXcSEUQxQsAnQV4sKYY064F2hQKOcpgSxpVIf6W8zxTjmLY1k+IqNgDMerHnW1gk9ZOSXS6Vb06LlYtpQzlyQA7JMbHJGamQK1IlNcLJI3khr+TNeDbejQ/jc7K6ZExv9skMjK9fslacoA==</latexit>

Nj qubits

<latexit sha1_base64="Qi6eodaGIuVbO5NSTlyOJN6uxU4=">AAACDXicbVBLTgJBFOzBH+Jv0KWbjsTEFZkxBl0S3bgymMgnAUJ6mgd06OkZu9+oZMIZPIFbPYE749YzeADv4QywELCSl1Sq3ku9lBdKYdBxvq3Myura+kZ2M7e1vbO7Z+f3ayaINIcqD2SgGx4zIIWCKgqU0Ag1MN+TUPeGV6lffwBtRKDucBRC22d9JXqCM0ykjp2/6YgWwhPG9D7yBJpxxy44RWcCukzcGSmQGSod+6fVDXjkg0IumTFN1wmxHTONgksY51qRgZDxIetDM6GK+WDa8eT1MT1OlC7tBToZhXSi/r2ImW/MyPeSTZ/hwCx6qfif14ywd9GOhQojBMWnQb1IUgxo2gPtCg0c5SghjGuR/Er5gGnGMWlrLsXTbAiY9uIutrBMaqdFt1Qs3Z4VypezhrLkkByRE+KSc1Im16RCqoSTR/JCXsmb9Wy9Wx/W53Q1Y81uDsgcrK9fsLGcnw==</latexit>

Ni qubits

<latexit sha1_base64="oL9lnW38eY6DTUkR2hsmROVeICE=">AAACCHicbZBLSgNBEIZ7fMb4irp00xgEV2FGJLoMunEZwTwgGUNPpyZp090zdPcIYcgFPIFbPYE7cestPID3sCeZhUn8oeDnryqq+IKYM21c99tZWV1b39gsbBW3d3b39ksHh00dJYpCg0Y8Uu2AaOBMQsMww6EdKyAi4NAKRjdZv/UESrNI3ptxDL4gA8lCRomx0UN3BCbtRgIGpPc46ZXKbsWdCi8bLzdllKveK/10+xFNBEhDOdG647mx8VOiDKMcJsVuoiEmdEQG0LFWEgHaT6dfT/CpTfo4jJQtafA0/buREqH1WAR2UhAz1Iu9LPyv10lMeOWnTMaJAUlnh8KEYxPhDAHuMwXU8LE1hCpmf8V0SBShxoKauxIoYgFlXLxFCsumeV7xqpXq3UW5dp0TKqBjdILOkIcuUQ3dojpqIIoUekGv6M15dt6dD+dzNrri5DtHaE7O1y/ropsv</latexit>

|!ji
∂i ∂i

∂2
ωi

* N. Klco and M.J. Savage, Phys. Rev. A 99, 052335

Standard way of implementing 
second derivatives with exponential 
convergence*

∂i ∂i

f1(ωj)f1(ωj)f2(ωj)∂ωi
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<latexit sha1_base64="SfGrfVmz0K977ysIHSnPX+Lafio=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBC8GHaDRI9BLx4jmAcma5idTJIhs7PLTK8QlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyJ1j+OY+yEdKNEXjKKVHs47Q4rpaPJY7haKbsmdgSwTLyNFyFDrFr46vYglIVfIJDWm7bkx+inVKJjkk3wnMTymbEQHvG2poiE3fjq7eEJOrdIj/UjbUkhm6u+JlIbGjMPAdoYUh2bRm4r/ee0E+1d+KlScIFdsvqifSIIRmb5PekJzhnJsCWVa2FsJG1JNGdqQ8jYEb/HlZdIol7xKqXJ3UaxeZ3Hk4BhO4Aw8uIQq3EIN6sBAwTO8wptjnBfn3fmYt6442cwR/IHz+QM1YJCi</latexit>

�k̂2

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="A3V81v6gNNzPRi8vpwCo96NKSDs=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbspMkeqy6MaVVrAPaMeSSdM2NJMZkkyhDP0TNy4UceufuPNvzLSz0NYDgcM593JPjh9xprTjfFu5tfWNza38dmFnd2//wD48aqowloQ2SMhD2faxopwJ2tBMc9qOJMWBz2nLH9+kfmtCpWKheNTTiHoBHgo2YARrI/VsuxtgPSKYJ/ez0t1T5bxnF52yMwdaJW5GipCh3rO/uv2QxAEVmnCsVMd1Iu0lWGpGOJ0VurGiESZjPKQdQwUOqPKSefIZOjNKHw1CaZ7QaK7+3khwoNQ08M1kmlMte6n4n9eJ9eDKS5iIYk0FWRwaxBzpEKU1oD6TlGg+NQQTyUxWREZYYqJNWQVTgrv85VXSrJTdarn6cFGsXWd15OEETqEELlxCDW6hDg0gMIFneIU3K7FerHfrYzGas7KdY/gD6/MHnjiTAg==</latexit>

O(N2)
<latexit sha1_base64="A3V81v6gNNzPRi8vpwCo96NKSDs=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbspMkeqy6MaVVrAPaMeSSdM2NJMZkkyhDP0TNy4UceufuPNvzLSz0NYDgcM593JPjh9xprTjfFu5tfWNza38dmFnd2//wD48aqowloQ2SMhD2faxopwJ2tBMc9qOJMWBz2nLH9+kfmtCpWKheNTTiHoBHgo2YARrI/VsuxtgPSKYJ/ez0t1T5bxnF52yMwdaJW5GipCh3rO/uv2QxAEVmnCsVMd1Iu0lWGpGOJ0VurGiESZjPKQdQwUOqPKSefIZOjNKHw1CaZ7QaK7+3khwoNQ08M1kmlMte6n4n9eJ9eDKS5iIYk0FWRwaxBzpEKU1oD6TlGg+NQQTyUxWREZYYqJNWQVTgrv85VXSrJTdarn6cFGsXWd15OEETqEELlxCDW6hDg0gMIFneIU3K7FerHfrYzGas7KdY/gD6/MHnjiTAg==</latexit>

O(N2)

<latexit sha1_base64="jbLx2sZnq9Rz5ypXOj7L92s2Ucg=">AAACCHicbZBLSgNBEIZ74ivGV9Slm8YguAozItFl0I3LCOYBmTH0dCpJk+6eobtHCEMu4Anc6gnciVtv4QG8hz3JLEziDwU/f1VRxRfGnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lCgKTRrxSHVCooEzCU3DDIdOrICIkEM7HN9m/fYTKM0i+WAmMQSCDCUbMEqMjR79MZjUjwQMSY9Ne+WKW3VnwqvGy00F5Wr0yj9+P6KJAGkoJ1p3PTc2QUqUYZTDtOQnGmJCx2QIXWslEaCDdPb1FJ/ZpI8HkbIlDZ6lfzdSIrSeiNBOCmJGermXhf/1uokZXAcpk3FiQNL5oUHCsYlwhgD3mQJq+MQaQhWzv2I6IopQY0EtXAkVsYAyLt4yhVXTuqh6tWrt/rJSv8kJFdEJOkXnyENXqI7uUAM1EUUKvaBX9OY8O+/Oh/M5Hy04+c4xWpDz9QvqCpsu</latexit>

|!ii
<latexit sha1_base64="1OvXq8NMdfqXqdLrgyb9Jjk0pFA=">AAACCHicbVDLSgNBEJz1GeMr6tHLYhA8hV2R6DHoxWME84BkDb2TTjJkdnaZ6RXDkh/wC7zqF3gTr/6FH+B/uEn2YBILGoqqbqopP5LCkON8Wyura+sbm7mt/PbO7t5+4eCwbsJYc6zxUIa66YNBKRTWSJDEZqQRAl9iwx/eTPzGI2ojQnVPowi9APpK9AQHSqWHNuETJaC4kBLGnULRKTlT2MvEzUiRZah2Cj/tbsjjABVxCca0XCciLwFNgksc59uxwQj4EPrYSqmCAI2XTL8e26ep0rV7oU5HkT1V/14kEBgzCvx0MwAamEVvIv7ntWLqXXmJUFFMqPgsqBdLm0J7UoHdFRo5yVFKgGuR/mrzAWjglBY1l+JrGCJNenEXW1gm9fOSWy6V7y6KleusoRw7ZifsjLnsklXYLauyGuNMsxf2yt6sZ+vd+rA+Z6srVnZzxOZgff0CKtObVg==</latexit>

ancilla

<latexit sha1_base64="YXb8vHUeLGwFR9eF0+iTij5hvtA=">AAACC3icbVDLSsNAFJ34rPXRqEs3g0VwVRKR6rLoxpVUsA9oQ5lMb9qhk4czN2IJ/QS/wK1+gTtx60f4Af6HSZuFbT1w4XDOvZzLcSMpNFrWt7Gyura+sVnYKm7v7O6VzP2Dpg5jxaHBQxmqtss0SBFAAwVKaEcKmO9KaLmj68xvPYLSIgzucRyB47NBIDzBGaZSzyx1EZ4wuaUPsStQT3pm2apYU9BlYuekTHLUe+ZPtx/y2IcAuWRad2wrQidhCgWXMCl2Yw0R4yM2gE5KA+aDdpLp4xN6kip96oUqnQDpVP17kTBf67Hvpps+w6Fe9DLxP68To3fpJCKIYoSAz4K8WFIMadYC7QsFHOU4JYwrkf5K+ZApxjHtai7FVWwEmPViL7awTJpnFbtaqd6dl2tXeUMFckSOySmxyQWpkRtSJw3CSUxeyCt5M56Nd+PD+Jytrhj5zSGZg/H1Cx0hm8M=</latexit>

N qubits

DSTII DST−1
II

<latexit sha1_base64="jbLx2sZnq9Rz5ypXOj7L92s2Ucg=">AAACCHicbZBLSgNBEIZ74ivGV9Slm8YguAozItFl0I3LCOYBmTH0dCpJk+6eobtHCEMu4Anc6gnciVtv4QG8hz3JLEziDwU/f1VRxRfGnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lCgKTRrxSHVCooEzCU3DDIdOrICIkEM7HN9m/fYTKM0i+WAmMQSCDCUbMEqMjR79MZjUjwQMSY9Ne+WKW3VnwqvGy00F5Wr0yj9+P6KJAGkoJ1p3PTc2QUqUYZTDtOQnGmJCx2QIXWslEaCDdPb1FJ/ZpI8HkbIlDZ6lfzdSIrSeiNBOCmJGermXhf/1uokZXAcpk3FiQNL5oUHCsYlwhgD3mQJq+MQaQhWzv2I6IopQY0EtXAkVsYAyLt4yhVXTuqh6tWrt/rJSv8kJFdEJOkXnyENXqI7uUAM1EUUKvaBX9OY8O+/Oh/M5Hy04+c4xWpDz9QvqCpsu</latexit>

|!ii

<latexit sha1_base64="WllCHn+F+ElB2RkDsX5uVThk1ZA=">AAACDXicbVBLSgNBFOzxG+Nvoks3jUFwFWZEosugG1cSwXwgCUNP503Spudj9xs1DDmDJ3CrJ3Anbj2DB/AeziRZmMSCB0XVe9Sj3EgKjZb1bSwtr6yurec28ptb2zu7ZmGvrsNYcajxUIaq6TINUgRQQ4ESmpEC5rsSGu7gMvMbD6C0CINbHEbQ8VkvEJ7gDFPJMQvXzl0b4QkTeh+7AvXIMYtWyRqDLhJ7Sopkiqpj/rS7IY99CJBLpnXLtiLsJEyh4BJG+XasIWJ8wHrQSmnAfNCdZPz6iB6lSpd6oUonQDpW/14kzNd66Lvpps+wr+e9TPzPa8XonXcSEUQxQsAnQV4sKYY064F2hQKOcpgSxpVIf6W8zxTjmLY1k+IqNgDMerHnW1gk9ZOSXS6Vb06LlYtpQzlyQA7JMbHJGamQK1IlNcLJI3khr+TNeDbejQ/jc7K6ZExv9skMjK9fslacoA==</latexit>

Nj qubits

<latexit sha1_base64="Qi6eodaGIuVbO5NSTlyOJN6uxU4=">AAACDXicbVBLTgJBFOzBH+Jv0KWbjsTEFZkxBl0S3bgymMgnAUJ6mgd06OkZu9+oZMIZPIFbPYE749YzeADv4QywELCSl1Sq3ku9lBdKYdBxvq3Myura+kZ2M7e1vbO7Z+f3ayaINIcqD2SgGx4zIIWCKgqU0Ag1MN+TUPeGV6lffwBtRKDucBRC22d9JXqCM0ykjp2/6YgWwhPG9D7yBJpxxy44RWcCukzcGSmQGSod+6fVDXjkg0IumTFN1wmxHTONgksY51qRgZDxIetDM6GK+WDa8eT1MT1OlC7tBToZhXSi/r2ImW/MyPeSTZ/hwCx6qfif14ywd9GOhQojBMWnQb1IUgxo2gPtCg0c5SghjGuR/Er5gGnGMWlrLsXTbAiY9uIutrBMaqdFt1Qs3Z4VypezhrLkkByRE+KSc1Im16RCqoSTR/JCXsmb9Wy9Wx/W53Q1Y81uDsgcrK9fsLGcnw==</latexit>

Ni qubits

<latexit sha1_base64="oL9lnW38eY6DTUkR2hsmROVeICE=">AAACCHicbZBLSgNBEIZ7fMb4irp00xgEV2FGJLoMunEZwTwgGUNPpyZp090zdPcIYcgFPIFbPYE7cestPID3sCeZhUn8oeDnryqq+IKYM21c99tZWV1b39gsbBW3d3b39ksHh00dJYpCg0Y8Uu2AaOBMQsMww6EdKyAi4NAKRjdZv/UESrNI3ptxDL4gA8lCRomx0UN3BCbtRgIGpPc46ZXKbsWdCi8bLzdllKveK/10+xFNBEhDOdG647mx8VOiDKMcJsVuoiEmdEQG0LFWEgHaT6dfT/CpTfo4jJQtafA0/buREqH1WAR2UhAz1Iu9LPyv10lMeOWnTMaJAUlnh8KEYxPhDAHuMwXU8LE1hCpmf8V0SBShxoKauxIoYgFlXLxFCsumeV7xqpXq3UW5dp0TKqBjdILOkIcuUQ3dojpqIIoUekGv6M15dt6dD+dzNrri5DtHaE7O1y/ropsv</latexit>

|!ji
∂i ∂i

∂2
ωi

* N. Klco and M.J. Savage, Phys. Rev. A 99, 052335

Standard way of implementing 
second derivatives with exponential 
convergence*

∂i ∂i

f1(ωj)f1(ωj)f2(ωj)∂ωi
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<latexit sha1_base64="SfGrfVmz0K977ysIHSnPX+Lafio=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBC8GHaDRI9BLx4jmAcma5idTJIhs7PLTK8QlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyJ1j+OY+yEdKNEXjKKVHs47Q4rpaPJY7haKbsmdgSwTLyNFyFDrFr46vYglIVfIJDWm7bkx+inVKJjkk3wnMTymbEQHvG2poiE3fjq7eEJOrdIj/UjbUkhm6u+JlIbGjMPAdoYUh2bRm4r/ee0E+1d+KlScIFdsvqifSIIRmb5PekJzhnJsCWVa2FsJG1JNGdqQ8jYEb/HlZdIol7xKqXJ3UaxeZ3Hk4BhO4Aw8uIQq3EIN6sBAwTO8wptjnBfn3fmYt6442cwR/IHz+QM1YJCi</latexit>

�k̂2

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="A3V81v6gNNzPRi8vpwCo96NKSDs=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbspMkeqy6MaVVrAPaMeSSdM2NJMZkkyhDP0TNy4UceufuPNvzLSz0NYDgcM593JPjh9xprTjfFu5tfWNza38dmFnd2//wD48aqowloQ2SMhD2faxopwJ2tBMc9qOJMWBz2nLH9+kfmtCpWKheNTTiHoBHgo2YARrI/VsuxtgPSKYJ/ez0t1T5bxnF52yMwdaJW5GipCh3rO/uv2QxAEVmnCsVMd1Iu0lWGpGOJ0VurGiESZjPKQdQwUOqPKSefIZOjNKHw1CaZ7QaK7+3khwoNQ08M1kmlMte6n4n9eJ9eDKS5iIYk0FWRwaxBzpEKU1oD6TlGg+NQQTyUxWREZYYqJNWQVTgrv85VXSrJTdarn6cFGsXWd15OEETqEELlxCDW6hDg0gMIFneIU3K7FerHfrYzGas7KdY/gD6/MHnjiTAg==</latexit>

O(N2)
<latexit sha1_base64="A3V81v6gNNzPRi8vpwCo96NKSDs=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbspMkeqy6MaVVrAPaMeSSdM2NJMZkkyhDP0TNy4UceufuPNvzLSz0NYDgcM593JPjh9xprTjfFu5tfWNza38dmFnd2//wD48aqowloQ2SMhD2faxopwJ2tBMc9qOJMWBz2nLH9+kfmtCpWKheNTTiHoBHgo2YARrI/VsuxtgPSKYJ/ez0t1T5bxnF52yMwdaJW5GipCh3rO/uv2QxAEVmnCsVMd1Iu0lWGpGOJ0VurGiESZjPKQdQwUOqPKSefIZOjNKHw1CaZ7QaK7+3khwoNQ08M1kmlMte6n4n9eJ9eDKS5iIYk0FWRwaxBzpEKU1oD6TlGg+NQQTyUxWREZYYqJNWQVTgrv85VXSrJTdarn6cFGsXWd15OEETqEELlxCDW6hDg0gMIFneIU3K7FerHfrYzGas7KdY/gD6/MHnjiTAg==</latexit>

O(N2)

<latexit sha1_base64="jbLx2sZnq9Rz5ypXOj7L92s2Ucg=">AAACCHicbZBLSgNBEIZ74ivGV9Slm8YguAozItFl0I3LCOYBmTH0dCpJk+6eobtHCEMu4Anc6gnciVtv4QG8hz3JLEziDwU/f1VRxRfGnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lCgKTRrxSHVCooEzCU3DDIdOrICIkEM7HN9m/fYTKM0i+WAmMQSCDCUbMEqMjR79MZjUjwQMSY9Ne+WKW3VnwqvGy00F5Wr0yj9+P6KJAGkoJ1p3PTc2QUqUYZTDtOQnGmJCx2QIXWslEaCDdPb1FJ/ZpI8HkbIlDZ6lfzdSIrSeiNBOCmJGermXhf/1uokZXAcpk3FiQNL5oUHCsYlwhgD3mQJq+MQaQhWzv2I6IopQY0EtXAkVsYAyLt4yhVXTuqh6tWrt/rJSv8kJFdEJOkXnyENXqI7uUAM1EUUKvaBX9OY8O+/Oh/M5Hy04+c4xWpDz9QvqCpsu</latexit>

|!ii
<latexit sha1_base64="1OvXq8NMdfqXqdLrgyb9Jjk0pFA=">AAACCHicbVDLSgNBEJz1GeMr6tHLYhA8hV2R6DHoxWME84BkDb2TTjJkdnaZ6RXDkh/wC7zqF3gTr/6FH+B/uEn2YBILGoqqbqopP5LCkON8Wyura+sbm7mt/PbO7t5+4eCwbsJYc6zxUIa66YNBKRTWSJDEZqQRAl9iwx/eTPzGI2ojQnVPowi9APpK9AQHSqWHNuETJaC4kBLGnULRKTlT2MvEzUiRZah2Cj/tbsjjABVxCca0XCciLwFNgksc59uxwQj4EPrYSqmCAI2XTL8e26ep0rV7oU5HkT1V/14kEBgzCvx0MwAamEVvIv7ntWLqXXmJUFFMqPgsqBdLm0J7UoHdFRo5yVFKgGuR/mrzAWjglBY1l+JrGCJNenEXW1gm9fOSWy6V7y6KleusoRw7ZifsjLnsklXYLauyGuNMsxf2yt6sZ+vd+rA+Z6srVnZzxOZgff0CKtObVg==</latexit>

ancilla

<latexit sha1_base64="YXb8vHUeLGwFR9eF0+iTij5hvtA=">AAACC3icbVDLSsNAFJ34rPXRqEs3g0VwVRKR6rLoxpVUsA9oQ5lMb9qhk4czN2IJ/QS/wK1+gTtx60f4Af6HSZuFbT1w4XDOvZzLcSMpNFrWt7Gyura+sVnYKm7v7O6VzP2Dpg5jxaHBQxmqtss0SBFAAwVKaEcKmO9KaLmj68xvPYLSIgzucRyB47NBIDzBGaZSzyx1EZ4wuaUPsStQT3pm2apYU9BlYuekTHLUe+ZPtx/y2IcAuWRad2wrQidhCgWXMCl2Yw0R4yM2gE5KA+aDdpLp4xN6kip96oUqnQDpVP17kTBf67Hvpps+w6Fe9DLxP68To3fpJCKIYoSAz4K8WFIMadYC7QsFHOU4JYwrkf5K+ZApxjHtai7FVWwEmPViL7awTJpnFbtaqd6dl2tXeUMFckSOySmxyQWpkRtSJw3CSUxeyCt5M56Nd+PD+Jytrhj5zSGZg/H1Cx0hm8M=</latexit>

N qubits

DSTII DST−1
II

<latexit sha1_base64="jbLx2sZnq9Rz5ypXOj7L92s2Ucg=">AAACCHicbZBLSgNBEIZ74ivGV9Slm8YguAozItFl0I3LCOYBmTH0dCpJk+6eobtHCEMu4Anc6gnciVtv4QG8hz3JLEziDwU/f1VRxRfGnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lCgKTRrxSHVCooEzCU3DDIdOrICIkEM7HN9m/fYTKM0i+WAmMQSCDCUbMEqMjR79MZjUjwQMSY9Ne+WKW3VnwqvGy00F5Wr0yj9+P6KJAGkoJ1p3PTc2QUqUYZTDtOQnGmJCx2QIXWslEaCDdPb1FJ/ZpI8HkbIlDZ6lfzdSIrSeiNBOCmJGermXhf/1uokZXAcpk3FiQNL5oUHCsYlwhgD3mQJq+MQaQhWzv2I6IopQY0EtXAkVsYAyLt4yhVXTuqh6tWrt/rJSv8kJFdEJOkXnyENXqI7uUAM1EUUKvaBX9OY8O+/Oh/M5Hy04+c4xWpDz9QvqCpsu</latexit>

|!ii

<latexit sha1_base64="WllCHn+F+ElB2RkDsX5uVThk1ZA=">AAACDXicbVBLSgNBFOzxG+Nvoks3jUFwFWZEosugG1cSwXwgCUNP503Spudj9xs1DDmDJ3CrJ3Anbj2DB/AeziRZmMSCB0XVe9Sj3EgKjZb1bSwtr6yurec28ptb2zu7ZmGvrsNYcajxUIaq6TINUgRQQ4ESmpEC5rsSGu7gMvMbD6C0CINbHEbQ8VkvEJ7gDFPJMQvXzl0b4QkTeh+7AvXIMYtWyRqDLhJ7Sopkiqpj/rS7IY99CJBLpnXLtiLsJEyh4BJG+XasIWJ8wHrQSmnAfNCdZPz6iB6lSpd6oUonQDpW/14kzNd66Lvpps+wr+e9TPzPa8XonXcSEUQxQsAnQV4sKYY064F2hQKOcpgSxpVIf6W8zxTjmLY1k+IqNgDMerHnW1gk9ZOSXS6Vb06LlYtpQzlyQA7JMbHJGamQK1IlNcLJI3khr+TNeDbejQ/jc7K6ZExv9skMjK9fslacoA==</latexit>

Nj qubits

<latexit sha1_base64="Qi6eodaGIuVbO5NSTlyOJN6uxU4=">AAACDXicbVBLTgJBFOzBH+Jv0KWbjsTEFZkxBl0S3bgymMgnAUJ6mgd06OkZu9+oZMIZPIFbPYE749YzeADv4QywELCSl1Sq3ku9lBdKYdBxvq3Myura+kZ2M7e1vbO7Z+f3ayaINIcqD2SgGx4zIIWCKgqU0Ag1MN+TUPeGV6lffwBtRKDucBRC22d9JXqCM0ykjp2/6YgWwhPG9D7yBJpxxy44RWcCukzcGSmQGSod+6fVDXjkg0IumTFN1wmxHTONgksY51qRgZDxIetDM6GK+WDa8eT1MT1OlC7tBToZhXSi/r2ImW/MyPeSTZ/hwCx6qfif14ywd9GOhQojBMWnQb1IUgxo2gPtCg0c5SghjGuR/Er5gGnGMWlrLsXTbAiY9uIutrBMaqdFt1Qs3Z4VypezhrLkkByRE+KSc1Im16RCqoSTR/JCXsmb9Wy9Wx/W53Q1Y81uDsgcrK9fsLGcnw==</latexit>

Ni qubits

<latexit sha1_base64="oL9lnW38eY6DTUkR2hsmROVeICE=">AAACCHicbZBLSgNBEIZ7fMb4irp00xgEV2FGJLoMunEZwTwgGUNPpyZp090zdPcIYcgFPIFbPYE7cestPID3sCeZhUn8oeDnryqq+IKYM21c99tZWV1b39gsbBW3d3b39ksHh00dJYpCg0Y8Uu2AaOBMQsMww6EdKyAi4NAKRjdZv/UESrNI3ptxDL4gA8lCRomx0UN3BCbtRgIGpPc46ZXKbsWdCi8bLzdllKveK/10+xFNBEhDOdG647mx8VOiDKMcJsVuoiEmdEQG0LFWEgHaT6dfT/CpTfo4jJQtafA0/buREqH1WAR2UhAz1Iu9LPyv10lMeOWnTMaJAUlnh8KEYxPhDAHuMwXU8LE1hCpmf8V0SBShxoKauxIoYgFlXLxFCsumeV7xqpXq3UW5dp0TKqBjdILOkIcuUQ3dojpqIIoUekGv6M15dt6dD+dzNrri5DtHaE7O1y/ropsv</latexit>

|!ji
∂i ∂i

∂2
ωi

* N. Klco and M.J. Savage, Phys. Rev. A 99, 052335

Standard way of implementing 
second derivatives with exponential 
convergence*

∂i ∂i
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<latexit sha1_base64="SfGrfVmz0K977ysIHSnPX+Lafio=">AAAB8XicbVDLSgNBEOz1GeMr6tHLYBC8GHaDRI9BLx4jmAcma5idTJIhs7PLTK8QlvyFFw+KePVvvPk3TpI9aGJBQ1HVTXdXEEth0HW/nZXVtfWNzdxWfntnd2+/cHDYMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqZ+84lrIyJ1j+OY+yEdKNEXjKKVHs47Q4rpaPJY7haKbsmdgSwTLyNFyFDrFr46vYglIVfIJDWm7bkx+inVKJjkk3wnMTymbEQHvG2poiE3fjq7eEJOrdIj/UjbUkhm6u+JlIbGjMPAdoYUh2bRm4r/ee0E+1d+KlScIFdsvqifSIIRmb5PekJzhnJsCWVa2FsJG1JNGdqQ8jYEb/HlZdIol7xKqXJ3UaxeZ3Hk4BhO4Aw8uIQq3EIN6sBAwTO8wptjnBfn3fmYt6442cwR/IHz+QM1YJCi</latexit>

�k̂2

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="ne8ZOkN9NRQHJmnfmFKPnBbCOyE=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz00Jv2yxW36s5BVomXkwrkaPTLX71BzNIIpWGCat313MT4GVWGM4HTUi/VmFA2pkPsWipphNrP5pdOyZlVBiSMlS1pyFz9PZHRSOtJFNjOiJqRXvZm4n9eNzXhtZ9xmaQGJVssClNBTExmb5MBV8iMmFhCmeL2VsJGVFFmbDglG4K3/PIqaV1UvVq1dn9Zqd/kcRThBE7hHDy4gjrcQQOawCCEZ3iFN2fsvDjvzseiteDkM8fwB87nD6IejXI=</latexit>

}

<latexit sha1_base64="A3V81v6gNNzPRi8vpwCo96NKSDs=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbspMkeqy6MaVVrAPaMeSSdM2NJMZkkyhDP0TNy4UceufuPNvzLSz0NYDgcM593JPjh9xprTjfFu5tfWNza38dmFnd2//wD48aqowloQ2SMhD2faxopwJ2tBMc9qOJMWBz2nLH9+kfmtCpWKheNTTiHoBHgo2YARrI/VsuxtgPSKYJ/ez0t1T5bxnF52yMwdaJW5GipCh3rO/uv2QxAEVmnCsVMd1Iu0lWGpGOJ0VurGiESZjPKQdQwUOqPKSefIZOjNKHw1CaZ7QaK7+3khwoNQ08M1kmlMte6n4n9eJ9eDKS5iIYk0FWRwaxBzpEKU1oD6TlGg+NQQTyUxWREZYYqJNWQVTgrv85VXSrJTdarn6cFGsXWd15OEETqEELlxCDW6hDg0gMIFneIU3K7FerHfrYzGas7KdY/gD6/MHnjiTAg==</latexit>

O(N2)
<latexit sha1_base64="A3V81v6gNNzPRi8vpwCo96NKSDs=">AAAB+XicbVDLSgMxFL1TX7W+Rl26CRahbspMkeqy6MaVVrAPaMeSSdM2NJMZkkyhDP0TNy4UceufuPNvzLSz0NYDgcM593JPjh9xprTjfFu5tfWNza38dmFnd2//wD48aqowloQ2SMhD2faxopwJ2tBMc9qOJMWBz2nLH9+kfmtCpWKheNTTiHoBHgo2YARrI/VsuxtgPSKYJ/ez0t1T5bxnF52yMwdaJW5GipCh3rO/uv2QxAEVmnCsVMd1Iu0lWGpGOJ0VurGiESZjPKQdQwUOqPKSefIZOjNKHw1CaZ7QaK7+3khwoNQ08M1kmlMte6n4n9eJ9eDKS5iIYk0FWRwaxBzpEKU1oD6TlGg+NQQTyUxWREZYYqJNWQVTgrv85VXSrJTdarn6cFGsXWd15OEETqEELlxCDW6hDg0gMIFneIU3K7FerHfrYzGas7KdY/gD6/MHnjiTAg==</latexit>

O(N2)

<latexit sha1_base64="jbLx2sZnq9Rz5ypXOj7L92s2Ucg=">AAACCHicbZBLSgNBEIZ74ivGV9Slm8YguAozItFl0I3LCOYBmTH0dCpJk+6eobtHCEMu4Anc6gnciVtv4QG8hz3JLEziDwU/f1VRxRfGnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lCgKTRrxSHVCooEzCU3DDIdOrICIkEM7HN9m/fYTKM0i+WAmMQSCDCUbMEqMjR79MZjUjwQMSY9Ne+WKW3VnwqvGy00F5Wr0yj9+P6KJAGkoJ1p3PTc2QUqUYZTDtOQnGmJCx2QIXWslEaCDdPb1FJ/ZpI8HkbIlDZ6lfzdSIrSeiNBOCmJGermXhf/1uokZXAcpk3FiQNL5oUHCsYlwhgD3mQJq+MQaQhWzv2I6IopQY0EtXAkVsYAyLt4yhVXTuqh6tWrt/rJSv8kJFdEJOkXnyENXqI7uUAM1EUUKvaBX9OY8O+/Oh/M5Hy04+c4xWpDz9QvqCpsu</latexit>

|!ii
<latexit sha1_base64="1OvXq8NMdfqXqdLrgyb9Jjk0pFA=">AAACCHicbVDLSgNBEJz1GeMr6tHLYhA8hV2R6DHoxWME84BkDb2TTjJkdnaZ6RXDkh/wC7zqF3gTr/6FH+B/uEn2YBILGoqqbqopP5LCkON8Wyura+sbm7mt/PbO7t5+4eCwbsJYc6zxUIa66YNBKRTWSJDEZqQRAl9iwx/eTPzGI2ojQnVPowi9APpK9AQHSqWHNuETJaC4kBLGnULRKTlT2MvEzUiRZah2Cj/tbsjjABVxCca0XCciLwFNgksc59uxwQj4EPrYSqmCAI2XTL8e26ep0rV7oU5HkT1V/14kEBgzCvx0MwAamEVvIv7ntWLqXXmJUFFMqPgsqBdLm0J7UoHdFRo5yVFKgGuR/mrzAWjglBY1l+JrGCJNenEXW1gm9fOSWy6V7y6KleusoRw7ZifsjLnsklXYLauyGuNMsxf2yt6sZ+vd+rA+Z6srVnZzxOZgff0CKtObVg==</latexit>

ancilla

<latexit sha1_base64="YXb8vHUeLGwFR9eF0+iTij5hvtA=">AAACC3icbVDLSsNAFJ34rPXRqEs3g0VwVRKR6rLoxpVUsA9oQ5lMb9qhk4czN2IJ/QS/wK1+gTtx60f4Af6HSZuFbT1w4XDOvZzLcSMpNFrWt7Gyura+sVnYKm7v7O6VzP2Dpg5jxaHBQxmqtss0SBFAAwVKaEcKmO9KaLmj68xvPYLSIgzucRyB47NBIDzBGaZSzyx1EZ4wuaUPsStQT3pm2apYU9BlYuekTHLUe+ZPtx/y2IcAuWRad2wrQidhCgWXMCl2Yw0R4yM2gE5KA+aDdpLp4xN6kip96oUqnQDpVP17kTBf67Hvpps+w6Fe9DLxP68To3fpJCKIYoSAz4K8WFIMadYC7QsFHOU4JYwrkf5K+ZApxjHtai7FVWwEmPViL7awTJpnFbtaqd6dl2tXeUMFckSOySmxyQWpkRtSJw3CSUxeyCt5M56Nd+PD+Jytrhj5zSGZg/H1Cx0hm8M=</latexit>

N qubits

DSTII DST−1
II

<latexit sha1_base64="jbLx2sZnq9Rz5ypXOj7L92s2Ucg=">AAACCHicbZBLSgNBEIZ74ivGV9Slm8YguAozItFl0I3LCOYBmTH0dCpJk+6eobtHCEMu4Anc6gnciVtv4QG8hz3JLEziDwU/f1VRxRfGnGnjut9OYW19Y3OruF3a2d3bPygfHrV0lCgKTRrxSHVCooEzCU3DDIdOrICIkEM7HN9m/fYTKM0i+WAmMQSCDCUbMEqMjR79MZjUjwQMSY9Ne+WKW3VnwqvGy00F5Wr0yj9+P6KJAGkoJ1p3PTc2QUqUYZTDtOQnGmJCx2QIXWslEaCDdPb1FJ/ZpI8HkbIlDZ6lfzdSIrSeiNBOCmJGermXhf/1uokZXAcpk3FiQNL5oUHCsYlwhgD3mQJq+MQaQhWzv2I6IopQY0EtXAkVsYAyLt4yhVXTuqh6tWrt/rJSv8kJFdEJOkXnyENXqI7uUAM1EUUKvaBX9OY8O+/Oh/M5Hy04+c4xWpDz9QvqCpsu</latexit>

|!ii

<latexit sha1_base64="WllCHn+F+ElB2RkDsX5uVThk1ZA=">AAACDXicbVBLSgNBFOzxG+Nvoks3jUFwFWZEosugG1cSwXwgCUNP503Spudj9xs1DDmDJ3CrJ3Anbj2DB/AeziRZmMSCB0XVe9Sj3EgKjZb1bSwtr6yurec28ptb2zu7ZmGvrsNYcajxUIaq6TINUgRQQ4ESmpEC5rsSGu7gMvMbD6C0CINbHEbQ8VkvEJ7gDFPJMQvXzl0b4QkTeh+7AvXIMYtWyRqDLhJ7Sopkiqpj/rS7IY99CJBLpnXLtiLsJEyh4BJG+XasIWJ8wHrQSmnAfNCdZPz6iB6lSpd6oUonQDpW/14kzNd66Lvpps+wr+e9TPzPa8XonXcSEUQxQsAnQV4sKYY064F2hQKOcpgSxpVIf6W8zxTjmLY1k+IqNgDMerHnW1gk9ZOSXS6Vb06LlYtpQzlyQA7JMbHJGamQK1IlNcLJI3khr+TNeDbejQ/jc7K6ZExv9skMjK9fslacoA==</latexit>

Nj qubits

<latexit sha1_base64="Qi6eodaGIuVbO5NSTlyOJN6uxU4=">AAACDXicbVBLTgJBFOzBH+Jv0KWbjsTEFZkxBl0S3bgymMgnAUJ6mgd06OkZu9+oZMIZPIFbPYE749YzeADv4QywELCSl1Sq3ku9lBdKYdBxvq3Myura+kZ2M7e1vbO7Z+f3ayaINIcqD2SgGx4zIIWCKgqU0Ag1MN+TUPeGV6lffwBtRKDucBRC22d9JXqCM0ykjp2/6YgWwhPG9D7yBJpxxy44RWcCukzcGSmQGSod+6fVDXjkg0IumTFN1wmxHTONgksY51qRgZDxIetDM6GK+WDa8eT1MT1OlC7tBToZhXSi/r2ImW/MyPeSTZ/hwCx6qfif14ywd9GOhQojBMWnQb1IUgxo2gPtCg0c5SghjGuR/Er5gGnGMWlrLsXTbAiY9uIutrBMaqdFt1Qs3Z4VypezhrLkkByRE+KSc1Im16RCqoSTR/JCXsmb9Wy9Wx/W53Q1Y81uDsgcrK9fsLGcnw==</latexit>

Ni qubits

<latexit sha1_base64="oL9lnW38eY6DTUkR2hsmROVeICE=">AAACCHicbZBLSgNBEIZ7fMb4irp00xgEV2FGJLoMunEZwTwgGUNPpyZp090zdPcIYcgFPIFbPYE7cestPID3sCeZhUn8oeDnryqq+IKYM21c99tZWV1b39gsbBW3d3b39ksHh00dJYpCg0Y8Uu2AaOBMQsMww6EdKyAi4NAKRjdZv/UESrNI3ptxDL4gA8lCRomx0UN3BCbtRgIGpPc46ZXKbsWdCi8bLzdllKveK/10+xFNBEhDOdG647mx8VOiDKMcJsVuoiEmdEQG0LFWEgHaT6dfT/CpTfo4jJQtafA0/buREqH1WAR2UhAz1Iu9LPyv10lMeOWnTMaJAUlnh8KEYxPhDAHuMwXU8LE1hCpmf8V0SBShxoKauxIoYgFlXLxFCsumeV7xqpXq3UW5dp0TKqBjdILOkIcuUQ3dojpqIIoUekGv6M15dt6dD+dzNrri5DtHaE7O1y/ropsv</latexit>

|!ji
∂i ∂i

<latexit sha1_base64="YRXR2ACFv06xoSCpBZiawKyOUzQ=">AAACGXicbVDLSsNAFJ3UV62vqEsRgkWom5IUqS6LblzVCvYBTRom02k7diYJMxOhhKz8DL/ArX6BO3Hryg/wP5y0WdjWAxcO59zLvfd4ISVCmua3lltZXVvfyG8WtrZ3dvf0/YOWCCKOcBMFNOAdDwpMiY+bkkiKOyHHkHkUt73xdeq3HzEXJPDv5STEDoNDnwwIglJJrn5sC8JsBuUIQRrfJqW6+9CrVHpx3SXJmasXzbI5hbFMrIwUQYaGq//Y/QBFDPsSUShE1zJD6cSQS4IoTgp2JHAI0RgOcVdRHzIsnHj6RmKcKqVvDAKuypfGVP07EUMmxIR5qjM9WCx6qfif143k4NKJiR9GEvtotmgQUUMGRpqJ0SccI0knikDEibrVQCPIIZIqubktHodjLBOVi7WYwjJpVcpWtVy9Oy/WrrKE8uAInIASsMAFqIEb0ABNgMATeAGv4E171t61D+1z1prTsplDMAft6xfpGKDo</latexit>

⇠ O(N2
j 2

Ni)

∂2
ωi

* N. Klco and M.J. Savage, Phys. Rev. A 99, 052335

Standard way of implementing 
second derivatives with exponential 
convergence*

Exponential CNOT gate is  is due to this being a trigonometric function - approximation dramatically reduces overhead costf1(ωj)

∂i ∂i

<latexit sha1_base64="VjI9EklBKL9nRjnqBTcdqXrKhOM=">AAACEnicbVDLSsNAFJ3UV62vqODGTbAIdVOSItVl0Y0rrWAf0MQwmU7asTNJmJkIJeYv/AK3+gXuxK0/4Af4H07aLGzrgQuHc+7lHo4XUSKkaX5rhaXlldW14nppY3Nre0ff3WuLMOYIt1BIQ971oMCUBLgliaS4G3EMmUdxxxtdZn7nEXNBwuBOjiPsMDgIiE8QlEpy9QNbEGYzKIcI0uQmrVy7D/e1E1cvm1VzAmORWDkpgxxNV/+x+yGKGQ4kolCInmVG0kkglwRRnJbsWOAIohEc4J6iAWRYOMkkf2ocK6Vv+CFXE0hjov69SCATYsw8tZklFfNeJv7n9WLpnzsJCaJY4gBNH/kxNWRoZGUYfcIxknSsCEScqKwGGkIOkVSVzXzxOBxhmaperPkWFkm7VrXq1frtablxkTdUBIfgCFSABc5AA1yBJmgBBJ7AC3gFb9qz9q59aJ/T1YKW3+yDGWhfv3l9ngQ=</latexit>

⇠ O(N2
j )∂i

f1(ωj)f1(ωj)f2(ωj)∂ωi
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Mixed Basis Circuit Construction, NISQ Approach
General Idea: Decompose each term in Hamiltonian into Pauli strings and optimize 

H = ∑
k

βkHk = ∑
k

∑
i∈S(Pk)

ci𝒫i 𝒫i = ⊗ℓ∈i σαiℓ
ℓ

= support of  and  is power setSk Hk Pk
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Mixed Basis Circuit Construction, NISQ Approach
General Idea: Decompose each term in Hamiltonian into Pauli strings and optimize 

H = ∑
k

βkHk = ∑
k

∑
i∈S(Pk)

ci𝒫i 𝒫i = ⊗ℓ∈i σαiℓ
ℓ

= support of  and  is power setSk Hk Pk

General Comments: 

• Generically there are  terms 

• Choose some truncation scale  and ignore all smaller rotations  

• Hardest terms to implement (most non-local, highest weight) have smaller coefficients - even 
mild truncations gives biggest savings 

• Usefulness depends on truncation

4#(Sk)

ϵ
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Energy Spectrum Results

25

Preliminary

Energy Spectrum for Two Plaquette System 
using mixed basis formulation 

• Three qubits per  and one for   

• Strong coupling limit is result for character irrep 
formulation 

• Best ground state bound is PDE (FEM) solver 
result 

• Laguerre results will be added

ω ν
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Conclusions

26

Simulating non-Abelian gauge theories on digital quantum devices necessitates 
balancing the requirements of gauge invariance, efficiency for fine lattices and 
systematic improvability  

Main Take-Away Point 1: Gauge fixing allows for constructing Hamiltonians in the group 
element basis, allowing for efficient simulations at weak coupling* 

Main Take-Away Point 2: Non-local interactions do not always result in highly connected 
systems and exponential resource scaling
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