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Real-Time Correlators
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<latexit sha1_base64="P0cnqhFbA5gWrKsmgGxZ+Jg/4ik="></latexit>

hO1(t1)O2(t2) · · · On(tn)iT

T = 0, vacuum
T ≠ 0, thermal

• Contain useful physics information

1. Time-ordered: e.g. in perturbation theory

2. Schwinger-Keldysh contour: out-of-equilibrium dynamics

3. Out-of-time-ordered (OTOC)

Parton distribution function

• Definition

Jet/soft function in jet physics

Transport coefficients

Energy-energy correlators

Quantum chaos

And more



Energy Correlators
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• Correlations of energy flow in collider events

Introduction 1: Energy Correlators

Basham, Brown, Ellis, and Love, 
PRL 41, 1585 (1978)

Sterman ILL-TH-75-32 (1975)
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• Field theory definition

Hofman, Maldacena, 0803.1467

Strong coupling: flat in θ

Weak coupling: OPE at small angle:, scaling controlled by anomalous dimension

Energy flow operator from T0i

• Conformal field theory

Introduction 1: Energy Correlators

<latexit sha1_base64="UnFs01Q6S63xQW08Oek0UqPfFz8="></latexit>

hE(✓1) · · · E(✓n)i =
⇣ Q

4⇡

⌘n
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• Measurements in jets

Perturbative 
regime: OPE 
scaling

Free hadron 
regime

Transition

Understanding transition regime requires nonperturbative calculation

Tamis, Hard Probe 2024

Introduction 1: Experimental Measurement of EEC



Quantum Algorithm for Real-Time Correlator
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• Hadamard test

<latexit sha1_base64="3zyYk7T/2YQNyS9wnWzgeOliSD0="></latexit>

U = O
†eiHt1T0i(r~n1)e

iH(t2�t1)T0j(r~n2)e
�iHt2O
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=
1 + Reh0|U |0i

2

• Diluted operator to realize nonunitary operator
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A

<latexit sha1_base64="LUymcQOoU4aIr1aVNwes9J5ycMo="></latexit>

UA = ei�
y⌦arccos( A

kAk )

Success probability

<latexit sha1_base64="XKJbUj64pe8wxHiI7B8GEATEDiI="></latexit>

Ps = h | A2

kAk2 | i

<latexit sha1_base64="LQwzHy/fLYoElbAYVsVJk8ZwnAM="></latexit>

NX

i=0

Z t̃i

ti

dt1

Z t̃i

ti

dt2h0|O
†(0)ni

1T0i(t1, ri~n1)n
j
2T0j(t2, ri~n2)O(0)|0i



Discretized Time Integration Path
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i0

i+

i�

I +

I �

r̃d

t̃d = r̃d
r̃

t̃

x+ → ∞

<latexit sha1_base64="GJr5dbGfEMKyxwhF1TivpJKrYbc=">AAACH3icbVDLSsNAFJ34rPUVdelmsAgtSEmKVjdCUQSXFewD2hAm02k7dDIJM5NCCfkTN/6KGxeKiLv+jZM2C2174MLhnHu59x4vZFQqy5oaa+sbm1vbuZ387t7+waF5dNyUQSQwaeCABaLtIUkY5aShqGKkHQqCfI+Rlje6T/3WmAhJA/6sJiFxfDTgtE8xUlpyzWqn6yM1xIjFD0kx7o4Jhjxx7dIFXGlUSg68hZZrFqyyNQNcJnZGCiBD3TV/ur0ARz7hCjMkZce2QuXESCiKGUny3UiSEOERGpCOphz5RDrx7L8EnmulB/uB0MUVnKl/J2LkSznxPd2Z3iwXvVRc5XUi1b9xYsrDSBGO54v6EYMqgGlYsEcFwYpNNEFYUH0rxEMkEFY60rwOwV58eZk0K2W7Wr56uizU7rI4cuAUnIEisME1qIFHUAcNgMELeAMf4NN4Nd6NL+N73rpmZDMn4B+M6S+cnKFr</latexit>

[E(~n1), E(~n2)] = 0

• Energy flux detectors spacelike separated

Constant time integration not work

• Integrate along  with  fixedx− x+

<latexit sha1_base64="z0S/nkZNKtNUhw0MvOrhflTGj/I="></latexit>Z 1

0
dt niT0i !

Z x+

�x+

dx�niT�i

• On lattice: zigzag contour

Then take x+ → ∞

<latexit sha1_base64="Gqv1hzr9+kt1bFS9ldSaVark8wE="></latexit>

E(~n) = lim
r!1

Z 1

0
dt rd�1 niT0i(t, r~n)



Transport Coefficients



Introduction 2: Flow in Heavy Ion Collisions
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<latexit sha1_base64="nzKIFuBlFsKM1j+8zw8UkH+I8SM="></latexit>

⇢(�) =
1

2⇡

h
1 + 2

1X

n=1

vn cos(n�)
i

Flow coefficients

: elliptic flow, 
: triangular flow

v2
v3

ALICE, 1602.01119

• Anisotropic distribution —> collective behavior v2

v3



Introduction 2: Flow and Shear Viscosity
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• Relativistic hydrodynamic calculations indicate a small shear viscosity works

Song, Bass, Heinz, Hirano, Shen, 1011.2783

 best describes dataη/s = 0.08

 for airη/s ∼ 1000

 for waterη/s ∼ 10

<latexit sha1_base64="u1+2fZk+EpZOtYVAvDcdKfi7TJA=">AAACAnicbVDLSgMxFM34rPU16krcBIvgqsyIr41QdOOyQl/QGYdMmmlDk8yQh1CG4sZfceNCEbd+hTv/xvSx0NYDl3s4516Se+KMUaU979tZWFxaXlktrBXXNza3tt2d3YZKjcSkjlOWylaMFGFUkLqmmpFWJgniMSPNuH8z8psPRCqaipoeZCTkqCtoQjHSVorc/UCgmKEo4AbW7nPbAmGG8Ap6kVvyyt4YcJ74U1ICU1Qj9yvopNhwIjRmSKm272U6zJHUFDMyLAZGkQzhPuqStqUCcaLCfHzCEB5ZpQOTVNoSGo7V3xs54koNeGwnOdI9NeuNxP+8ttHJZZhTkRlNBJ48lBgGdQpHecAOlQRrNrAEYUntXyHuIYmwtqkVbQj+7MnzpHFS9s/LZ3enpcr1NI4COACH4Bj44AJUwC2ogjrA4BE8g1fw5jw5L8678zEZXXCmO3vgD5zPHxtZlpo=</latexit>

rµT
µ⌫ = 0

<latexit sha1_base64="C+woZZwrcaat6HMGcFcaONs5d7s="></latexit>

Tµ⌫ = ("+ P )uµu⌫ � Pgµ⌫ + 2⌘rhµu⌫i

Moore, 2010.15704

Calculating shear viscosity in QCD is hard



Shear Viscosity from Linear Response
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• Kubo formula: transport determined by real-time correlation function
<latexit sha1_base64="juR0UAbflqMul4KRNpuXDPmzhV0="></latexit>

⌘ = lim
!!0

@

@!
Gxy

r (!)

• Retarded Green’s function of Txy

<latexit sha1_base64="53HY8htW1rIOxEFH6QpJToOPDwg="></latexit>

Gxy
r (t,x) ⌘ ✓(t)Tr

�
[T xy(t,x), T xy(0,0)]⇢T

�

<latexit sha1_base64="KvZN88jsOcS2lIIm5JkbTRysjuM=">AAACB3icbVDJSgNBEO2JW4zbqEdBGoPgxTAjbhch6CXHCNkwE0NPpyZp0rPQ3SOEYW5e/BUvHhTx6i9482/sJHPQxAcFj/eqqKrnRpxJZVnfRm5hcWl5Jb9aWFvf2Nwyt3caMowFhToNeShaLpHAWQB1xRSHViSA+C6Hpju8GfvNBxCShUFNjSLo+KQfMI9RorTUNfcdMQi7tSvHE4QmdprcpXCfHDsuKIIradcsWiVrAjxP7IwUUYZq1/xyeiGNfQgU5UTKtm1FqpMQoRjlkBacWEJE6JD0oa1pQHyQnWTyR4oPtdLDXih0BQpP1N8TCfGlHPmu7vSJGshZbyz+57Vj5V12EhZEsYKAThd5MccqxONQcI8JoIqPNCFUMH0rpgOiE1E6uoIOwZ59eZ40Tkr2eens9rRYvs7iyKM9dICOkI0uUBlVUBXVEUWP6Bm9ojfjyXgx3o2PaWvOyGZ20R8Ynz+rfJkx</latexit>

⇢T =
1

Z
e��H

Baier, Romatschke, Son, Starinets, Stephanov, 0712.2451



A Quantum Algorithm for Retarded Correlator
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• An overview

Thermal state preparation Evolution for commutator

if A is a Pauli string

Real-time evolution

using Trotterization

Measurement 
and analysis

<latexit sha1_base64="U2nCgNmKwxY+A98lrHQ6x0CnBGo=">AAACBnicbZDLSgMxFIYzXmu9jboUIVgEV2VG6mVZdOOyQm/QTksmzbShSWZIMuIwzMqNr+LGhSJufQZ3vo1pOwtt/SHw8Z9zODm/HzGqtON8W0vLK6tr64WN4ubW9s6uvbffVGEsMWngkIWy7SNFGBWkoalmpB1JgrjPSMsf30zqrXsiFQ1FXScR8TgaChpQjLSx+vYR6aXdiEPaDSTCBmmWVjJY76UPSZb17ZJTdqaCi+DmUAK5an37qzsIccyJ0JghpTquE2kvRVJTzEhW7MaKRAiP0ZB0DArEifLS6RkZPDHOAAahNE9oOHV/T6SIK5Vw33RypEdqvjYx/6t1Yh1ceSkVUayJwLNFQcygDuEkEzigkmDNEgMIS2r+CvEImTy0Sa5oQnDnT16E5lnZvSif31VK1es8jgI4BMfgFLjgElTBLaiBBsDgETyDV/BmPVkv1rv1MWtdsvKZA/BH1ucP04SZYA==</latexit>

e±i⇡
4 Txy

<latexit sha1_base64="AOZWi/bA3XImyXpzjbkbqd6zJos="></latexit>

[A,B] = �i
�
e�i⇡

4 ABei
⇡
4 A � ei

⇡
4 ABe�i⇡

4 A
�



Quantum Imaginary Time Propagation
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• Initialization:  system qubits + 
 ancillas

ns
(ns + 1)

Hadamard + CNOT + measurements

give maximally mixed state

<latexit sha1_base64="C3p3/FNPzh4BD28VB2cBnMSu3/s=">AAACHHicbZDLSgMxFIYzXmu9jbp0EyyCqzJTrxuh6MZlBXuBTh0yaaYNzSRDkhHKMA/ixldx40IRNy4E38a0nYK2Hgh8/P85nJw/iBlV2nG+rYXFpeWV1cJacX1jc2vb3tltKJFITOpYMCFbAVKEUU7qmmpGWrEkKAoYaQaD65HffCBSUcHv9DAmnQj1OA0pRtpIvn3syb7wFbyEXigRTt0srdyn3FdZBl1/yp6mEVFTw7dLTtkZF5wHN4cSyKvm259eV+AkIlxjhpRqu06sOymSmmJGsqKXKBIjPEA90jbIkVnWScfHZfDQKF0YCmke13Cs/p5IUaTUMApMZ4R0X816I/E/r53o8KKTUh4nmnA8WRQmDGoBR0nBLpUEazY0gLCk5q8Q95EJSZs8iyYEd/bkeWhUyu5Z+fT2pFS9yuMogH1wAI6AC85BFdyAGqgDDB7BM3gFb9aT9WK9Wx+T1gUrn9kDf8r6+gFmBaI+</latexit>

⇢s =
1

2ns
12ns⇥2ns

• Quantum imaginary time propagation
<latexit sha1_base64="uHSg3X9gdlUIzFfaKWHg0A/9jo0="></latexit>

QITPth =

 p
p e�⌧(H�ET )

p
1� p e�2⌧(H�ET )

�
p

1� p e�2⌧(H�ET ) p
p e�⌧(H�ET )

!

• Measure the ancilla, success if  returned|0⟩

Turro, 2306.16580

Success probability decays exponentially with system size



Thermal State Preparation: Open Quantum System 
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• Lindblad equation in quantum Brownian motion limit, steady state  thermal≈

Ancilla qubits

Subsystem

. . .

…Dim. of ancilla = m+1

One cycle

Reproduce Lindblad equation if 
expanded to linear order in ΔtJ =

0

BBB@

0 L†
1 . . . L†

m

L1 0 . . . 0
...

...
. . .

...
Lm 0 . . . 0

1

CCCA

Cleve, Wang, 1612.09512

<latexit sha1_base64="gm/A49J5VeVTq10mB2vmS/EwKag="></latexit>

d⇢

dt
= �i

⇥
HS , ⇢

⇤
+

mX

j=1

�
Lj⇢L

†
j �

1

2
{L†

jLj , ⇢}
�
⌘ L⇢



Efficient Thermal State Preparation: OQS 
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• Implementation on IBM hardware 
for Schwinger model

de Jong, Lee, Mulligan, Ploskon, 
Ringer and XY, 2106.08394

• Equilibration time scales polynomially

<latexit sha1_base64="tz1Kk0frjd7+L5LhxabHRlqpGEQ=">AAACH3icbVDLSgMxFM34rPVVdekmWISKUGZEqxuh6MZlFfuAznTIZNI2beZBckcoQ//Ejb/ixoUi4q5/Y/pYaOuBCyfn3JvkHi8WXIFpjoyl5ZXVtfXMRnZza3tnN7e3X1NRIimr0khEsuERxQQPWRU4CNaIJSOBJ1jd69+O/foTk4pH4SMMYuYEpBPyNqcEtOTmSrbsRgU4wdd4zFwTn2JbJYHbw1QXa6W20Lf5RB9gOO3ptR7cXN4smhPgRWLNSB7NUHFz37Yf0SRgIVBBlGpaZgxOSiRwKtgwayeKxYT2SYc1NQ1JwJSTTvYb4mOt+LgdSV0h4In6eyIlgVKDwNOdAYGumvfG4n9eM4H2lZPyME6AhXT6UDsRGCI8Dgv7XDIKYqAJoZLrv2LaJZJQ0JFmdQjW/MqLpHZWtErFi/vzfPlmFkcGHaIjVEAWukRldIcqqIooekav6B19GC/Gm/FpfE1bl4zZzAH6A2P0Az4doVA=</latexit>

⇢(t) = ⇢0 +
X

j

cje
�jt⇢Rj

Liouvillian gap Δj = − Re λj

Lee, Mulligan, Ringer and XY, 2308.03878

<latexit sha1_base64="bGSAW57vuvYMWuqgeBY6Q+3PEB8=">AAAB/nicbVDLSsNAFJ3UV62vqLhyM1gEN4ZE6mNZ1IUrqWAf0MYwmU7aoTOTMDMRSij4K25cKOLW73Dn3zhts9DWAxcO59zLvfeECaNKu+63VVhYXFpeKa6W1tY3Nrfs7Z2GilOJSR3HLJatECnCqCB1TTUjrUQSxENGmuHgauw3H4lUNBb3epgQn6OeoBHFSBspsPc614RpFHgdRTm8fciOPacyCuyy67gTwHni5aQMctQC+6vTjXHKidCYIaXanptoP0NSU8zIqNRJFUkQHqAeaRsqECfKzybnj+ChUbowiqUpoeFE/T2RIa7UkIemkyPdV7PeWPzPa6c6uvAzKpJUE4Gni6KUQR3DcRawSyXBmg0NQVhScyvEfSQR1iaxkgnBm315njROHO/MOb2rlKuXeRxFsA8OwBHwwDmoghtQA3WAQQaewSt4s56sF+vd+pi2Fqx8Zhf8gfX5A3SGlIY=</latexit>

�1 ⇠ N�1.4

0 1 2 3 4 5 6

t

0.0
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0.7

hE
2 (

t)
i

IBM Q Montreal, Ncycle = 4
Uncorrected

Readout corrected

Readout + RIIM corrected

Simulator, Ncycle = 4

RK4 open system

RK4 closed system

Thermal equilibrium



Application to 2+1D SU(2)
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Honeycomb Lattice for SU(2)
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• Problem on square lattice: each vertex has four links —> singlet is not uniquely 
defined by four  valuesj

• Use honeycomb lattice

Müller, XY, 2307.00045

Illa, Savage, XY, 2503.09688

Klco, Stryker, Savage, 1908.06935

<latexit sha1_base64="+16c2YYcLrdZbfC67TLSkwzCRxQ=">AAACHHicbVDLSsNAFJ34rPUVdelmsAiuSlKfy6IIXVawD2jSMJlO2qEzSZiZCCXkQ9z4K25cKOLGheDfOG2y0NYDMxzOuffO3OPHjEplWd/G0vLK6tp6aaO8ubW9s2vu7bdllAhMWjhikej6SBJGQ9JSVDHSjQVB3Gek449vpn7ngQhJo/BeTWLicjQMaUAxUlryzNOGlzqCQ8Iy6MQiilUEh/0adGTCc0dPHssM3nq0j/LbMytW1ZoBLhK7IBVQoOmZn84gwgknocIMSdmzrVi5KRKKYkayspNIEiM8RkPS0zREnEg3nS2XwWOtDGAQCX1CBWfq744UcSkn3NeVHKmRnPem4n9eL1HBlZvSME4UCXH+UJAwqBOYJgUHVBCs2EQThAXVf4V4hATCSudZ1iHY8ysvknatal9Uz+/OKvXrIo4SOARH4ATY4BLUQQM0QQtg8AiewSt4M56MF+Pd+MhLl4yi5wD8gfH1A8qNoTE=</latexit>

Hel / g
2
X

links

E
a
i E

a
i
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a2g2

X

plaqs
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0.5σx
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Simplify Hamiltonian with jmax = 1/2

19 Müller, XY, 2307.00045

SU(2) w/ jmax =
1
2
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⇧+
i,j = (1 + �z

i,j)/2

Ising plane

<latexit sha1_base64="LnzJ6WfI9sJ+Hcn4ltLJyTniwOw="></latexit>

aH = h+

X

(i,j)

⇧+
i,j � h++

X

(i,j)

⇧+
i,j

⇣
⇧+

i+1,j +⇧+
i,j+1 +⇧+

i+1,j�1

⌘
+ hx

X

(i,j)

�
x
ijDij



Results
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Energy Correlator for 2+1D SU(2) on Small Lattice

•  lattice with , 5 × 5 ag2 = 1 jmax = 1/2

21
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Perturbation source at center (2,2)
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Energy conservation works well

<latexit sha1_base64="eONoQMxEU/g7trjtyg/UH9eCGXM=">AAACO3icbVC7SgNBFJ2NrxhfUUubwSBYhd3gqwyKYBnFPCAbw93JJBkyO7vMzIphyX/Z+BN2NjYWitjaO5tsYR4XBs6cew733uOFnClt229WZml5ZXUtu57b2Nza3snv7tVUEElCqyTggWx4oChnglY105w2QknB9zite4OrpF9/pFKxQNzrYUhbPvQE6zIC2lDt/J3LQfQ4xa4Puk+Ax9ejtjP1K2FXphoIQxk84YWeVPRQaucLdtEeF54HTgoKKK1KO//qdgIS+VRowkGppmOHuhWD1IxwOsq5kaIhkAH0aNNAAT5VrXh8+wgfGaaDu4E0T2g8Zv87YvCVGvqeUSbbqtleQi7qNSPdvWjFTISRpoJMBnUjjnWAkyBxh0lKNB8aAEQysysmfZBAtIk7Z0JwZk+eB7VS0Tkrnt6eFMqXaRxZdIAO0TFy0DkqoxtUQVVE0DN6R5/oy3qxPqxv62cizVipZx9NlfX7B7J1roE=</latexit>

hE1E2i ⇡ hE1i2



Shear Viscosity on Small Lattice
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• Quantum simulator results for 
retarded correlator on  lattice2 × 2
jmax = 1/2, ag2 = 1, β = 0.15, Δt = 0.025

• A naive “continuum” extrapolation 
on  lattice w/ 4 × 4 jmax = 1/2



Conclusions
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• Real-time correlators contain interesting physics information


• Energy-energy correlators


• Shear viscosity


• For 2+1D SU(2) with  on honeycomb lattice, each Trotter step 
takes about 200 CNOT depth

jmax = 1/2



Backup: Magnetic Interaction w/ jmax = 1/2
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Backup: Lattice Version of T0i
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• Obtain from energy conservation

Start with an energy density operator on lattice  (per plaquette)Hij
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dHij(t)

dt
= i[H,Hij(t)]

Evolution in Heisenberg picture    v.s.     energy conservation equation
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@te = �r · ~Je
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T0,(i,j)!(i0,j0) = �i[Hi0j0 , Hij ]

 denotes neighbors of (i′￼, j′￼) (i, j)



Backup: Relation to Naively Discretized Operator
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• A particular discretization
<latexit sha1_base64="v9tWyeAmGtAc7YO/umW2CUgmfjs="></latexit>
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aU † )� Tr(T aU † )Ea
j

�

• With arbitrary cutoff of irrep dimensions jmax

Poynting vector ⃗E × ⃗B

• With cutoff , we findjmax = 1/2
<latexit sha1_base64="v79ci7vpZKI0I2BOL5IY0ris7K4="></latexit>
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