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Abstract

We extend the well-known ’t Hooft anomaly matching conditions for continuous
global symmetries to discrete groups. We state the matching conditions for all possible
anomalies which involve discrete symmetries explicitly in Table 1. There are two types
of discrete anomalies. For Type I anomalies, the matching conditions have to be al-
ways satisfied regardless of the details of the massive bound state spectrum. The Type
II anomalies have to be also matched except if there are fractionally charged massive
bound states in the theory. We check discrete anomaly matching in recent solutions of
certain N = 1 supersymmetric gauge theories, most of which satisfy these constraints.
The excluded examples include the chirally symmetric phase of N = 1 pure super-
symmetric Yang-Mills theories described by the Veneziano–Yankielowicz Lagrangian
and certain non-supersymmetric confining theories. The conjectured self-dual theories
based on exceptional gauge groups do not satisfy discrete anomaly matching nor map-
ping of operators, and are viable only if the discrete symmetry in the electric theory
appears as an accidental symmetry in the magnetic theory and vice versa.
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Abstract

We discuss the effects of instantons in partially broken gauge groups on the low-
energy effective gauge theory. Such effects arise when some of the instantons of the
original gauge group G are no longer contained in (or can not be gauge rotated into)
the unbroken group H. In cases of simple G and H, a good indicator for the existence
of such instantons is the “index of embedding.” However, in the general case one has
to examine π3(G/H) to decide whether there are any instantons in the broken part
of the gauge group. We give several examples of supersymmetric theories where such
instantons exist and leave their effects on the low-energy effective theory.
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Abstract

We consider extra dimensional gauge theories on an interval. We first review the deriva-
tion of the consistent boundary conditions (BC’s) from the action principle. These BC’s
include choices that give rise to breaking of the gauge symmetries. The boundary con-
ditions could be chosen to coincide with those commonly applied in orbifold theories,
but there are many more possibilities. To investigate the nature of gauge symmetry
breaking via BC’s we calculate the elastic scattering amplitudes for longitudinal gauge
bosons. We find that using a consistent set of BC’s the terms in these amplitudes that
explicitly grow with energy always cancel without having to introduce any additional
scalar degree of freedom, but rather by the exchange of Kaluza–Klein (KK) gauge
bosons. This suggests that perhaps the SM Higgs could be completely eliminated in
favor of some KK towers of gauge fields. We show that from the low-energy effective
theory perspective this seems to be indeed possible. We display an extra dimensional
toy model, where BC’s introduce a symmetry breaking pattern and mass spectrum
that resembles that in the standard model.
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Abstract

We consider extra dimensional gauge theories on an interval. We first review the deriva-
tion of the consistent boundary conditions (BC’s) from the action principle. These BC’s
include choices that give rise to breaking of the gauge symmetries. The boundary con-
ditions could be chosen to coincide with those commonly applied in orbifold theories,
but there are many more possibilities. To investigate the nature of gauge symmetry
breaking via BC’s we calculate the elastic scattering amplitudes for longitudinal gauge
bosons. We find that using a consistent set of BC’s the terms in these amplitudes that
explicitly grow with energy always cancel without having to introduce any additional
scalar degree of freedom, but rather by the exchange of Kaluza–Klein (KK) gauge
bosons. This suggests that perhaps the SM Higgs could be completely eliminated in
favor of some KK towers of gauge fields. We show that from the low-energy effective
theory perspective this seems to be indeed possible. We display an extra dimensional
toy model, where BC’s introduce a symmetry breaking pattern and mass spectrum
that resembles that in the standard model.

RS rules 
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really is no Higgs?
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Demonstration of Confinement and Chiral Symmetry Breaking
in SO(Nc) Gauge Theories
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We demonstrate that SO(Nc) gauge theories with matter fields in the vector representation confine
due to monopole condensation and break the SU(NF ) chiral symmetry to SO(NF ) via the quark
bilinear. Our results are obtained by perturbing the N = 1 supersymmetric theory with anomaly-
mediated supersymmetry breaking.

INTRODUCTION

Ever since quarks were proposed as fundamental con-
stituents of the proton, neutron, and numerous hadrons
by Gell-mann and Ne’eman [1, 2], it has been a mystery
why they cannot be observed directly in experiments.
At the same time, protons and neutrons bind in atomic
nuclei due to the exchange of light pions predicted by
Yukawa [3]. The binding of nuclei, and correspondingly
the entire world of chemistry, hinges on pions being much
lighter than protons, despite the fact that they are made
of the same quarks. The first mystery was “explained”
by postulating confinement of quarks by condensation
of magnetic monopoles via the dual Meißner e↵ect pro-
posed by Mandelstam [4] and ’t Hooft [5]. The second
mystery was “explained” by postulating chiral symme-
try breaking whose the Nambu–Goldstone bosons are the
light pions proposed by Nambu and Jona-Lasinio [6, 7].
In either case, however, it has been a challenge to derive
these properties from the fundamental theory of strong
interactions, Quantum ChromoDynamics (QCD).

It has been proposed recently [8] that one can study
the dynamics of gauge theories using the supersym-
metric version of the theory perturbed in a specific
way called anomaly-mediated supersymmetry breaking
(AMSB) [9, 10] (see also [11, 12] for earlier work contain-
ing some important aspects of AMSB). For other analy-
ses of non-supersymmetric gauge theories via controlled
supersymmetry breaking, see, for example, [13–26], as
well as the more recent [27]. When AMSB was applied
to SU(Nc) QCD, it was possible to derive chiral sym-
metry breaking for 1 < NF 

3
2Nc, while the theory

flows to a conformal fixed point for 3
2Nc < NF  3Nc.

Yet the SU(Nc) theory does not confine in the presence
of quarks in the fundamental representation because any
color charges can be screened.

The SO(Nc) theory with fermions in the vector rep-
resentation is interesting because it does truly confine,
since the spinor representation transforming under the
Z2 center cannot be screened. Therefore, we can hope to
see the interplay between the condensation of monopoles
on one hand, and fermion bilinears on the other hand. It

turns out that we should focus on NF  Nc � 2 where
we can demonstrate monopole condensation.
In this Letter, we sketch the essence of the analysis,

while details are presented in a forthcoming companion
paper [28], that will also contain a discussion of the cases
where NF > Nc � 2.

ANOMALY MEDIATION

Anomaly mediation of supersymmetry breaking
(AMSB) is parameterized by a single number m that ex-
plicitly breaks supersymmetry in two di↵erent ways. One
is the tree-level contribution based on the superpotential

Vtree = m

✓
'i

@W

@'i
� 3W

◆
+ c.c. (1)

Note that Eq. (1) also breaks the U(1)R symmetry ex-
plicitly. When the superpotential does not include di-
mensionful parameters, this expression identically van-
ishes. In this case, there are the loop-level supersym-
metry breaking e↵ects from the superconformal anomaly
[29]. In this Letter, we do not need the loop-level e↵ects
that can be neglected in the presence of the tree-level
e↵ects (1). The loop-level e↵ects will be discussed in
the companion paper [28] for special cases when they are
needed.

NF = Nc � 2

We consider an SO(Nc) gauge theory withNF = Nc�2
flavors Qi. In the supersymmetric limit, the theory is in
an abelian Coulomb phase [30]. The D-flat directions
are parameterized by the diagonal entries of the mesons
M

ij
⌘ Q

i
Q

j . As M
ij are neutral under U(1)R, no su-

perpotential can be generated, and there is a quantum
moduli space. At a generic point M ij on the meson mod-
uli space, the gauge symmetry is higgsed to a U(1), and
so the theory only has a Coulomb branch. The e↵ective
gauge coupling ⌧ = ✓

2⇡ + i8⇡
g2 of the theory is given on the

Coulomb branch as a function of the SU(NF ) invariant
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Outline

• Use of AMSB for studying QCD-like theories


• The η′ Potential (and the Axion Mass)


• CP violation at 𝝷=𝛑


• Chiral perturbation theory and heavy quark 
dynamics




The use of AMSB for studying QCD-like theories 

• SUSY gives powerful constraints on strong 
dynamics 


• Seiberg (+Intriligator, Hitoshi, …) was able to nail 
down phase structure of SUSY QCD in 1994 using  


• Obtained many different phases depending on F vs 
N      


• Holomorphy

• ’t Hooft anomaly matching 

• Instanton calculations

• Integrating out/Higgsing 



The phases of SUSY QCD   
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Pure SYM - gaugino condensation
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ADS superpotential, runaway vacuum

Quantum modified constraint
s-confinement

Free magnetic phase

Conformal - non-abelian Coulomb phase
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F > 3N Theory IR free



SUSY QCD  

•  N=1 SUSY SU(N) gauge theory with F flavors 


• At low energies described in terms of mesons      

                      and baryons  

 

9

THE AFFLECK–DINE–SEIBERG SUPERPOTENTIAL

In the previous chapter we saw how holomorphy can largely determine the behav-
ior of pure SUSY Yang–Mills. We next turn to the case where there are quarks
and squarks as well as gluons and gluinos. When the number of quark flavors is
less than the number of colors then holomorphy is again very powerful.

9.1 Symmetry and holomorphy

Consider SU(N) SUSY QCD with F flavors (i.e. there are 2NF chiral supermul-
tiplets) where F < N . We will denote the quarks and their superpartner squarks
that transform in the SU(N) fundamental (defining) representation by Q and �,
respectively, and use Q and � for the quarks and squarks in the antifundamen-
tal representation. The theory has an SU(F ) ⇥ SU(F ) ⇥ U(1) ⇥ U(1)R global
symmetry. The quantum numbers of the chiral supermultiplets are summarized
in the following table1 where denotes the fundamental representation of the
group.

SU(N) SU(F ) SU(F ) U(1) U(1)R

�, Q 1 1 F�N
F

�, Q 1 -1 F�N
F

(9.1)

The SU(F ) ⇥ SU(F ) global symmetry is the analog of the SU(3)L ⇥ SU(3)R

chiral symmetry of non-supersymmetric QCD with three flavors, while the U(1)
is the analog2 of baryon number since quarks (fermions in the fundamental rep-
resentation of the gauge group) and antiquarks (fermions in the antifundamental
representation of the gauge group) have opposite charges. There is an additional
U(1)R relative to non-supersymmetric QCD since in the supersymmetric theory
there is also a gaugino.

Recall that the auxiliary Da fields for this theory are given by

Da = g(�⇤jn(T a)m
n �mj � �jn(T a)m

n �⇤mj) , (9.2)

where j is a flavor index that runs from 1 to F , m and n are color indices that run
from 1 to N , the index a labels an element of the adjoint representation, running

1As usual only the R-charge of the squark is given, and R[Q] = R[�]� 1.
2Up to a factor of N .
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F > 3N Theory IR free



F=0 - Pure SYM   

• No matter fields, no continuous flavor symmetry 


• Z2N discrete R-symmetry rotating gauginos  


• Dynamics: gaugino condensation 


•  


• Should be truly confining 
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SEIBERG DUALITY FOR SUSY QCD

Theoretical e↵ort in the mid-1990s (mainly due to Seiberg [1, 2]) led to a dra-
matic break-through in the understanding of strongly coupled N = 1 SUSY
gauge theories.1 After this work we now have a detailed understanding of the
IR behavior of many strongly coupled theories, including the phase structure of
such theories.

10.1 Phases of gauge theories
The phase of a gauge theory can be understood by considering the potential
V (R) between two static test charges a distance R apart.2 Up to an additive
constant we expect the functional form of the potential will fall into one of the
following categories:

Coulomb : V (R) ⇠ 1

R
Free electric : V (R) ⇠ 1

R ln(R⇤)

Free magnetic : V (R) ⇠ ln(R⇤)

R
Higgs : V (R) ⇠ constant
Confining : V (R) ⇠ �R .

(10.1)

The explanation of these functional forms is as follows. In a gauge theory
where the coupling does not run (e.g. at an IR fixed point or in quantum elec-
trodynamics (QED) at energies below the electron mass) we expect to simply
have a Coulomb potential. In a gauge theory where the coupling runs to zero in
the IR (e.g. QED with massless electrons) there is an inverse logarithmic cor-
rection to the squared gauge coupling and hence to the potential. Since electric
and magnetic charges are inversely related by the Dirac quantization condition,
the squared charge of a static magnetic monopole grows logarithmically in the
IR due to the renormalization by loops of massless electrons. Using electric–
magnetic duality to exchange electrons with monopoles, one finds that the loga-
rithmic correction to the potential for static electrons renormalized by massless
monopole loops appears in the numerator since the coupling grows in the IR. In
a Higgs phase the gauge bosons are massive so there are no long-range forces. In
a confining phase3 we expect a tube of confined gauge flux between the charges,

1For reviews of these developments see refs [3–5].
2Holding the charges fixed for a time T corresponds to a Wilson loop, eqn (7.12), with area

TR.
3More precisely a confining phase with area law confinement. Note, however, that with

dynamical quarks in the fundamental representation of the gauge group we can produce quark
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F > 3N Theory IR free



0<F<N: ADS superpotential    
• First obtained by Affleck, Dine, Seiberg 1984


• Dynamics generates a non-perturbative 
superpotential 


• For F=N-1 actually generated by instanton, 
calculable   


• Gauge group (partially) Higgsed


•                              (at least for F=N-1)


• For F<N-1 gaugino condensation in unbroken group
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2 = 2m + p 2(F �N) . (9.14)

The solution of these equations is

n = �p =
1�m

N � F
. (9.15)

Since b = 3N � F > 0 we can only have a sensible weak-coupling limit (⇤! 0)
if n � 0, which implies p  0 and (because N > F ) m  1. Since W aW a

contains derivative terms, locality requires m � 0 and that m is integer-valued.
In other words, since we are trying to find a Wilsonian e↵ective action (which
corresponds to performing the path integral over field modes with momenta
larger than a scale µ) which is valid at low energies (momenta below µ) it must
have a sensible derivative expansion. So there are only two possible terms in the
e↵ective superpotential: m = 0 and m = 1. The m = 1 term is just the tree-level
field strength term. The coe�cient of this term is restricted by the periodicity of
✓YM to be proportional to b ln ⇤. So we see that the gauge coupling receives no
nonperturbative renormalizations. The other term (m = 0) is the A✏eck–Dine–
Seiberg (ADS) superpotential4:

WADS = CN,F

✓
⇤3N�F

detM

◆1/(N�F )

, (9.16)

where CN,F is in general renormalization scheme-dependent.

9.2 Consistency of WADS: moduli space
We can check whether the ADS superpotential is consistent by constructing
e↵ective theories with fewer colors or flavors by going out in the classical moduli
space or by adding mass terms for some of the flavors. Consider giving a large
VEV, v, to one flavor. This breaks the gauge symmetry to SU(N � 1) and one
flavor is partially “eaten” by the Higgs mechanism (since there are 2N�1 broken
generators) so the e↵ective theory has F �1 flavors. There are 2F �1 additional
gauge singlet chiral supermultiplets left over as well since

2NF � (2N � 1)� (2F � 1) = 2(N � 1)(F � 1) . (9.17)

We can write an e↵ective theory for the SU(N � 1) gauge theory with F � 1
flavors (since the gauge singlets only interact with the fields in the e↵ective gauge
theory by the exchange of heavy gauge bosons they must decouple from the gauge
theory at low energies, that is, they interact only through irrelevant operators
with dimension greater than 4). The running holomorphic gauge coupling, gL,
in the low-energy theory is given by

8⇡2

g2

L(µ)
= bL ln

✓
µ

⇤L

◆
, (9.18)

4First discussed by Davis et. al. [1] and explored in more detail by A✏eck et. al. in [2]
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while instanton e↵ects are suppressed by8

e�Sinst / ⇤b . (9.48)

So for F = N�1 it is possible that instantons can generate WADS. Since SU(N)
can be completely broken in this case, we can do a reliable instanton calculation.
When all VEVs are equal the ADS superpotential predicts quark masses of order

@2WADS

@�i@�j ⇠
⇤2N+1

v2N
, (9.49)

and a vacuum energy density of order

����
@WADS

@�i

����
2

⇠

����
⇤2N+1

v2N�1

����
2

. (9.50)

Looking at a single instanton vertex we find 2N gaugino legs (corresponding to
2N zero modes) and 2F = 2N � 2 quark legs, as shown in Figure 9.1. All the
quark legs can be connected to gaugino legs by the insertion of a scalar VEV. The
remaining two gaugino legs can be converted to two quark legs by the insertion
of two more VEVs. Thus, a fermion mass is generated.

2N−2

I

Fig. 9.1. Instanton with 2N�2 quark legs (solid, straight lines) and 2N gaugino
legs (wavy lines), connected by 2N squark VEVs (dashed lines with crosses).

From the instanton calculation we find the quark mass is given by

m ⇠ e�8⇡2/g2
(1/⇢)v2N⇢2N�1

⇠ (⇤⇢)b v2N⇢2N�1
⇠ ⇤2N+1v2N⇢4N . (9.51)

8See eqn (8.43).

10

SEIBERG DUALITY FOR SUSY QCD

Theoretical e↵ort in the mid-1990s (mainly due to Seiberg [1, 2]) led to a dra-
matic break-through in the understanding of strongly coupled N = 1 SUSY
gauge theories.1 After this work we now have a detailed understanding of the
IR behavior of many strongly coupled theories, including the phase structure of
such theories.

10.1 Phases of gauge theories
The phase of a gauge theory can be understood by considering the potential
V (R) between two static test charges a distance R apart.2 Up to an additive
constant we expect the functional form of the potential will fall into one of the
following categories:

Coulomb : V (R) ⇠ 1

R
Free electric : V (R) ⇠ 1

R ln(R⇤)

Free magnetic : V (R) ⇠ ln(R⇤)

R
Higgs : V (R) ⇠ constant
Confining : V (R) ⇠ �R .

(10.1)

The explanation of these functional forms is as follows. In a gauge theory
where the coupling does not run (e.g. at an IR fixed point or in quantum elec-
trodynamics (QED) at energies below the electron mass) we expect to simply
have a Coulomb potential. In a gauge theory where the coupling runs to zero in
the IR (e.g. QED with massless electrons) there is an inverse logarithmic cor-
rection to the squared gauge coupling and hence to the potential. Since electric
and magnetic charges are inversely related by the Dirac quantization condition,
the squared charge of a static magnetic monopole grows logarithmically in the
IR due to the renormalization by loops of massless electrons. Using electric–
magnetic duality to exchange electrons with monopoles, one finds that the loga-
rithmic correction to the potential for static electrons renormalized by massless
monopole loops appears in the numerator since the coupling grows in the IR. In
a Higgs phase the gauge bosons are massive so there are no long-range forces. In
a confining phase3 we expect a tube of confined gauge flux between the charges,

1For reviews of these developments see refs [3–5].
2Holding the charges fixed for a time T corresponds to a Wilson loop, eqn (7.12), with area

TR.
3More precisely a confining phase with area law confinement. Note, however, that with

dynamical quarks in the fundamental representation of the gauge group we can produce quark
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F > 3N Theory IR free



The phases of SUSY QCD   

• A beautiful picture, BUT very different from what we 
expect in non-SUSY QCD


• Lattice simulations suggest only 2 phases 


• Would like to start making connection between 
SUSY and non-SUSY theories


• Chiral symmetry breaking 

• For large number of flavors (perhaps as 

high as F>3N) conformal phase 



Adding SUSY breaking    

• A long history of perturbing with SUSY breaking 
terms, for example


• Aharony, Sonnenschein, Peskin, Yankielowicz ’95 

• Evans, Hsu, Schwetz ‘95 

• Cheng & Shadmi 1998

• Arkani-Hamed & Rattazzi ‘98; Luty & Rattazzi ’99

• Abel, Buican, Komargodsky ’11


• Increasingly more systematic approach

• Lots of interesting results, but no clear pattern of 

what the actual phase structure is 




The use of AMSB    

• Proposal of Hitoshi in 2021: use 

anomaly mediated SUSY breaking for 

perturbing the Seiberg exact results 


• AMSB: originally ``designed” to provide a specific 
implementation for MSSM with predictive soft 
breaking patterns 


• Here we will simply use it only to study phases of 
gauge theories, not as a BSM model


• Assumption of AMSB: SUSY breaking mediated 
purely by supergravity, no direct interaction between 
SUSY breaking sector and matter sector 




 AMSB    

• Assume matter sector sequestered - no direct 
interactions with SUSY breaking generated 


• Only source of SUSY the auxiliary field of 
supergravity multiplet   


Randall, Sundrum ‘98

Giudice, Luty, Murayama, Rattazzi ’98 

see also Arkani-Hamed, Rattazzi ‘98

SUSY Matter sector/SQCD

SUGRA



 AMSB    

• Best way to describe effect of AMSB is via the 
introduction of the Weyl compensator 𝚽


• This conformal compensator is a spurion for super-
Weyl transformations  (SUSY rescaling + U(1) 
rotations) with weight 1


• The effects of SUSY will show up through the 
coupling 


• With the spurion   


Pomarol, Rattazzi ‘99
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ANOMALY MEDIATION

Anomaly mediation of supersymmetry breaking
(AMSB) can be formulated with the Weyl compensator
� = 1 + ✓

2
m [11] that appears in the supersymmetric

Lagrangian as

L =

Z
d
4
✓�⇤�K +

Z
d
2
✓�3

W + c.c. (2)

Here, K (W ) is the Kähler potential (superpotential)
of the theory, and m is the parameter of supersymme-
try breaking. When the theory is conformal, � can be
removed from the theory by rescaling the fields �i !
��1

�i. On the other hand, violation of conformal invari-
ance leads to supersymmetry breaking e↵ects. Solving
for auxiliary fields, the superpotential leads to the tree-
level supersymmetry breaking terms

Ltree = m

✓
�i

@W

@�i
� 3W

◆
+ c.c. (3)

Dimensionless coupling constants do not lead to super-
symmetry breaking e↵ects because of the conformal in-
variance at the tree-level. However, conformal invariance
is anomalously broken due to the running of coupling con-
stants, and there are loop-level supersymmetry breaking
e↵ects in tri-linear couplings, scalar masses, and gaugino
masses,

Aijk(µ) = �1

2
(�i + �j + �k)(µ)m, (4)

m
2
i (µ) = �1

4
�̇i(µ)m

2
, (5)

m�(µ) = ��(g2)

2g2
(µ)m. (6)

Here, �i = µ
d
dµ lnZi(µ), �̇ = µ

d
dµ�i, and �(g2) = µ

d
dµg

2.
In general, physical masses are the sum of contributions
from the superpotential (tree-level or non-perturbative),
tree-level AMSB (3) and loop-level AMSB (4,5,6).

In the supersymmetric SU(Nc) QCD with Nf flavors
in the fundamental representation (SQCD), I find at the
leading order of ASQCD

m
2
Q = m

2
Q̃
=

g
4

(8⇡2)2
2Ci(3Nc �Nf )m

2
, (7)

m� =
g
2

16⇡2
(3Nc �Nf )m. (8)

Here, Ci =
N2

c�1
2Nc

, and m
2
Q > 0 in the range Nf < 3Nc

where the theory is asymptotically free. Therefore, the
squarks and gauginos acquire mass and the massless par-
ticle content is identical to that of non-supersymmetric
QCD. As m is increased beyond the dynamical scale of
the gauge theory ⇤, gluinos and squarks can be inte-
grated out, and the theory does become QCD. I do not

know a priori whether the change in m is continuous.
There may or may not be a phase transition as m crosses
O(⇤). Nonetheless, SQCD with AMSB is continuously
connected to QCD, and I hope to learn something about
the dynamics of QCD by studying SQCD with AMSB.
The most remarkable property of the anomaly

mediated supersymmetry breaking is its ultraviolet-
insensitivity. The expressions for the supersymmetry
breaking parameters above depend on wave function
renormalization and running coupling constants, which
jump when heavy fields are integrated out from the the-
ory. It turns out that the threshold corrections from the
loops of heavy fields precisely give the necessary jump.
Therefore the above expressions remain true at all en-
ergy scales and depend only on the particle content and
interactions present at that energy scale. This point can
be verified explicitly in perturbative calculations, and is
very transparent in the DR scheme [17].
One way to intuitively understand the ultraviolet-

insensitivy is the analogy to quantum field theory in
curved spacetime. To describe QCD in a curved space-
time, I couple the QCD Lagrangian to the background
spacetime metric. When QCD confines, I switch to the
chiral Lagrangian, and I couple it to the same metric.
This is because the back reaction of QCD dynamics to
the metric is suppressed by the Planck scale and can
be safely ignored. For anomaly-mediated supersymme-
try breaking, the Weyl compensator can be viewed as a
part of the background supergravity multiplet. Ignoring
the back reaction to the superspacetime, I couple the field
theory to the same supergravity background no matter
what non-perturbative dynamics takes place.
Since the low-energy dynamics of SQCD is well un-

derstood thanks to Seiberg, I couple its low-energy limit
to AMSB to work out the ground state exactly. In par-
ticular, I am interested in the symmetry of the ground
state exactly in the limit m ⌧ ⇤ under a full theoretical
control. I will then discuss how it may be connected to
the dynamics of QCD as m is increased beyond ⇤ hop-
ing there is no phase transition, so that the ASQCD and
QCD belong to the same universality class. What I find
below is encouraging. I assume Nc � 3 in the discussions
below.

Nf < Nc

The dynamics is described in terms of the meson fields
M

ij with the non-perturbative A✏eck–Dine–Seiberg
(ADS) superpotential

W = (Nc �Nf )

✓
⇤3Nc�Nf

detM

◆1/(Nc�Nf )

. (9)

The SQCD has a run-away potential and hence no ground
states. When M � ⇤2, Mij = M�ij describes the D-flat
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 AMSB    

•  If the matter sector is conformal: can scale out 𝚽 by 
rescaling the fields


• For example if                         and


•                             rescaling will completely remove 𝚽 
from the theory - no SUSY breaking


• SUSY breaking will be tied to violations of 
conformality! UV insensitive process! 
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Here, K (W ) is the Kähler potential (superpotential)
of the theory, and m is the parameter of supersymme-
try breaking. When the theory is conformal, � can be
removed from the theory by rescaling the fields �i !
��1

�i. On the other hand, violation of conformal invari-
ance leads to supersymmetry breaking e↵ects. Solving
for auxiliary fields, the superpotential leads to the tree-
level supersymmetry breaking terms
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Dimensionless coupling constants do not lead to super-
symmetry breaking e↵ects because of the conformal in-
variance at the tree-level. However, conformal invariance
is anomalously broken due to the running of coupling con-
stants, and there are loop-level supersymmetry breaking
e↵ects in tri-linear couplings, scalar masses, and gaugino
masses,
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In general, physical masses are the sum of contributions
from the superpotential (tree-level or non-perturbative),
tree-level AMSB (3) and loop-level AMSB (4,5,6).

In the supersymmetric SU(Nc) QCD with Nf flavors
in the fundamental representation (SQCD), I find at the
leading order of ASQCD
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Here, Ci =
N2
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2Nc

, and m
2
Q > 0 in the range Nf < 3Nc

where the theory is asymptotically free. Therefore, the
squarks and gauginos acquire mass and the massless par-
ticle content is identical to that of non-supersymmetric
QCD. As m is increased beyond the dynamical scale of
the gauge theory ⇤, gluinos and squarks can be inte-
grated out, and the theory does become QCD. I do not

know a priori whether the change in m is continuous.
There may or may not be a phase transition as m crosses
O(⇤). Nonetheless, SQCD with AMSB is continuously
connected to QCD, and I hope to learn something about
the dynamics of QCD by studying SQCD with AMSB.
The most remarkable property of the anomaly

mediated supersymmetry breaking is its ultraviolet-
insensitivity. The expressions for the supersymmetry
breaking parameters above depend on wave function
renormalization and running coupling constants, which
jump when heavy fields are integrated out from the the-
ory. It turns out that the threshold corrections from the
loops of heavy fields precisely give the necessary jump.
Therefore the above expressions remain true at all en-
ergy scales and depend only on the particle content and
interactions present at that energy scale. This point can
be verified explicitly in perturbative calculations, and is
very transparent in the DR scheme [17].
One way to intuitively understand the ultraviolet-

insensitivy is the analogy to quantum field theory in
curved spacetime. To describe QCD in a curved space-
time, I couple the QCD Lagrangian to the background
spacetime metric. When QCD confines, I switch to the
chiral Lagrangian, and I couple it to the same metric.
This is because the back reaction of QCD dynamics to
the metric is suppressed by the Planck scale and can
be safely ignored. For anomaly-mediated supersymme-
try breaking, the Weyl compensator can be viewed as a
part of the background supergravity multiplet. Ignoring
the back reaction to the superspacetime, I couple the field
theory to the same supergravity background no matter
what non-perturbative dynamics takes place.
Since the low-energy dynamics of SQCD is well un-

derstood thanks to Seiberg, I couple its low-energy limit
to AMSB to work out the ground state exactly. In par-
ticular, I am interested in the symmetry of the ground
state exactly in the limit m ⌧ ⇤ under a full theoretical
control. I will then discuss how it may be connected to
the dynamics of QCD as m is increased beyond ⇤ hop-
ing there is no phase transition, so that the ASQCD and
QCD belong to the same universality class. What I find
below is encouraging. I assume Nc � 3 in the discussions
below.

Nf < Nc

The dynamics is described in terms of the meson fields
M

ij with the non-perturbative A✏eck–Dine–Seiberg
(ADS) superpotential

W = (Nc �Nf )

✓
⇤3Nc�Nf

detM
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. (9)

The SQCD has a run-away potential and hence no ground
states. When M � ⇤2, Mij = M�ij describes the D-flat
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variance at the tree-level. However, conformal invariance
is anomalously broken due to the running of coupling con-
stants, and there are loop-level supersymmetry breaking
e↵ects in tri-linear couplings, scalar masses, and gaugino
masses,

Aijk(µ) = �1

2
(�i + �j + �k)(µ)m, (4)

m
2
i (µ) = �1

4
�̇i(µ)m

2
, (5)

m�(µ) = ��(g2)

2g2
(µ)m. (6)

Here, �i = µ
d
dµ lnZi(µ), �̇ = µ

d
dµ�i, and �(g2) = µ

d
dµg

2.
In general, physical masses are the sum of contributions
from the superpotential (tree-level or non-perturbative),
tree-level AMSB (3) and loop-level AMSB (4,5,6).

In the supersymmetric SU(Nc) QCD with Nf flavors
in the fundamental representation (SQCD), I find at the
leading order of ASQCD

m
2
Q = m

2
Q̃
=

g
4

(8⇡2)2
2Ci(3Nc �Nf )m

2
, (7)

m� =
g
2

16⇡2
(3Nc �Nf )m. (8)

Here, Ci =
N2

c�1
2Nc

, and m
2
Q > 0 in the range Nf < 3Nc
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ticle content is identical to that of non-supersymmetric
QCD. As m is increased beyond the dynamical scale of
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grated out, and the theory does become QCD. I do not
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control. I will then discuss how it may be connected to
the dynamics of QCD as m is increased beyond ⇤ hop-
ing there is no phase transition, so that the ASQCD and
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below.
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A surprise - tree-level AMSB effects

• If there is a non-scale invariant superpotential: will 
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part of the background supergravity multiplet. Ignoring
the back reaction to the superspacetime, I couple the field
theory to the same supergravity background no matter
what non-perturbative dynamics takes place.
Since the low-energy dynamics of SQCD is well un-

derstood thanks to Seiberg, I couple its low-energy limit
to AMSB to work out the ground state exactly. In par-
ticular, I am interested in the symmetry of the ground
state exactly in the limit m ⌧ ⇤ under a full theoretical
control. I will then discuss how it may be connected to
the dynamics of QCD as m is increased beyond ⇤ hop-
ing there is no phase transition, so that the ASQCD and
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below.
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time, I couple the QCD Lagrangian to the background
spacetime metric. When QCD confines, I switch to the
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This is because the back reaction of QCD dynamics to
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part of the background supergravity multiplet. Ignoring
the back reaction to the superspacetime, I couple the field
theory to the same supergravity background no matter
what non-perturbative dynamics takes place.
Since the low-energy dynamics of SQCD is well un-

derstood thanks to Seiberg, I couple its low-energy limit
to AMSB to work out the ground state exactly. In par-
ticular, I am interested in the symmetry of the ground
state exactly in the limit m ⌧ ⇤ under a full theoretical
control. I will then discuss how it may be connected to
the dynamics of QCD as m is increased beyond ⇤ hop-
ing there is no phase transition, so that the ASQCD and
QCD belong to the same universality class. What I find
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The upper part is an Nf ⇥ Nf block, while the lower
part (Nc � Nf ) ⇥ Nf . Therefore the Lagrangian along
this direction in ASQCD is

L =

Z
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+
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The corresponding potential is
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Note that there is now a well-defined minimum (see
Fig. 1),

Mij = ⇤2
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4Nf (Nc +Nf )

3Nc �Nf

⇤

m

◆(Nc�Nf )/Nc

�ij . (13)

The minimum is indeed at Mij � ⇤2 which justifies
the weakly-coupled analysis. The mass for mesons from
AMSB is loop suppressed and hence can be ignored. The
SU(Nf )Q ⇥ SU(Nf )Q̃ flavor symmetry is dynamically
broken to SU(Nf )V . The massless particle spectrum is
the corresponding Nambu–Goldstone bosons (pions) [34].
The scalar and fermion partners of the Nambu–Goldstone
bosons (NGBs) have mass that grows with m. Naively
increasing m beyond ⇤, the only remaining degrees of
freedom are massless NGBs. This seems to match the ex-
pectations in QCD with small number of flavors. There
is no sign of a phase transition and the two limits are
likely continuously connected.

Nf = Nc

This is the case of quantum modified moduli space
described by the superpotential

W = X(detM � B̃B � ⇤2Nc). (14)

Given the successful and highly non-trivial anomaly
matching conditions, it is believed that the Kähler poten-
tial is regular at the origin for meson and baryon super-
fields. By going to canonical normalization of the fields,

Figure 1: Schematics of the potential for Nf < Nc. The red
curve is for SQCD with run-away behavior, while the blue
curve for ASQCD has a well-defined minimum.

I find the superpotential

W = X
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�
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⇤Nc�2
� B̃B � ⇤2

◆
. (15)

Here, �, are dimensionless coupling constants. I find
two candidate ground states which I work out to the first
order in m ⌧ ⇤.

One is

M
ij = �

�1/Nc⇤�ij , B = B̃ = 0,

X = �
�2/Ncm, V = �Nc�

�2/Ncm
2⇤2

. (16)

The massless spectrum is the NGBs of SU(Nf )Q ⇥
SU(Nf )Q̃/SU(Nf )V . The anomalies are matched by the
Wess–Zumino term [18, 19] induced by integrating out
massive mesinos.

The other is

M
ij = 0, B = B̃ = 

�1/2⇤,

X = 
�1

m, V = �(2)�1
m

2⇤2
. (17)

The massless spectrum is the NGB of spontaneously bro-
ken U(1)B and mesinos that match the anomalies of
SU(Nf )Q ⇥ SU(Nf )Q̃.

I cannot determine which minimum is lower without
knowing � and . However, the first one is likely be con-
tinuously connected to QCD, while it is di�cult to imag-
ine there are massless mesinos in the non-supersymmetric
limit. Here I rely on the naive dimensional analysis
[20, 21] which suggests � ⇡ (4⇡)Nc/2 and  ⇡ 4⇡. Then
I find the first minimum Eq. (16) is V ⇡ �Nc

1
4⇡m

2⇤2,
while the second Eq. (17) is V ⇡ � 1

8⇡m
2⇤2. There-

fore, Eq. (16) is the global minimum, where we find
massless NGBs of SU(Nf )Q ⇥SU(Nf )Q̃/SU(Nf )V with

f⇡ ⇡ ⇤/(4⇡)2, as well as baryons that acquire mass
mB ⇡ m. This is an analytic demonstration that QCD
with 3 colors and 3 flavors break chiral symmetry with
massless pions and massive baryons.
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The minimum is indeed at Mij � ⇤2 which justifies
the weakly-coupled analysis. The mass for mesons from
AMSB is loop suppressed and hence can be ignored. The
SU(Nf )Q ⇥ SU(Nf )Q̃ flavor symmetry is dynamically
broken to SU(Nf )V . The massless particle spectrum is
the corresponding Nambu–Goldstone bosons (pions) [34].
The scalar and fermion partners of the Nambu–Goldstone
bosons (NGBs) have mass that grows with m. Naively
increasing m beyond ⇤, the only remaining degrees of
freedom are massless NGBs. This seems to match the ex-
pectations in QCD with small number of flavors. There
is no sign of a phase transition and the two limits are
likely continuously connected.

Nf = Nc

This is the case of quantum modified moduli space
described by the superpotential

W = X(detM � B̃B � ⇤2Nc). (14)

Given the successful and highly non-trivial anomaly
matching conditions, it is believed that the Kähler poten-
tial is regular at the origin for meson and baryon super-
fields. By going to canonical normalization of the fields,

Figure 1: Schematics of the potential for Nf < Nc. The red
curve is for SQCD with run-away behavior, while the blue
curve for ASQCD has a well-defined minimum.
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Here, �, are dimensionless coupling constants. I find
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The massless spectrum is the NGBs of SU(Nf )Q ⇥
SU(Nf )Q̃/SU(Nf )V . The anomalies are matched by the
Wess–Zumino term [18, 19] induced by integrating out
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The massless spectrum is the NGB of spontaneously bro-
ken U(1)B and mesinos that match the anomalies of
SU(Nf )Q ⇥ SU(Nf )Q̃.

I cannot determine which minimum is lower without
knowing � and . However, the first one is likely be con-
tinuously connected to QCD, while it is di�cult to imag-
ine there are massless mesinos in the non-supersymmetric
limit. Here I rely on the naive dimensional analysis
[20, 21] which suggests � ⇡ (4⇡)Nc/2 and  ⇡ 4⇡. Then
I find the first minimum Eq. (16) is V ⇡ �Nc
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while the second Eq. (17) is V ⇡ � 1

8⇡m
2⇤2. There-

fore, Eq. (16) is the global minimum, where we find
massless NGBs of SU(Nf )Q ⇥SU(Nf )Q̃/SU(Nf )V with

f⇡ ⇡ ⇤/(4⇡)2, as well as baryons that acquire mass
mB ⇡ m. This is an analytic demonstration that QCD
with 3 colors and 3 flavors break chiral symmetry with
massless pions and massive baryons.
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The minimum is indeed at Mij � ⇤2 which justifies
the weakly-coupled analysis. The mass for mesons from
AMSB is loop suppressed and hence can be ignored. The
SU(Nf )Q ⇥ SU(Nf )Q̃ flavor symmetry is dynamically
broken to SU(Nf )V . The massless particle spectrum is
the corresponding Nambu–Goldstone bosons (pions) [34].
The scalar and fermion partners of the Nambu–Goldstone
bosons (NGBs) have mass that grows with m. Naively
increasing m beyond ⇤, the only remaining degrees of
freedom are massless NGBs. This seems to match the ex-
pectations in QCD with small number of flavors. There
is no sign of a phase transition and the two limits are
likely continuously connected.

Nf = Nc

This is the case of quantum modified moduli space
described by the superpotential

W = X(detM � B̃B � ⇤2Nc). (14)

Given the successful and highly non-trivial anomaly
matching conditions, it is believed that the Kähler poten-
tial is regular at the origin for meson and baryon super-
fields. By going to canonical normalization of the fields,

Figure 1: Schematics of the potential for Nf < Nc. The red
curve is for SQCD with run-away behavior, while the blue
curve for ASQCD has a well-defined minimum.
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Here, �, are dimensionless coupling constants. I find
two candidate ground states which I work out to the first
order in m ⌧ ⇤.

One is
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The massless spectrum is the NGBs of SU(Nf )Q ⇥
SU(Nf )Q̃/SU(Nf )V . The anomalies are matched by the
Wess–Zumino term [18, 19] induced by integrating out
massive mesinos.

The other is
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ij = 0, B = B̃ = 
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The massless spectrum is the NGB of spontaneously bro-
ken U(1)B and mesinos that match the anomalies of
SU(Nf )Q ⇥ SU(Nf )Q̃.

I cannot determine which minimum is lower without
knowing � and . However, the first one is likely be con-
tinuously connected to QCD, while it is di�cult to imag-
ine there are massless mesinos in the non-supersymmetric
limit. Here I rely on the naive dimensional analysis
[20, 21] which suggests � ⇡ (4⇡)Nc/2 and  ⇡ 4⇡. Then
I find the first minimum Eq. (16) is V ⇡ �Nc

1
4⇡m

2⇤2,
while the second Eq. (17) is V ⇡ � 1

8⇡m
2⇤2. There-

fore, Eq. (16) is the global minimum, where we find
massless NGBs of SU(Nf )Q ⇥SU(Nf )Q̃/SU(Nf )V with

f⇡ ⇡ ⇤/(4⇡)2, as well as baryons that acquire mass
mB ⇡ m. This is an analytic demonstration that QCD
with 3 colors and 3 flavors break chiral symmetry with
massless pions and massive baryons.



Phase for QCD* for Nf<Nc  

• Symmetry breaking pattern


• As in QCD, massless DOF’s just pions


• Could be continuously connected to actual QCD for 
m>>𝚲                                                    
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The minimum is indeed at Mij � ⇤2 which justifies
the weakly-coupled analysis. The mass for mesons from
AMSB is loop suppressed and hence can be ignored. The
SU(Nf )Q ⇥ SU(Nf )Q̃ flavor symmetry is dynamically
broken to SU(Nf )V . The massless particle spectrum is
the corresponding Nambu–Goldstone bosons (pions) [34].
The scalar and fermion partners of the Nambu–Goldstone
bosons (NGBs) have mass that grows with m. Naively
increasing m beyond ⇤, the only remaining degrees of
freedom are massless NGBs. This seems to match the ex-
pectations in QCD with small number of flavors. There
is no sign of a phase transition and the two limits are
likely continuously connected.

Nf = Nc

This is the case of quantum modified moduli space
described by the superpotential

W = X(detM � B̃B � ⇤2Nc). (14)

Given the successful and highly non-trivial anomaly
matching conditions, it is believed that the Kähler poten-
tial is regular at the origin for meson and baryon super-
fields. By going to canonical normalization of the fields,
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Figure 1: Schematics of the potential for Nf < Nc. The red
curve is for SQCD with run-away behavior, while the blue
curve for ASQCD has a well-defined minimum.
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Here, �, are dimensionless coupling constants. I find
two candidate ground states which I work out to the first
order in m ⌧ ⇤.

One is

M
ij = �

�1/Nc⇤�ij , B = B̃ = 0,

X = �
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The massless spectrum is the NGBs of SU(Nf )Q ⇥
SU(Nf )Q̃/SU(Nf )V . The anomalies are matched by the
Wess–Zumino term [18, 19] induced by integrating out
massive mesinos.

The other is

M
ij = 0, B = B̃ = 

�1/2⇤,

X = 
�1

m, V = �(2)�1
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The massless spectrum is the NGB of spontaneously bro-
ken U(1)B and mesinos that match the anomalies of
SU(Nf )Q ⇥ SU(Nf )Q̃.

I cannot determine which minimum is lower without
knowing � and . However, the first one is likely be con-
tinuously connected to QCD, while it is di�cult to imag-
ine there are massless mesinos in the non-supersymmetric
limit. Here I rely on the naive dimensional analysis
[20, 21] which suggests � ⇡ (4⇡)Nc/2 and  ⇡ 4⇡. Then
I find the first minimum Eq. (16) is V ⇡ �Nc

1
4⇡m

2⇤2,
while the second Eq. (17) is V ⇡ � 1

8⇡m
2⇤2. There-

fore, Eq. (16) is the global minimum, where we find
massless NGBs of SU(Nf )Q ⇥SU(Nf )Q̃/SU(Nf )V with

f⇡ ⇡ ⇤/(4⇡)2, as well as baryons that acquire mass
mB ⇡ m. This is an analytic demonstration that QCD
with 3 colors and 3 flavors break chiral symmetry with
massless pions and massive baryons.
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Pure SYM - gaugino condensation

<latexit sha1_base64="DSAU7uIJ5PQ26wmt70JkPL2laZg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ29W6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81Bk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophtf+VKgkRa7YYlGYSoIxyf4mA6E5QzmxhDIt7K2EjaimDG06WQje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH9ZhjYQ=</latexit>

}

<latexit sha1_base64="DSAU7uIJ5PQ26wmt70JkPL2laZg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ29W6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81Bk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophtf+VKgkRa7YYlGYSoIxyf4mA6E5QzmxhDIt7K2EjaimDG06WQje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH9ZhjYQ=</latexit>

}

<latexit sha1_base64="DSAU7uIJ5PQ26wmt70JkPL2laZg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ29W6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81Bk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophtf+VKgkRa7YYlGYSoIxyf4mA6E5QzmxhDIt7K2EjaimDG06WQje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH9ZhjYQ=</latexit>

}

ADS  

Quantum modified constraint
s-confinement

Free magnetic phase

Conformal

<latexit sha1_base64="7RndExNmMAvfWbXcXIFQuzadQ/I=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m0VE9SFMSTVDBtoQ1ls920SzebsLsRSuhv8OJBEa/+IG/+GzdtDtr6YODx3gwz8/yYM6Vt+9sqrKyurW8UN0tb2zu7e+X9g5aKEkmoSyIeyY6PFeVMUFczzWknlhSHPqdtf3yT+e0nKhWLxKOexNQL8VCwgBGsjeTeXp3fl/rlil21Z0DLxMlJBXI0++Wv3iAiSUiFJhwr1XXsWHsplpoRTqelXqJojMkYD2nXUIFDqrx0duwUnRhlgIJImhIazdTfEykOlZqEvukMsR6pRS8T//O6iQ4uvZSJONFUkPmiIOFIRyj7HA2YpETziSGYSGZuRWSEJSba5JOF4Cy+vExaZ1WnXq091CqN6zyOIhzBMZyCAxfQgDtoggsEGDzDK7xZwnqx3q2PeWvBymcO4Q+szx9kQ43E</latexit>

F > 3N Theory IR free

<latexit sha1_base64="DSAU7uIJ5PQ26wmt70JkPL2laZg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ29W6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81Bk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophtf+VKgkRa7YYlGYSoIxyf4mA6E5QzmxhDIt7K2EjaimDG06WQje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH9ZhjYQ=</latexit>

}

<latexit sha1_base64="DSAU7uIJ5PQ26wmt70JkPL2laZg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ29W6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81Bk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophtf+VKgkRa7YYlGYSoIxyf4mA6E5QzmxhDIt7K2EjaimDG06WQje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH9ZhjYQ=</latexit>

}

<latexit sha1_base64="DSAU7uIJ5PQ26wmt70JkPL2laZg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ29W6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81Bk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophtf+VKgkRa7YYlGYSoIxyf4mA6E5QzmxhDIt7K2EjaimDG06WQje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH9ZhjYQ=</latexit>

}
<latexit sha1_base64="DSAU7uIJ5PQ26wmt70JkPL2laZg=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48V7Qe0oWy2m3bpZhN2J0Ip/QlePCji1V/kzX/jps1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7Gt5nffuLaiFg94iThfkSHSoSCUbTSQ29W6pcrbtWdg6wSLycVyNHol796g5ilEVfIJDWm67kJ+lOqUTDJZ6VeanhC2ZgOeddSRSNu/On81Bk5s8qAhLG2pZDM1d8TUxoZM4kC2xlRHJllLxP/87ophtf+VKgkRa7YYlGYSoIxyf4mA6E5QzmxhDIt7K2EjaimDG06WQje8surpHVR9S6rtftapX6Tx1GEEziFc/DgCupwBw1oAoMhPMMrvDnSeXHenY9Fa8HJZ47hD5zPH9ZhjYQ=</latexit>

}

QCD-like  

QCD-like  

QCD-like  

Runaway?

+QCD-like 
local

Non-calc +QCD  

PURE SUSY QCD AMSB QCD



• Naive assumption U(1)A anomalous, broken by 
instantons, so instanton effects will give mass to 𝛈’?


• Form of chiral Lagrangian would be 


• In terms of 𝛈’

where we assumed that the anomaly is due to fundamental fermions of an SU(N) gauge

group. In the absence of the anomaly the Goldstone boson ⌘0 corresponding to the breaking

of the U(1)A would be massless, however in the presence of anomalies it would be expected

to be just another massive particle. In particular ‘t Hooft argued that instanton e↵ects will

solve the U(1) problem: the case of the missing ninth Goldstone boson in QCD.

The general approach to capture this physics is to promote the ✓ parameter of the gauge

theory causing the U(1)A anomaly to a spurion. We know that the chiral rotation  i ! ei↵ i

has the e↵ect of rotating the ✓ angle:

✓ ! ✓ � F↵ . (2.2)

As customary in supersymmetric theories, we can introduce a complex coupling constant

⌧ =
8⇡2

g2
+ i✓ (2.3)

where g is the gauge coupling. The instanton action is 8⇡2/g2, hence one instanton e↵ects are

proportional to e�8⇡2/g2
/ e�⌧

/ e�i✓. This means that instanton e↵ects will always involve

an explicit e±in✓ factor, where n is an integer, giving rise to the explicit breaking of the axial

symmetry.

As an example we can consider the simplest term in the chiral Lagrangian that would

correspond to a one-instanton e↵ect. For this we need to introduce the non-linearly realized

Goldstone field U , which under the SU(N)L⇥SU(N)R⇥U(1)A global symmetries transforms

as

U ! ei↵ULUU †
R (2.4)

and can be parametrized as

U = ei⌘
0/f⌘0ei⇡

aTa/f⇡ (2.5)

in accordance with the expectation that the ⌘0 shifts under the axial symmetry as

⌘0/f⌘0 ! ⌘0/f⌘0 + ↵ (2.6)

f⌘0 and f⇡ are the ⌘0 and ⇡ decay constants. We will assume for simplicity that f⌘0 = f⇡ to

ensure that one does not need to rescale the ⌘0 field to obtain a canonical kinetic term for it.

In addition to the usual leading terms in the chiral Lagrangian

L = f2
⇡Tr

h
(@µU)†@µU

i
+ a⇤f2

⇡TrmQU + h.c. (2.7)

where ⇤ ⇠ 4⇡f⇡ is the QCD scale. An instanton generated term would be of the form

Linst = b⇤2f2
⇡e

i✓ detU + h.c. (2.8)

where b is an unknown dimensionless coe�cient. This term breaks the axial symmetry ex-

plicitly, which is however restored if we take the shift of ✓ into account. The reason why
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Note that we have absorbed the decay constants f⌘0 and f⇡ into ⌘0 and ⇡, respectively, so

that the meson fields are dimensionless. The usual leading terms in the chiral Lagrangian

can be written as

L =
f2
⇡

4
Tr

h
(@µU)†@µU

i
+ ↵⇤f2

⇡ (Tr [mQU ] + h.c.) , (2.8)

where ⇤ ' 4⇡f⇡ is the dynamical scale of the gauge group, ↵ is an O(1) number, mQ is the

quark mass matrix, and we assumed that f⌘0 = f⇡ and the SU(F ) generators are normalized

as Tr[T aT b] = 2�ab.

A simple ✓ and ⌘0 dependent term, which is typically included, is

Linst = b⇤2f2
⇡e

�i✓ detU + h.c. (2.9)

where b is an unknown dimensionless coe�cient. This term breaks the axial symmetry ex-

plicitly, which is however restored if we promote ✓ to a spurion. Eq. (2.9) corresponds to

an ordinary instanton because it is proportional to e�i✓ - the hallmark of 1-instanton e↵ects,

which we will expand on in the next Section. The resulting potential for the ⌘0 is

V⌘0 = �2b⇤2f2
⇡ cos(✓ � F⌘0) , (2.10)

a function which is explicitly 2⇡ periodic in ✓ without branch cuts or singularities. Further-

more, in the absense of quark masses, given the transformations Eq. (2.4) and Eq. (2.7) any

potential term can only depend on the U(1)A invariant combination ✓ � F⌘0.

To analyze the vacuum structure of the theory (and the axion mass) one can integrate

out the ⌘0 and after that the pions. Since the ⌘0 is much heavier than the pions, we can set it

to its vev determined from Eq. (2.10), ⌘0 = (✓+2k⇡)/F , where k is an arbitrary integer. We

can also assume that the quark mass matrix has only one overall phase ✓q, i.e. mQ = ei✓qmq

(which can always be achieved by a suitable SU(F )L⇥SU(F )R rotation). Hence the potential

for the lightest pseudo-Goldstone bosons can be obtained from Eq. (2.8) and is given by

V⇡ = �↵⇤f2
⇡e

i(✓̄+2⇡k)/FTr(mqe
i⇡aTa

) + h.c. (2.11)

where ✓̄ = ✓+ F✓q is the usual observable physical ✓̄. To find the ✓ dependence one needs to

minimize the potential with respect to the neutral Goldstone bosons. For F flavors there will

be F�1 neutral Goldstones corresponding to the Cartan sub-algebra of SU(F )A. The Cartan

sub-algebra is generated by t1, . . . , tF�1, which are the generators that can be simultaneously

diagonalized. The resulting potential is

V⇡ = �2↵⇤f2
⇡

FX

i=1

mi cos

0

@ ✓̄ + 2⇡k

F
+

F�1X

j=1

tji⇡
j

1

A (2.12)

where mi is the ith diagonal element of the quark mass matrix and tji is the ith diagonal

element of the jth Cartan generator. Clearly if any mi = 0 one can simply set the remaining
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Chiral Lagrangian and 𝛈’ potential - ``usual”



• Would correspond to instanton effect because ~ ei𝜽


• Would give 𝛈’ mass ~ 𝝠 


• Consistent with spurion analysis for axial U(1):


• After integrating out 𝛈’  
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Chiral Lagrangian and 𝛈’ potential - ``usual”

scale ⇤, the quark masses can be considered a pertubation and the pions as pseudo-Goldstone

bosons, whose masses are suppressed by the quark masses mq/⇤.

The vector U(1)L+U(1)R factor is identified with unbroken baryon number U(1)B. The

axial U(1)A = U(1)L � U(1)R is anomalous, with the anomaly given by

@µj
µ
A = F

g2

8⇡2
TrGG̃ (2.1)

where we assumed that the anomaly is only due to the fundamental fermions of the SU(N)

gauge group. Here g is the SU(N) gauge coupling and TrG eG ⌘ (1/2)✏µ⌫⇢�
PN2�1

a=1 Ga
µ⌫G

a
⇢�.

In the absence of the anomaly the Goldstone boson ⌘0, associated to the U(1)A current, is

massless. However, in the presence of the anomaly, the ⌘0 is expected to be just another

massive particle, much heavier than the pseudo-Goldstone pions. In particular, ‘t Hooft

argued that instanton e↵ects explain the absence of a light ⌘0 (they solve the so called “U(1)-

problem”) [11, 12].

The general approach to capture the physics of the U(1)A breaking in the Chiral La-

grangian is to promote the ✓ parameter of the gauge theory, defined as

L � ✓
g2

32⇡2
TrG eG , (2.2)

to a spurion. Under a chiral rotation of the quarks

 j ! ei' j ,  c
j ! ei' c

j , j = 1, ..., F , (2.3)

the path integral measure changes non-trivially [13, 14]. This can be compensated by a shift

of the ✓ angle: [MR: the chiral transformation changes ✓ ! ✓ � 2F', i.e. in order to make

it a spurious symmetry ✓ has to transform as ✓ ! ✓ + 2F'. I have changed ✓ ! �✓ in the

following.]

✓ ! ✓ + 2F' . (2.4)

Assigning this transformation behavior to ✓ promotes it to a spurion and formally restores

the U(1)A symmetry. Thus it can be used as a building block in the chiral Lagrangian to

construct U(1)A invariant terms. For this we need to introduce the non-linearly realized

Goldstone field U , which under the SU(F )L⇥SU(F )R⇥U(1)A global symmetries transforms

as

U ! e2i↵ULUU †
R (2.5)

and can be parametrized as

U = ei⌘
0
ei⇡

aTa
(2.6)

in accordance with the expectation that the ⌘0 shifts under the axial symmetry as

⌘0 ! ⌘0 + 2' . (2.7)
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•  To get 𝝷 dependence of potential also integrate out 
pions:


• If we also had a physical QCD axion: separate PQ 
symmetry 


• To get axion mass: integrate out pions! With axion 
easy to solve EOM’s, quadratic term around minimum

F � 1 arguments of the cosines to zero and reabsorb ✓̄ into the VEVs of the neutral mesons.

However if all mi’s are non-zero one needs to minimize the potential of the sum of cosines

and the value at the minimum will be ✓̄-dependent, leading to a non-vanishing axion mass.

For example for F = 2 the potential is

V2 = �2↵⇤f2
⇡


mu cos

✓
✓̄

2
+ k⇡ + ⇡0

◆
+md cos

✓
✓̄

2
+ k⇡ � ⇡0

◆�
(2.13)

in which case the inequivalent choices for k are k = 0, 1. with the minimum of the potential

given by

Vmin = �2|↵|⇤f2
⇡

q
m2

u +m2
d + 2mumd cos ✓̄ (2.14)

For F = 3 we get

V = �2↵⇤f2
⇡


mu cos

✓
✓̄ + 2k⇡

3
+ ⇡0 +

⌘
p
3

◆
+md cos

✓
✓̄ + 2k⇡

3
� ⇡0 +

⌘
p
3

◆

+ms cos

✓
✓̄ + 2k⇡

3
�

2⌘
p
3

◆� (2.15)

where now k = 0, 1, 2 are inequivalent. The equations for ⇡0, ⌘ have to be minimized numer-

ically.

[MR: Comment on the branch structure and possibility to eliminate 2k⇡ by shifting ⇡0

and ⌘ in each branch and that this will lead to discontinuities in the ⇡0 and ⌘ VEVs.]

3 Instanton vs. condensates: large N limit and branched potential

The chiral Lagrangian term Eq. (2.9), has the characteristic form of a one-instanton e↵ect.

The action of a single instanton is SI = 8⇡2/g2, and an instanton always shows up with

an e±i✓ factor, because it has winding number one for an instanton and minus one for an

anti-instanton. This means that a one-instanton e↵ect is always proportional to

e�8⇡2/g2±i✓ . (3.1)

In supersymmetric theories (as we will see in the second half of this paper) it is customary

to introduce a complex (“holomorphic”) coupling constant ⌧ = 4⇡i
g2 + ✓

2⇡ where g is the gauge

coupling. The instanton e↵ect is then proportional to e2⇡i⌧ . One important takeaway is that

instanton e↵ects will always involve an explicit e±in✓ factor, where n is an integer, giving rise

to the explicit breaking of the axial symmetry.

Another alternative important quantity to consider is the dynamical scale of the theory,

the generalization of ⇤QCD. To one loop order it is defined as

⇤ = µe
� 8⇡2

b0g
2(µ) (3.2)

where µ is an arbitrary scale, and b0 is the one loop beta function coe�cient. One can easily

show that this scale is RGE invariant to one loop order. This shows, that instanton e↵ects
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Goldstone boson, the axion a will have a separate shift symmetry under which

a ! a+ ', ✓ ! ✓ � n' (4.1)

where n is the anomaly coe�cient of U(1)PQ under QCD EK: Is n standard notation? If not

can we use a di↵erent letter. This implies that the QCD potential will now depend on the

combination ✓+F⌘0 + na. The QCD potential will give a mass to one combination of ⌘0 and

a, and the orthogonal combination will remain as a massless degree of freedom. Since the

dimensionless ⌘0 is actually suppressed by f⇡ while the dimensionless a by fa and fa � f⇡ the

massive field will be strongly dominated by ⌘0, and the massless one to a good approximation

is the axion.

For concreteness let us consider the potential on the kth branch to be

Vk(⌘
0, a,⇡i) = �2N⇤2f2

⇡ cos
✓ + F⌘0 + na+ 2⇡k

N
�2↵⇤2f2

⇡

FX

i=1

mi

⇤
cos(⌘0+✓q+

F�1X

j=1

tji⇡
j) (4.2)

Integrating out ⌘0 will give to leading order in mi/⇤

⌘0 = �
1

F
(✓ + na+ 2⇡k) . (4.3)

As expected the ⌘0 adjusts to cancel the QCD potential, and to leading order washes out all

the e↵ects of the various branches. The axion potential, to leading order is then

Va = �2↵⇤2f2
⇡

FX

i=1

mi

⇤
cos

0

@ ✓̄ + an

F
�

F�1X

j=1

tji⇡
j

1

A (4.4)

where ✓̄ = ✓ + 2⇡k � F✓q is the physical ✓̄.1

This discussion also clarifies that while the axial anomaly is related to the generation

of the QCD contribution of the axion mass, it is not IR instantons that directly contribute

to the axion potential. Thus attempts at trying to draw instanton diagrams representing ’t

Hooft operators in order to explain the usual axion mass formula are futile. This of course

does not mean that there could not be additional contributions from small instantons much

above the QCD scale to the axion mass. There are indeed many models for that, using various

modifications of the QCD dyanmics in the UV to obtain such terms (see e.g. [17–22]).

Finally let us discuss a simple method to obtain the closed form expression of the axion

mass for arbitrary number flavors, to leading order in mi/⇤ and f⇡/fa. With the axion as

a dynamical field in (4.4), it is trivial to find the minimum of this potential: the axion will

1
One should not try to minimize the ⌘0

potential in (4.2) to higher order in mi/⇤. Including the shift in

the ⌘0
VEV due to the quark masses will have an e↵ect on the axion potential equivalent to considering a term

suppressed by higher powers of mi/⇤ in the chiral Lagrangian of the form �↵2f2
⇡

N
8F2

h
Tr

⇣
mQU � U†m†

Q

⌘i2
.
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example we will find gluino condensation as the origin of confinement, the ⌘0 mass and the

various branches of the theory.

4 The axion mass

Let us now investigate how all of this a↵ects the potential of the axion. For this we have
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Hooft operators in order to explain the usual axion mass formula are futile. This of course

does not mean that there could not be additional contributions from small instantons much

above the QCD scale to the axion mass. There are indeed many models for that, using various

modifications of the QCD dyanmics in the UV to obtain such terms (see e.g. [18–23]).

Finally let us discuss a simple method to obtain the closed form expression of the axion

mass for arbitrary number flavors, to leading order in mi/⇤ and f⇡/fa. With the axion as

a dynamical field in (4.4), it is trivial to find the minimum of this potential: the axion will

just cancel ✓̄ while all the pions will have a vanishing VEV. Hence finding the mass matrix is

very simple, it is just a sum of pure quadratic terms

Va = ↵⇤2f2
⇡

FX

i=1

mi

⇤

0

@an

F
+

F�1X

j=1

tji⇡
j

1

A
2

(4.5)

Integrating out the pions (which are much heavier than the axion) we directly obtain the

expression for the axion mass for arbitrary number of flavors:2

m2
a = ↵⇤n2 f

2
⇡

f2
a

 
FX

i=1

m�1
i

!�1

. (4.6)

As expected, if any of the quark masses vanish, the axion mass will vanish too. The coe�cient

can be related to the pion masses by using the relation
PF�1

i m2
⇡i

= 4↵⇤F�1
F

PF
i mi to arrive

at the axion mass

m2
a =

n2F

2(F � 1)

f2
⇡

f2
a

Trm2
⇡

TrmqTrm
�1
q

. (4.7)

For F = 2 we get the usual expressions

m2
a = 2↵⇤n2 f

2
⇡

f2
a

mumd

mu +md
= n2m2

⇡
f2
⇡

f2
a

mumd

(mu +md)2
. (4.8)

5 Lessons for the Chiral Lagrangian from Supersymmetric QCD with AMSB:
Summary of Results

Now that we have reviewed the standard lore about the dynamics leading to the ⌘0 and axion

masses, we are ready to present our results for the analogous quantities in the supersymmetric

extensions of QCD, where a small amount of supersymmetry breaking is introduced via

anomaly mediation (AMSB) [3, 24–26]. We will start with the exact vacuum of SUSY QCD

and then introduce SUSY breaking via AMSB. As explained in [27] the e↵ect of AMSB will

generate a mass for the squarks and gluinos proportional to the amount of SUSY breaking

denoted by m. To mimick ordinary QCD, we will also introduce quark masses mQ in the

superpotential, and consider the limit mQ ⌧ m ⌧ ⇤. This will allow us to find the chiral

Lagrangian of this QCD-like theory, and in particular identify the potential of the ⌘0, as well

2
For more details see App. B.
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Condensates and large N limit
• Issue: large N limit anomaly vanishes


• 𝛈’ mass should vanish in this limit


• But from                                does not vanish for large 
N


• Witten: 𝛈’ needs to cancel 𝜽 dependence of pure QCD 
vacuum energy                            


• Form of potential  

3 Instanton vs. condensates: large N limit and branched potential

Witten and Veneziano pointed out however that the situation regarding the ⌘0 potential might

not be as simple as outlined in the previous discussion. The best way to see the possible issue

is by considering the large N limit of the theory, keeping the ‘t Hooft coupling g2N = � fixed.

The chiral anomaly (assuming the number of flavors is held fixed) vanishes in this limit

@µj
µ
A ⇠ F

g2

16⇡2
TrGG̃ ⇠

�

16⇡2

F

N
TrGG̃ ! 0 (3.1)

hence the expectation is that the ⌘0 mass also vanishes in this limit. However the type of

instanton generated term we have used in the previous section ⇤2f2ei✓ detU does not go to

zero for N ! 1 since ⇤ is fixed, so in the large N limit it is unlikely to capture the correct

physics responsible for the ⌘0 mass. In fact a naive argument would suggest that all instanton

e↵ects should vanish in the large N limit, since the instanton action e�8⇡2/g2
/ e�N , however

this may not be correct due to infrared divergences and the growth of the number of zero

modes one needs to integrate over. We will in fact see later cases when there are finite

instanton e↵ects even at large N .

Another convincing argument of Witten is to consider the e↵ect of a massless fermion.

We know that in the presence of a massless ✓ becomes unphysical, since it can be rotated

away by a chiral rotation on the massless fermion. However the vacuum energy of pure QCD

without fermions scales as

E(✓) = N2f(✓) (3.2)

and adding a fermion will give you subleading (1/N -suppressed) corrections to E(✓), and

it seems hard to understand then how the cancellation in the large N limit could occur.

Witten explained that the loophole in this argument is the N -dependence of the ⌘0 mass: if

m2
⌘0 ⇠ 1/N then it can be the source of the cancelation of the ✓-dependence. This leads to

the Veneziano-Witten formula for the ⌘0 mass:

m2
⌘0 =

4F

f2
⇡

d2E

d✓2

����
pure QCD

✓=0

(3.3)

This however implies that the proper term in the chiral Lagrangian accounting for the ⌘0 mass

should rather be of the form

L⌘0 = ⇤2f2
⇡(e

i✓detU)1/N (3.4)

which has several important consequences.1

• The dynamics of the ⌘0 mass does not actually directly originate from an instanton

e↵ect. Instanton terms should always be proportional to ein✓ with n integer.

1Note that one may instead use a term 1/N(log detU � ✓)2 which is essentiall just a pure ⌘0 mass term

1/N(⌘0 � f✓)2.
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Note that we have absorbed the decay constants f⌘0 and f⇡ into ⌘0 and ⇡, respectively, so

that the meson fields are dimensionless. The usual leading terms in the chiral Lagrangian

can be written as

L =
f2
⇡

4
Tr

h
(@µU)†@µU

i
+ ↵⇤f2

⇡ (Tr [mQU ] + h.c.) , (2.8)

where ⇤ ' 4⇡f⇡ is the dynamical scale of the gauge group, ↵ is an O(1) number, mQ is the

quark mass matrix, and we assumed that f⌘0 = f⇡ and the SU(F ) generators are normalized

as Tr[T aT b] = 2�ab.

A simple ✓ and ⌘0 dependent term, which is typically included, is

Linst = b⇤2f2
⇡e

�i✓ detU + h.c. (2.9)

where b is an unknown dimensionless coe�cient. This term breaks the axial symmetry ex-

plicitly, which is however restored if we promote ✓ to a spurion. Eq. (2.9) corresponds to

an ordinary instanton because it is proportional to e�i✓ - the hallmark of 1-instanton e↵ects,

which we will expand on in the next Section. The resulting potential for the ⌘0 is

V⌘0 = �2b⇤2f2
⇡ cos(✓ � F⌘0) , (2.10)

a function which is explicitly 2⇡ periodic in ✓ without branch cuts or singularities. Further-

more, in the absense of quark masses, given the transformations Eq. (2.4) and Eq. (2.7) any

potential term can only depend on the U(1)A invariant combination ✓ � F⌘0.

To analyze the vacuum structure of the theory (and the axion mass) one can integrate

out the ⌘0 and after that the pions. Since the ⌘0 is much heavier than the pions, we can set it

to its vev determined from Eq. (2.10), ⌘0 = (✓+2k⇡)/F , where k is an arbitrary integer. We

can also assume that the quark mass matrix has only one overall phase ✓q, i.e. mQ = ei✓qmq

(which can always be achieved by a suitable SU(F )L⇥SU(F )R rotation). Hence the potential

for the lightest pseudo-Goldstone bosons can be obtained from Eq. (2.8) and is given by

V⇡ = �↵⇤f2
⇡e

i(✓̄+2⇡k)/FTr(mqe
i⇡aTa

) + h.c. (2.11)

where ✓̄ = ✓+ F✓q is the usual observable physical ✓̄. To find the ✓ dependence one needs to

minimize the potential with respect to the neutral Goldstone bosons. For F flavors there will

be F�1 neutral Goldstones corresponding to the Cartan sub-algebra of SU(F )A. The Cartan

sub-algebra is generated by t1, . . . , tF�1, which are the generators that can be simultaneously

diagonalized. The resulting potential is

V⇡ = �2↵⇤f2
⇡

FX

i=1

mi cos

0

@ ✓̄ + 2⇡k

F
+

F�1X

j=1

tji⇡
j

1

A (2.12)

where mi is the ith diagonal element of the quark mass matrix and tji is the ith diagonal

element of the jth Cartan generator. Clearly if any mi = 0 one can simply set the remaining
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m2
⌘0 /

1

N

would be of the form

VF (✓, ⌘
0) = Vpure QCD(✓ � F⌘0). (3.5)

Using the expression in Eq. (3.4) for the vacuum energy this leads directly to the Veneziano-

Witten formula for the ⌘0 mass1 [MR: Could the prefactor be 2F/f2
⇡ in our normalization?

(see footnote)]

m2
⌘0 =

4F

f2
⇡

d2E

d✓2

����
pure QCD

✓=0

. (3.6)

From Eq. (3.4) it is apparent that d2/d✓2 E(✓)|✓=0 ⇠ N0 which together with the N scaling

of the pion decay constant f⇡ ⇠
p
N implies that m2

⌘0 ⇠ 1/N , as expected in the large N

limit. This further justifies the ansatz for the vacuum energy in Eq. (3.4).

In order to incorporate these results in the chiral Lagrangian we have to modify the term

for the ⌘0 mass. Instead of Eq. (2.9) the proper term should rather be of the form

L⌘0 = N⇤2f2
⇡(e

�i✓detU)1/N + h.c. = (3.7)

This potential correctly reproduces the expected scaling m2
⌘0 ⇠ 1/N .2

The form of this potential has several important consequences. First, the dynamics of the

⌘0 mass does not actually directly originate from an instanton e↵ect. Instanton terms should

always be proportional to ein✓ with n integer. Second, the non-analytic form of (3.7) implies

that the vacuum structure of pure QCD is, as already anticipated, non-trivial with various

discontinuous branches. This is needed to ensure that physics remains 2⇡ periodic in shifts of

✓. For example, the pure QCD potential Witten proposed [MR: I replaced f⇡ =
p
N⇤/(4⇡).

Maybe we should drop the (4⇡)2?]

V (✓) = Mink �
2N2

(4⇡)2
⇤4 cos(

✓ + 2⇡k

N
), k = 0, . . . , N � 1 (3.8)

would satify the conditions, in which case one has N di↵erent branches. Once fermions are

introduced, the ✓-dependence will change to ✓ ! ✓ � ⌘0F , and the potential in the chiral

Lagrangian responsible for the ⌘0 mass will be of the form

V (✓, ⌘0) = Mink � 2N⇤2f2
⇡ cos(

✓ � F⌘0 + 2⇡k

N
), k = 0, . . . , N � 1 (3.9)

The potentials (3.8) and (3.9) are plotted in Fig. 1 for N = 3. The solid curve gives the

full potential, while the dashed shows the potential contribution for di↵erent branches. The

potential is not smooth, but remains periodic. The true minimum of the energy is for ✓ = 0.

1
Note that d2/d⌘02Vpure QCD(✓�F⌘0

) = F 2/f2
⇡d

2/d✓2Vpure QCD(✓�F⌘0
). The actual prefactor is achieved

after the ⌘0
kinetic term is canonically normalized.

2
Note that one may instead use a term 1/N(log detU � ✓)2 which is essentially just a pure ⌘0

mass term

1/N(F⌘0
� ✓)2. Expanding Eq. (3.7) will give exactly this mass term to leading order, while the quartic ⌘04

will be suppressed by N4
as expected.
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are proportional to ⇤b0 , which is usually called the instanton factor. It is now clear, that it

may be useful to define a holomorphic version of this dynamical scale that also incorporates

the ✓ dependece of the one-instanton e↵ect, which is simply ⇤b0 = µb0e2⇡i⌧ . One of the great

advantages of this holomorphic scale is that it carries a spurious charge under the anomalous

axial symmetry, and it can be used as the spurion for the breaking of the axial symmetry via

anomalies. For a more detailed discussion of the definition of the dynamical scale (especially

in supersymmetric theories) see App. A.

Witten, Veneziano and Di Vecchia [1, 15, 16] pointed out that the situation regarding the

⌘0 potential might not be as simple as adding the one-instanton motivated e↵ective operator

in Eq. (2.9). The best way to see the possible issue is by considering the large-N limit of

the theory, keeping the ‘t Hooft coupling g2N = � fixed. The chiral anomaly (assuming the

number of flavors is held fixed) vanishes in this limit

@µj
µ
A ⇠ F

g2

8⇡2
TrGG̃ ⇠

�

8⇡2

F

N
TrGG̃ ! 0 (3.3)

and U(1)A is restored. Hence the expectation is that ⌘0 can be treated on the same footing

as all other mesonic GBs in this limit, i.e. its mass vanishes for massless quarks. However the

type of instanton-inspired term, Eq. (2.9), that we have used in the previous Section does not

go to zero for N ! 1, since ⇤ is fixed. In the large N limit it is unlikely to capture the correct

physics responsible for the ⌘0 mass. A naive argument would suggest that all instanton e↵ects

should vanish in the large N limit, since the instanton action e�8⇡2/g2
/ e�N , however this

may not be correct due to infrared divergences and the growth of the number of zero modes

one needs to integrate over. We will in fact see later cases when there are finite instanton

e↵ects even at large N , unsuppressed by e�N .

Another convincing argument by Witten that Eq. (2.9) is not the leading contribution

to the potential, comes from considering the vacuum energy of the theory. In pure QCD

(without fermions), the vacuum energy is proportional to N2 —scaling with the number of

gluons in the theory— and has a non-trivial dependence on ✓ of the form [17]

E(✓) = N2f(✓/N) (3.4)

for some function f . This is motivated by exact results in two dimensional models and by

the fact that it reproduces the expectation that the ⌘0 mass vanishes in the N ! 1 limit,

as we will verify momentarily. The vacuum energy, like all physical quantities, should be

2⇡-periodic in ✓. In order to achieve this despite the dependence on ✓ only through ✓/N

Witten proposed that the potential is in fact discontinuous in ✓ with multiple branches, but

still periodic. We will return to the form of this potential shortly.

Assuming that the small quark masses do not change the underlying dynamics and have

only a small e↵ect on the potential, then the potential for ⌘0 can be deduced from the pure

QCD vacuum energy E(✓). Using the U(1)A symmetry, where ✓ is promoted to a spurion

transforming as in Eq. (2.4) under the U(1)A, the potential with vanishing quark masses
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The Chiral Lagrangian and 𝛈’ potential

•  Non-analytic - how is it 2𝛑 periodic in 𝜽? 


• Need to have several branches, potential of the form 


k=0 k=1k=2

pure QCD (N=3)

0 � 2� 3� 4�
-3�2f�2

0

3�2f�2

�

V
(�
)

k=0k=1k=2

F=2,N=3

0 � 2� 3� 4�
-3�2f�2

0

3�2f�2

�'

V
(�
,�
')

�=
0

Figure 1. Potential for N = 3 pure QCD as given in Eq. (3.8) (left) and ⌘0 according to Eq. (3.9)
for N = 3, F = 2 (right) along ✓ = 0. The three branches are depicted in di↵erent colors. The actual
potential is the lower envelope of the branches, i.e. the solid curve.

In the absence of quark masses (explicit breaking terms) the ✓ dependence completely dis-

appears as expected. Once quark masses are added, the ✓-dependence resurfaces through

the ✓-dependence of the ⌘0 VEV (which now is just an overall phase of the U matrix); see

Eq. (2.12). However the story is still not finished: the light pseudo-Goldstone bosons them-

selves act as axions and would like to cancel the remaining ✓-dependence of the Lagrangian.

For F quark masses there are only F � 1 neutral Goldstone bosons, and one cannot fully

cancel all the ✓-dependence of the Lagrangian, hence the need for the extra axion that will

slide to cancel the remaining ✓-dependence. If at least one of the quark masses vanishes then

there are enough neutral Goldstone bosons to completely cancel the ✓ dependence, hence the

mu = 0 solution of the strong CP problem.

We have seen that the most likely dynamical origin for the ✓-dependence of the QCD

potential is not actually a direct instanton e↵ect, but rather the confining dynamics that gives

rise to the various condensates of QCD. A nice heuristic picture [15] is starting with the fact

that the low-energy theory should contain an ⌘0TrGG̃ term to reproduce the chiral anomaly

of theories with fermions. Once confinement happens this term can be thought of as a mixing

between ⌘0 and a pseudo-scalar glueball whose interpolating field is TrGG̃, which should also

have a direct mass term generated by confinement. In this picture the mixing between the

⌘0 and the pseudo-scalar glueball is the origin of the ⌘0 mass. Later in the supersymmetric

example we will find gluino condensation as the origin of confinement, the ⌘0 mass and the

various branches of the theory.

4 The axion mass

Let us now investigate how all of this a↵ects the potential of the axion. For this we have

to assume that there is a second chiral U(1) Peccei-Quinn symmetry which is spontanoeusly

broken at some high scale fa which is also anomalous under QCD. In this case the resulting
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would be of the form

VF (✓, ⌘
0) = Vpure QCD(✓ � F⌘0). (3.5)

Using the expression in Eq. (3.4) for the vacuum energy this leads directly to the Veneziano-

Witten formula for the ⌘0 mass1 [MR: Could the prefactor be 2F/f2
⇡ in our normalization?

(see footnote)]

m2
⌘0 =

4F

f2
⇡

d2E

d✓2

����
pure QCD

✓=0

. (3.6)

From Eq. (3.4) it is apparent that d2/d✓2 E(✓)|✓=0 ⇠ N0 which together with the N scaling

of the pion decay constant f⇡ ⇠
p
N implies that m2

⌘0 ⇠ 1/N , as expected in the large N

limit. This further justifies the ansatz for the vacuum energy in Eq. (3.4).

In order to incorporate these results in the chiral Lagrangian we have to modify the term

for the ⌘0 mass. Instead of Eq. (2.9) the proper term should rather be of the form

L⌘0 = N⇤2f2
⇡(e

�i✓detU)1/N + h.c. = (3.7)

This potential correctly reproduces the expected scaling m2
⌘0 ⇠ 1/N .2

The form of this potential has several important consequences. First, the dynamics of the

⌘0 mass does not actually directly originate from an instanton e↵ect. Instanton terms should

always be proportional to ein✓ with n integer. Second, the non-analytic form of (3.7) implies

that the vacuum structure of pure QCD is, as already anticipated, non-trivial with various

discontinuous branches. This is needed to ensure that physics remains 2⇡ periodic in shifts of

✓. For example, the pure QCD potential Witten proposed [MR: I replaced f⇡ =
p
N⇤/(4⇡).

Maybe we should drop the (4⇡)2?]

V (✓) = Mink �
2N2

(4⇡)2
⇤4 cos(

✓ + 2⇡k

N
), k = 0, . . . , N � 1 (3.8)

would satify the conditions, in which case one has N di↵erent branches. Once fermions are

introduced, the ✓-dependence will change to ✓ ! ✓ � ⌘0F , and the potential in the chiral

Lagrangian responsible for the ⌘0 mass will be of the form

V (✓, ⌘0) = Mink � 2N⇤2f2
⇡ cos(

✓ � F⌘0 + 2⇡k

N
), k = 0, . . . , N � 1 (3.9)

The potentials (3.8) and (3.9) are plotted in Fig. 1 for N = 3. The solid curve gives the

full potential, while the dashed shows the potential contribution for di↵erent branches. The

potential is not smooth, but remains periodic. The true minimum of the energy is for ✓ = 0.

1
Note that d2/d⌘02Vpure QCD(✓�F⌘0

) = F 2/f2
⇡d

2/d✓2Vpure QCD(✓�F⌘0
). The actual prefactor is achieved

after the ⌘0
kinetic term is canonically normalized.

2
Note that one may instead use a term 1/N(log detU � ✓)2 which is essentially just a pure ⌘0

mass term

1/N(F⌘0
� ✓)2. Expanding Eq. (3.7) will give exactly this mass term to leading order, while the quartic ⌘04

will be suppressed by N4
as expected.
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The Chiral Lagrangian and 𝛈’ potential

• 𝛈’ acts like a (heavy)  axion and relaxes to minimum 
of potential to cancel 𝜽 dependence (and wash out 
branch structure)


• Check this picture in AMSB QCD


• Similar work & results by Dine, Draper, Stephenson-
Haskins & Xu (2016). They were using soft squark 
and gluino masses - can reliably do only for F<N

would be of the form

VF (✓, ⌘
0) = Vpure QCD(✓ � F⌘0). (3.5)

This leads to the Veneziano-Witten formula for the ⌘0 mass:

m2
⌘0 =

4F

f2
⇡

d2E

d✓2

����
pure QCD

✓=0

. (3.6)

The requirement that the ⌘0 mass vanishes in the large N limit, along with Witten’s

conditions and the branched potential suggests that the proper term in the chiral Lagrangian

accounting for the ⌘0 mass should rather be of the form

L⌘0 = N⇤2f2
⇡(e

�i✓detU)1/N + h.c. = (3.7)

This potential gives m2
⌘0 ⇠ 1/N , as expected in the large N limit.1

The form of this potential has several important consequences. First, the dynamics of the

⌘0 mass does not actually directly originate from an instanton e↵ect. Instanton terms should

always be proportional to ein✓ with n integer. Second, the non-analytic form of (3.7) implies

that the vacuum structure of pure QCD is non-trivial with various discontinuous branches.

This is needed to ensure that physics remains 2⇡ periodic in shifts of ✓. For example, the

pure QCD potential Witten proposed [MR: Does it make sense to have f⇡ in the pure QCD

potential without matter?]

V (✓) = Mink � 2N⇤2f2
⇡ cos(

✓ + 2⇡k

N
), k = 0, . . . , N � 1 (3.8)

would satify the conditions, in which case one has N di↵erent branches. Once fermions are

introduced, the ✓-dependence will change to ✓ ! ✓ � ⌘0F , and the potential in the chiral

Lagrangian responsible for the ⌘0 mass will be of the form

V (✓, ⌘0) = Mink � 2N⇤2f2
⇡ cos(

✓ � F⌘0 + 2⇡k

N
), k = 0, . . . , N � 1 (3.9)

The potentials (3.8) and (3.9) are plotted in Fig. 1 for N = 3. The solid curve gives the

full potential, while the dashed shows the potential contribution for di↵erent branches. The

potential is not smooth, but remains periodic. The true minimum of the energy is for ✓ = 0.

What happens to the branches as a result of introducing the ⌘0? The ⌘0 will adjust to

the minimum of the potential so as to cancel the ✓-dependence, in essence itself acting like a

heavy QCD-scale axion.

This will wash out the presence of the various branches of pure QCD, with the only

remnant being the value of the ⌘0 VEV

h⌘0i =
✓ + 2⇡k

F
. (3.10)

1
Note that one may instead use a term 1/N(log detU � ✓)2 which is essentially just a pure ⌘0

mass term

1/N(F⌘0
� ✓)2. Expanding (3.7) will give exactly this mass term to leading order, while the quartic ⌘04

will

be suppressed by N4
as expected.
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𝛈’ potential for F<N in AMSB QCD

•  Consider first F<N  - with quark mass


• The meson VEV as usual


• The meson matrix:


• 𝛈’ part of U matrix, need to make sure we keep the 
whole phase everywhere

6 F < N : the ADS superpotential: example of an instanton generated ⌘0

mass

For F < N quark flavors the superpotential can be written in terms of the meson matrix

Mff 0 = Q̄fQf 0

W = (N � F )

✓
⇤3N�F

detM

◆1/(N�F )

+Tr(MQM) , (6.1)

where the first term is the non-perturbative ADS superpotential [? ? ] and the second is

a mass term for the quark superfields. For convenience we will take (MQ)ij = mQ�ij in the

following and assume mQ ⌧ m ⌧ ⇤, i.e. mQ is a small spurion that explicitly breaks the

U(F )⇥ U(F ) flavor symmetry, just like the quark masses in regular QCD.

We parameterize the D-flat directions as Qa
f = Q̄a

f = ��af which implies Mff 0 = �2�ff 0

and determine the scalar potential for � using Eq. (5.1) 1

V = (2F )�1

�����
2F

�

✓
⇤3N�F

�2F

◆1/(N�F )

� 2FmQ�

�����

2

�m

"
(3N � F )

✓
⇤3N�F

�2F

◆1/(N�F )

+ FmQ�
2

#
+ c.c. .

(6.2)

For mQ ⌧ m ⌧ ⇤ this is solved by

� = ⇤

✓
N + F

3N � F

⇤

m

◆(N�F )/(2N)

+O(mQ/m) . (6.3)

[MR: Note that this di↵ers from the result in [? ? ] by a factor of 4F in the parenthesis.]

[RTD: I see that you’re using gij = 2F �ij , but the Kaler to me looks canonical. Looking at

your notes it seems that you took the derivatives after putting the quarks to their vev, but

if you do it before gij = �ij ][RTD: Btw is there a typo in Eq.(2) of the second reference? I

think that a |@iW |
2 term is missing. You have it and I agree with you.]Thus the U(F )⇥U(F )

flavor symmetry is spontaneously broken to its diagonal subgroup U(F )d. We parameterize

the Goldstone bosons (GBs) in a unitary matrix U whose phase can be identified with the ⌘0,

the pseudo-GB associated with the spontaneous breaking of the anomalous U(1)A symmetry

(cf [? ])

Qa
f = |�|�af , Q̄a

f = Qa
f 0Uf 0f , M = |�|2U , (6.4)

where we used that the phase of � can be absorbed in the definition of ⌘0.

The scalar potential for U can be obtained from the potential for Q and Q̄ after the

substitution of Eq. (6.4)

V =�m

"
(3N � F )

✓
⇤3N�F

|�|2F

◆1/(N�F )

det(U)�1/(N�F ) + |�|2Tr(mQU)

#
+ c.c.

� 2

✓
⇤3N�F

|�|2F

◆1/(N�F )

det(U)�1/(N�F )Tr(m†
QU

†) + c.c .

(6.5)

1Note that the Kähler potential for � is not canonical K = 2F�†� and consequently g��† = 2F .
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the Goldstone bosons (GBs) in a unitary matrix U whose phase can be identified with the ⌘0,

the pseudo-GB associated with the spontaneous breaking of the anomalous U(1)A symmetry

(cf [? ])

Qa
f = |�|�af , Q̄a

f = Qa
f 0Uf 0f , M = |�|2U , (6.4)

where we used that the phase of � can be absorbed in the definition of ⌘0.

The scalar potential for U can be obtained from the potential for Q and Q̄ after the
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1Note that the Kähler potential for � is not canonical K = 2F�†� and consequently g��† = 2F .
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F<N in AMSB QCD

• Chiral Lagrangian: 


• Has the branch structure like Witten predicted, but 1/
(N-F) power. 𝛈’ potential: 
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mass

For F < N quark flavors the superpotential can be written in terms of the meson matrix

Mff 0 = Q̄fQf 0

W = (N � F )

✓
⇤3N�F

detM

◆1/(N�F )

+Tr(MQM) , (6.1)

where the first term is the non-perturbative ADS superpotential [? ? ] and the second is

a mass term for the quark superfields. For convenience we will take (MQ)ij = mQ�ij in the

following and assume mQ ⌧ m ⌧ ⇤, i.e. mQ is a small spurion that explicitly breaks the

U(F )⇥ U(F ) flavor symmetry, just like the quark masses in regular QCD.

We parameterize the D-flat directions as Qa
f = Q̄a

f = ��af which implies Mff 0 = �2�ff 0

and determine the scalar potential for � using Eq. (5.1) 1

V = (2F )�1

�����
2F

�

✓
⇤3N�F

�2F

◆1/(N�F )

� 2FmQ�

�����

2

�m

"
(3N � F )

✓
⇤3N�F

�2F

◆1/(N�F )

+ FmQ�
2

#
+ c.c. .

(6.2)

For mQ ⌧ m ⌧ ⇤ this is solved by

� = ⇤

✓
N + F

3N � F

⇤

m

◆(N�F )/(2N)

+O(mQ/m) . (6.3)

[MR: Note that this di↵ers from the result in [? ? ] by a factor of 4F in the parenthesis.]

[RTD: I see that you’re using gij = 2F �ij , but the Kaler to me looks canonical. Looking at

your notes it seems that you took the derivatives after putting the quarks to their vev, but

if you do it before gij = �ij ][RTD: Btw is there a typo in Eq.(2) of the second reference? I

think that a |@iW |
2 term is missing. You have it and I agree with you.]Thus the U(F )⇥U(F )

flavor symmetry is spontaneously broken to its diagonal subgroup U(F )d. We parameterize

the Goldstone bosons (GBs) in a unitary matrix U whose phase can be identified with the ⌘0,

the pseudo-GB associated with the spontaneous breaking of the anomalous U(1)A symmetry

(cf [? ])

Qa
f = |�|�af , Q̄a

f = Qa
f 0Uf 0f , M = |�|2U , (6.4)

where we used that the phase of � can be absorbed in the definition of ⌘0.

The scalar potential for U can be obtained from the potential for Q and Q̄ after the

substitution of Eq. (6.4)

V =�m

"
(3N � F )

✓
⇤3N�F

|�|2F

◆1/(N�F )

det(U)�1/(N�F ) + |�|2Tr(mQU)

#
+ c.c.

� 2

✓
⇤3N�F

|�|2F

◆1/(N�F )

det(U)�1/(N�F )Tr(m†
QU

†) + c.c .

(6.5)

1Note that the Kähler potential for � is not canonical K = 2F�†� and consequently g��† = 2F .

– 6 –

For now we are mainly interested in the dependence on ⌘0 and ✓, which is why we take

U = exp(i⌘0/f⌘0) and use that ⇤3N�F = |⇤|3N�F ei✓. With this the scalar potential simplifies

to
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(6.6)

where ✓Q is the phase of mQ and the 2⇡k/(N � F ) comes from the branches of the complex
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where we absorbed j in the definition of k. The actual vacuum lies on the branch with
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It is instructive to consider a few special cases for the scalar potential. The simplest case
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where we used that in pure SYM |⇤| / N |⇤phys| (see Appendix A). This result reproduces
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F<N in AMSB QCD

• Pure QCD:


• Just like Witten predicted (also Dine et al)


• For small number of flavors:


•Again just as Witten predicted, and as in Dine et al. 

remaining GBs and ✓ on the k-the branch
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(7.8)

where we absorbed j in the definition of k.

Despite the di↵erent branch structure of the ⌘0 potential in Eq. (7.6) compared to the
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exactly the same structure as Eq. (2.12). The reason is that if ⌘0 is heavier than the remaining

GBs it completely washes out any branch structure of the original potential - it acts as a heavy

QCD scale axion.

In order to find the potential for ✓ we still have to integrate out the GBs ⇡j . Without

an explicit additional light axion this is more complicated than in Sec. 4, since an analytic

solution for the minimization conditions is not known for general F . However, the solution

for F = 2 and F = 3 are analogous to the QCD chiral Lagrangian and lead to a smooth (i.e.

smooth transitions between branches) and 2⇡-periodic vacuum energy for non-degenerate

masses mi 6= mj . Degenerate masses, on the other hand, cause cusp-like features when at

branch-transitions.

It is instructive to consider a few special cases for the scalar potential in Eq. (7.6). The

simplest case is pure SYM theory with F = 0. In this scenario the contribution to the scalar

potential comes purely from gaugino condensation and has the form
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(7.10)

where we used the relation from pure SYM that |⇤| / N1/3
|⇤phys|. This nicely shows that

the leading term in the large N limit still comes from gaugino condensation in the unbroken

part of the group, whereas quark contributions are suppressed by one power of N . It is

also straightforward to see that for mQ = 0, i.e. when the axial symmetry at the classical

level is unbroken, the ⌘0 mass m2
⌘0 / F 2m|⇤phys|

3/f2
⇡ ⇠ 1/N vanishes in the N ! 1 limit

(f⇡ / |�| ⇠
p
N) and the ⌘0 becomes an exact GB, which is a consequence of the anomaly

term vanishing in the large N limit. In this limit ✓ is unphysical as it can be absorbed in the
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F<N in AMSB QCD

• F~N both large the situation is very different!


• For example F=N-1 and both large


• No branches, 𝛈’ mass does not go to zero 


• Large F,N qualitatively different from large N, fixed F 
limits!  

the limit N � 1, with F = N � 1 fixed, the potential takes the form

Vk
N=F+1�1

! � 4N3/2m2
|⇤phys|

2 cos
�
(N � 1)⌘0 � ✓

�

� 2N1/2m|⇤phys|
2

FX

i=1

mi cos

0

@⌘0 + ✓Q +
F�1X

j=1

tji⇡
j

1

A

� 4N1/2m|⇤phys|
2

FX

i=1

mi cos

0

@N⌘0 + ✓Q � ✓ +
F�1X

j=1

tji⇡
j

1

A .

(8.12)

The magnitude of this potential is set by m2⇤2, and is not vanishing in the large N limit.

While the instanton action is proportional to ⇤2N+1
/ e�N , the potential still remains finite

at large N .

Another striking feature is that all terms have the same scaling with N with a non-integer

exponent if all masses are degenerate (
P

imq = Fmq). Note however that this Lagrangian

becomes strongly coupled in the large N limit, just like the more general Eq. (8.6) for the

limit where N � F = p is held fixed (rather than the x = F/N ratio).

8.1 Vacuum structure and phase transition

Before moving on to F � N in the next section, we will comment on the vacuum structure

and compare it to results obtained for QCD using large N methods [1, 2, 31, 32, 52] and

arguments based on anomalies [23, 53] for finite N .

For F = 0 it has been shown in the large N limit that the theory possesses a unique

vacuum for generic values of ✓ and undergoes a first-order phase transition as ✓ is moved

through ⇡. This happens since in large N QCD the vacuum energy is branched and non-

analytic at points where the branches cross (see Section 3). This means that at ✓ = ⇡ a jump

between two degenerate vacua occurs and CP is spontaneously broken. In the supersymmetric

version the vacuum energy for F = 0 in Eq. (8.10) has the same structure as in large N QCD

and therefore has a doubly-degenerate vacuum at ✓ = ⇡ which means CP is spontaneously

broken at this point.

In [23] it was argued that for F = 1 at ✓ = ⇡ the theory has two degenerate vacua and

therefore spontaneously breaks CP, but only for large quark masses mQ above a critical value,

i.e. |mQ| > |mQ,0|. Below the critical value there is always a unique vacuum and CP is not

spontaneously broken. At the critical value ⌘0 becomes exactly massless. Since we will find

that the critical value is at masses of the order mQ,0 ⇠ m/N , we can only reliably observe

the transition between these two regimes in the large N limit.

The scalar potential for F = 1 has the form

Vk(⌘
0, ✓̄) / �am|⇤|3 cos

✓
⌘0 � (✓̄ + 2⇡k)

N � 1
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✓
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N � 1

◆
,

(8.13)

where a = (3N � 1), b = N+1
3N�1 and we dropped a global factor of b�1/N (m/|⇤|)1/N . For

m � mQ the first term dominates and fixes the ⌘0 VEV and we can choose k = 0 and thus
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becomes strongly coupled in the large N limit, just like the more general Eq. (8.6) for the

limit where N � F = p is held fixed (rather than the x = F/N ratio).

8.1 Vacuum structure and phase transition

Before moving on to F � N in the next section, we will comment on the vacuum structure

and compare it to results obtained for QCD using large N methods [1, 2, 31, 32, 52] and

arguments based on anomalies [23, 53] for finite N .

For F = 0 it has been shown in the large N limit that the theory possesses a unique

vacuum for generic values of ✓ and undergoes a first-order phase transition as ✓ is moved

through ⇡. This happens since in large N QCD the vacuum energy is branched and non-

analytic at points where the branches cross (see Section 3). This means that at ✓ = ⇡ a jump

between two degenerate vacua occurs and CP is spontaneously broken. In the supersymmetric

version the vacuum energy for F = 0 in Eq. (8.10) has the same structure as in large N QCD

and therefore has a doubly-degenerate vacuum at ✓ = ⇡ which means CP is spontaneously

broken at this point.

In [23] it was argued that for F = 1 at ✓ = ⇡ the theory has two degenerate vacua and

therefore spontaneously breaks CP, but only for large quark masses mQ above a critical value,

i.e. |mQ| > |mQ,0|. Below the critical value there is always a unique vacuum and CP is not

spontaneously broken. At the critical value ⌘0 becomes exactly massless. Since we will find

that the critical value is at masses of the order mQ,0 ⇠ m/N , we can only reliably observe

the transition between these two regimes in the large N limit.

The scalar potential for F = 1 has the form

Vk(⌘
0, ✓̄) / �am|⇤|3 cos

✓
⌘0 � (✓̄ + 2⇡k)

N � 1

◆
�bmQ|⇤|

3 cos(⌘0)�2mQ|⇤|
3 cos

✓
N⌘0 � (✓̄ + 2⇡k)

N � 1

◆
,

(8.13)

where a = (3N � 1), b = N+1
3N�1 and we dropped a global factor of b�1/N (m/|⇤|)1/N . For

m � mQ the first term dominates and fixes the ⌘0 VEV and we can choose k = 0 and thus
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structure due to the non-analyticity induced by gaugino condensation. In contrast to pure

QCD the number of branches is not N but N � F . This is the consequence of the dynamics

of the SUSY theory: with F flavors there are also F squarks that break the gauge group

to SU(N � F ). Then gaugino condensation in this unbroken group gives rise to the N � F

branches. The most important lesson here is that the introduction of flavors does actually

change the dynamics of confinement: instead of theN branches there are onlyN�F branches,

and the assumption that the potential of the theory with flavors is simply the potential of

the confining theory with the replacement ✓ ! ✓ � F⌘0 does not hold in this case.

Assuming that the first term in Eq. (8.6) dominates the ⌘0 potential, which is the case

for TrmQ/m ⌧ F 2/N , a simple analytic expression for the ⌘0 mass is found to be

m2
⌘0 =

(x� 3)2x

(x+ 1)(x� 1)2
m2 , with x =

F

N
. (8.7)

The mass of the ⌘0 scales as m⌘0 / 1/N in the N � F limit as predicted by the Veneziano-

Witten formula. This expression depends only on the ratio x = F/N , i.e. it is finite in the

large N limit if also the number of flavors is large with a fixed ratio F/N . This is not too

surprising: the anomaly equation with F flavors Eq. (3.3) shows that if F / N , then the

anomaly does not vanish in the large N limit, and there is no reason to expect the ⌘0 mass

to vanish. The mass is a monotonously growing function for 0  x < 1 and diverges at x = 1

where also our current treatment of SQCD breaks down. The pole at x = 1 is related to the

breakdown of the e↵ective Lagrangian in Eq. (8.6) for large N in the limit where N � F is

held fixed.

Under the assumption that TrmQ/m ⌧ F 2/N it is straightforward to integrate out the

⌘0 as the first term dominates and fixes

⌘0 =
✓ + 2⇡k

F
+

N � F

F
2⇡j , (8.8)

where j labels the infinite set of solutions due to the periodicity of the cosine. Restricting

⌘0 2 [0, 2⇡F ] there is a unique minimum ⌘0 = ✓
F , corresponding to k = j = 0. The remaining

terms give the following potential for the neutral GBs and ✓

V = �2
7N � F

3N � F

✓
N + F

3N � F

◆�F/N ✓
m

|⇤|

◆F/N

|⇤|3
FX

i=1

mi cos

0

@✓ + F ✓Q
F

+
F�1X

j=1

tji⇡
j

1

A . (8.9)

Despite the di↵erent branch structure of the ⌘0 potential in Eq. (8.6) compared to the

chiral Lagrangian in QCD, after integrating out the ⌘0 we arrive at a potential which has

exactly the same structure as Eq. (2.13). The reason is that if the ⌘0 is heavier than the

remaining GBs it completely washes out any branch structure of the original potential—it

acts as a heavy QCD scale axion. This is in agreement with the result in [31] where it is

shown that for mumd < ms|md �mu| in large N QCD with three flavors, the pion potential

does not have branches.
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F<N in AMSB QCD

•  For N-F>1 NOT an instanton effect 


• We know it is actually gaugino condensation


• For F=N-1 it actually IS an instanton effect, and no 
branches in QCD


• In that case the 𝛈’ mass does not vanish for large N


• But also anomaly does not vanish, since both F,N →∞


• Which one is QCD? Does QCD with F=N have 
branches or not? 



F=N in AMSB QCD

• The F=N,N+1 special cases


• Only consider mesonic VEV, assume other branches 
OK


•  F=N


• Resulting 𝛈’ potential


• No branches - looks like an instanton effect!

This constraint is implemented in the superpotential with the help of a Lagrange multiplier

superfield X

W = X

✓
det(M)� B̄B

⇤2N
� 1

◆
+mQTr(M) . (7.2)

Note that we chose to normalize det(M) and B̄B such that X does not carry a charge under

the spurious U(1)A axial symmetry. Interpreting X as a dynamical degree of freedom we

consider the Kähler potential

K =
Tr(M †M)

↵|⇤|2
+

X†X

�|⇤|4
+

B̄†B̄

�|⇤|2N�2
+

B†B

�|⇤|2N�2
, (7.3)

where ↵,�, �, � are unknown O(1) numbers, which for simplicity we will set to one in the

following. Keeping only the quadratic terms in the Kähler potential is only justified if

M,X,B, B̄ ⌧ ⇤, which will turn out not to be the case. A more solid approach is to

start from F = N + 1 and then give one flavor a heavy mass µ with ⇤ � µ � m � mQ

and integrate it out. We have checked that this gives results which are compatible with the

current approach. We find a minimum with

Mij = |⇤|2�ij , X = �m|⇤|2 , B = B̄ = 0 . (7.4)

Parameterizing the GBs as M = |⇤|2U with U = exp(i⌘0/f⌘0) we find a potential that is given

by

V =� 2|⇤|2(|⇤|2 + (N � 2)m2) cos

✓
N

⌘0

f⌘0
� ✓

◆
� 2Nm|mQ||⇤|

2 cos

✓
(N � 1)

⌘0

f⌘0
� ✓Q � ✓

◆

� 4Nm|mQ||⇤|
2 cos

✓
⌘0

f⌘0
+ ✓Q

◆
.

(7.5)

Integrating out ⌘0 gives

Vk(✓) = �6Nm|mQ||⇤|
2 cos

✓
✓ +N ✓Q + 2⇡k

N

◆
, (7.6)

which is a straightforward extrapolation of the F = N � 1 case.

For F = N + 1 we consider the superpotential

W =
BiMijB̄j � det(M)

⇤2N�1
+mQTr(M) (7.7)

and a Kähler potential of the form

K =
Tr(M †M)

↵|⇤|2
+
X

i

B̄†
i B̄i

�|⇤|2N�2
+
X

i

B†
iBi

�|⇤|2N�2
, (7.8)
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2 cos
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, (7.6)

which is a straightforward extrapolation of the F = N � 1 case.

For F = N + 1 we consider the superpotential

W =
BiMijB̄j � det(M)

⇤2N�1
+mQTr(M) (7.7)

and a Kähler potential of the form

K =
Tr(M †M)
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+
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antisymmetric color singlet combinations of the quark and anti-quark superfields Q and Q̄,

respectively. The degrees of freedom describing the moduli space satisfy a quantum modified

constraint

det(M)� B̄B = ⇤2N . (8.1)

This constraint is implemented in the superpotential with the help of a Lagrange multiplier

superfield X

W = X

✓
det(M)� B̄B

⇤2N
� 1

◆
+Tr(mQM) . (8.2)

Note that we chose to implement the constraint on det(M) and B̄B such that X does not

carry a charge under the spurious U(1)A axial symmetry. Interpreting X as a dynamical

degree of freedom we consider the Kähler potential

K =
Tr(M †M)

↵|⇤|2
+

X†X

�|⇤|4
+

B̄†B̄

�|⇤|2N�2
+

B†B

�|⇤|2N�2
, (8.3)

where ↵,�, �, � are unknown O(1) numbers, which for simplicity we will set to one in the

following. Note that keeping only the quadratic terms in the Kähler potential is justified if

M,X,B, B̄ ⌧ ⇤, which will turn out not to be the case. A more solid approach is to start

from F = N + 1 and then give one flavor a heavy mass µ with ⇤ � µ � m � TrmQ

and integrate it out. In this approach the Lagrange multiplier field X will be identified

with the MN+1,N+1 component of the meson field, justifying the assumption on its Kahler

potential above. We have checked that this procedure gives results which are compatible

with our simplified approach. To leading order in m and mQ the resulting scalar potential is

minimized for

Mff 0 = |⇤|2�ff 0 , X = �m|⇤|2 , B = B̄ = 0 . (8.4)

Parameterizing again the neutral GBs as M = |⇤|2U with U = ei⌘
0
ei⇡

ata we find a potential

that is given by

V =� 2|⇤|2(|⇤|2 + (N � 2)m2) cos
�
N⌘0 � ✓

�
� 2m|⇤|2

NX

i=1

mi cos

0

@(N � 1)⌘0 � ✓Q � ✓ �
N�1X

j=1

tji⇡
j

1

A

� 4m|⇤|2
NX

i=1

mi cos

0

@⌘0 + ✓Q +
N�1X

j=1

tji⇡
j

1

A .

(8.5)

The structure of the potential, including the scaling of the prefactors, is very similar to

Eq. (7.11). In particular there is no branch-like structure and the potential is a pure one-

instanton e↵ect, i.e. it is proportional to e±i✓. One di↵erence is however that the first term

is enhanced, i.e. the pure ⌘0 potential here scales as |⇤|4 instead of m2
|⇤|2 in Eq. (7.11).1

1
In the alternative derivation where we integrate out one flavor from the F = N + 1 case the scaling is

|⇤|
2µ2

which is still much larger than |⇤|
2m2

.
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𝝶’ potential for F≥N 
• The F=N,N+1 special cases


• No branches - looks like an instanton effect! E.g. F=N


• F>N+1 - Seiberg duality. Dual quarks will be massive, 
get again gaugino condensation 


• We will get very similar results as for F<N, with 

N-F↔︎F-N
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with our simplified approach. To leading order in m and mQ the resulting scalar potential is
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The structure of the potential, including the scaling of the prefactors, is very similar to

Eq. (7.11). In particular there is no branch-like structure and the potential is a pure one-

instanton e↵ect, i.e. it is proportional to e±i✓. One di↵erence is however that the first term

is enhanced, i.e. the pure ⌘0 potential here scales as |⇤|4 instead of m2
|⇤|2 in Eq. (7.11).1

1
In the alternative derivation where we integrate out one flavor from the F = N + 1 case the scaling is

|⇤|
2µ2

which is still much larger than |⇤|
2m2

.
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With this it is straightforward to find the potential for the neutral GBs

Vk =� 4(3N � 2F )

✓
2F � 3N

N

m

|⇤|

◆F/(2N�F )

m|⇤|3 cos

✓
F

F �N
⌘0 �

✓ + 2⇡k
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i=1

mi cos

0

@⌘0 + ✓Q +
F�1X

j=1

tji⇡j

1

A ,

(9.7)

which has the same structure as Eq. (7.6) for F < N . However, there is a subtle di↵erence.

The number of branches in the ⌘0 potential changed from N � F to F �N supporting that

the structure of the potential is symmetric in F around F = N . F �N in this case appears

since it is gaugino condensation in the dual gauge group which is responsible for generating

the ⌘0 potential.

Once we integrate out ⌘0 we arrive again at an expression which has F branches

Vk(✓) = �
2F (2F �N)

2F � 3N

✓
2F � 3N

N

m

|⇤|

◆N/(2N�F )

|⇤|3
FX

i=1

cos

0

@✓ + 2⇡k + F ✓Q
F

+
F�1X

j=1

tji⇡j

1

A .

(9.8)

10 Conclusions

We investigated the dynamics behind the potential of the ⌘0 (and consequently also the axion

mass from QCD e↵ects) in strongly coupled QCD-like theories. These models are based on

N = 1 SUSY QCD with SUSY breaking generated via AMSB, ensuring that the massless

spectrum matches that of QCD. They also have a QCD-like global symmetry breaking pattern

(after SUSY breaking is added), hence one can calculate the ⌘0 potential and the chiral

Lagrangian (as long as SUSY breaking is small compared to the scale of strong interactions).

We find that (as expected) the resulting ⌘0 potential has a branched structure originating

in the dynamics responsible for confinement (i.e. gluino condensation). Such branched struc-

ture can not originate from pure instanton e↵ects, and indeed we see that for most cases the

dynamics responsible for the ⌘0 mass is other than instantons. For F flavors we find |N � F |

branches, implying (contrary to the common lore) that the introduction of flavor qualitatively

changes the confining potential. For F < N � 1 the flavor e↵ect is simply the breaking of

the gauge group to SU(N � F ) via squark VEVs, while for F > N + 1 one has a whole new

SU(F � N) dual gauge group, which will provide the gaugino condensates. For the special

cases of F = N � 1, N,N + 1 we find a single branch for the confining potential, consistent

with the entire potential being generated by a single instanton. We also find that m⌘0 ! 0

for large N as long as the number of flavors is held fixed, in agreement with the expectation
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Spontaneous CP breaking 

•              odd under CP - a 𝝷 term generically breaks 
CP explicitly (strong CP problem) 


• However for            the effect of CP is


• But these two are related by 2𝛑 shift in 𝝷, so CP is not 
explicitly broken here. But is it spontaneously broken?


• Claim: in ordinary QCD it may. 


• Results of Gaiotto, Kapustin, Komargodski, Seiberg 
(2017-18) + di Vecchia, Rossi, Veneziano, 
Yankielowicz (2017)  
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Spontaneous CP breaking 

• Also for large N Witten 1979-80, di Vecchia, 
Veneziano 1980 


• For F=0 CP spontaneoulsy broken. Also holds at finite 
N (Zohar et al - anomaly matching arguments)


• For F>1 and all masses equal CP also spontaneously 
broken 


• For F=1 there is a critical mass at which second order 
phase transition 


• Similarly for F>1 unequal masses critical surface            



F=1 in AMSB QCD theory  

• F=1 (implying F<N) the potential is 


• where                    and                    . 


• Since under CP 

want to separate out phase 


• Potential to minimize: 
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can restrict the SUSY quark mass to mQ � 0 since we can absorb the sign into the

definition of ✓̄. Note that the potential has no branches for SU(2) (` = 0) and starts

to be branched from SU(3) (` = 0, 1) onward. The physical potential is given by the

branch with minimal energy at each point, i.e. the lower envelope of all branches.

For N = 2, 3 the minimum of the potential can be found analytically for ✓̄ = ⇡.5

We observe the existence of a critical value for the SUSY quark mass mQ,0 below

which there exists a unique CP-conserving vacuum and above which two degenerate

vacua appear, which break CP spontaneously. For SU(2) and SU(3), the explicit
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5Note that for mQ < m the potential is unbounded in the �f = 0 and x ! 0 direction, i.e.
far out in moduli space. However, there are higher-order AMSB contributions that among other
things generate a squark mass m2

|Qf |
2 +m2

|Q̃f |
2 that stabilize the potential. These higher-order

terms do not significantly a↵ect the local minimum that we determine in this section, which is why
we neglect them here. We also checked that the local minimum is much deeper than the potential
value in the unbounded direction at the same distance from the origin of moduli space.
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and can be integrated out. Its VEV is responsible for the ei✓̄/F factor in the meson

VEV in Eq. (2.9). The vacuum structure is consequently set by the light pion-like

directions in the special unitary matrix U , in complete analogy with ordinary chiral

perturbation theory. If mQ ⇠ m instead, the ⌘0 is light and has to be included in

the potential minimization. This scenario is conceptually similar to large N QCD,

where the ⌘0 mass is suppressed by 1/N . Note, however, that the lightness of the ⌘0

in SQCD also holds for finite N .

3 CP Phase Structure

We are now ready to investigate the detailed phase structure of SUSY QCD with

AMSB at ✓̄ = ⇡. First we will be discussing the case of a single flavor F = 1, where

a critical quark mass is expected to correspond to a second-order phase transition

(PT) between the broken and unbroken CP phases. For a small number of colors

(N = 2, 3) we will be able to find analytic results, as well as for the large N limit,

while for N > 3 we can tackle the problem numerically. We will then discuss the

case of a higher number of flavors. In agreement with the results from considerations

in ordinary QCD we find that for equal quark masses CP is always broken as long as

the quark masses are non-vanishing. However, once the quark masses are not equal,

there will be a non-trivial phase boundary, as suggested by the limiting case when

one of the quark masses is much heavier than the other.

In order to investigate the phase structure at ✓̄ = ⇡, we stabilize the potential

obtained from Eq. (2.1) and Eq. (2.2) by the most general spectra of SUSY quark

masses mQ and SUSY breaking m. Subsequently, we find the global minimum,

parameterized by the meson VEV hMff 0i, for ✓̄ = ⇡. Time-reversal symmetry is

spontaneously broken when there are degenerate minima which are related by the

CP transformation M
CP
�! M †. Note that while we always need to stick to the limit

m ⌧ ⇤ in order to have reliable results close to the SUSY limit, the quark mass mQ

is holomorphic, so we are able to take both the mQ � ⇤ and mQ ! 0 limits.

3.1 F = 1: Exact Results

We start with the F = 1 case (and obviously F < N), where the phase structure can

be studied analytically for a few small numbers of colors (N = 2, 3) and in the large

N limit, as we will show below. For a detailed derivation of the results presented

here, see App. A.

For F = 1 SQCD, the meson M = �2 can be written in terms of a single

chiral superfield � with canonical Kähler potential K = 2�†�. 4 The resulting scalar

4For N = 2, the global flavor symmetry is actually enhanced SU(2). However, this SU(2) is not
broken along the D-flat direction, hence it does not produce additional Goldstone bosons, while an
anomaly-free combination of R and global U(1) symmetries is broken.
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(3.1)

Separating the magnitude and phase of the complex scalar �, i.e. � = f exp(i�f ),

and introducing the variable

x = |⇤|

✓
|⇤|

f

◆ 2N
N�1

(3.2)

the potential can be written as V = min` V` with

V` = 2 x
1�N
N |⇤|
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(3.3)

where 2⇡`/(N � 1) arises from the complex root and the explicit dependence on |⇤|

is factored out thanks to the variable transformation in Eq. (3.2). Additionally we

can restrict the SUSY quark mass to mQ � 0 since we can absorb the sign into the

definition of ✓̄. Note that the potential has no branches for SU(2) (` = 0) and starts

to be branched from SU(3) (` = 0, 1) onward. The physical potential is given by the

branch with minimal energy at each point, i.e. the lower envelope of all branches.

For N = 2, 3 the minimum of the potential can be found analytically for ✓̄ = ⇡.5

We observe the existence of a critical value for the SUSY quark mass mQ,0 below

which there exists a unique CP-conserving vacuum and above which two degenerate

vacua appear, which break CP spontaneously. For SU(2) and SU(3), the explicit

values of the critical point are given by (see App. A for the derivation)
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5Note that for mQ < m the potential is unbounded in the �f = 0 and x ! 0 direction, i.e.
far out in moduli space. However, there are higher-order AMSB contributions that among other
things generate a squark mass m2

|Qf |
2 +m2

|Q̃f |
2 that stabilize the potential. These higher-order

terms do not significantly a↵ect the local minimum that we determine in this section, which is why
we neglect them here. We also checked that the local minimum is much deeper than the potential
value in the unbounded direction at the same distance from the origin of moduli space.
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F=1 in AMSB QCD theory  

• Here                     . For N=2,3 can analytically find 
minimum. From this find critical masses


• Can also find for large N limit


• However for N>3 only numerical solution
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We observe the existence of a critical value for the SUSY quark mass mQ,0 below

which there exists a unique CP-conserving vacuum and above which two degenerate

vacua appear, which break CP spontaneously. For SU(2) and SU(3), the explicit

values of the critical point are given by (see App. A for the derivation)

mQ,0

m

���
N=2

=
3

2
cos

✓
1

3
arccos

✓
�
25

27

◆
�

2⇡

3

◆
⇡ 0.576511 (3.4)

and
mQ,0

m

���
N=3

=
14

9
cos

✓
1

3
arccos

✓
�
289

343

◆
�

2⇡

3

◆
�

1

9
⇡ 0.398853 . (3.5)

5Note that for mQ < m the potential is unbounded in the �f = 0 and x ! 0 direction, i.e.
far out in moduli space. However, there are higher-order AMSB contributions that among other
things generate a squark mass m2

|Qf |
2 +m2

|Q̃f |
2 that stabilize the potential. These higher-order

terms do not significantly a↵ect the local minimum that we determine in this section, which is why
we neglect them here. We also checked that the local minimum is much deeper than the potential
value in the unbounded direction at the same distance from the origin of moduli space.
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Figure 2: Left: Phase �f at the minimum of the potential as a function of mQ/m for

SU(2) and SU(3) with F = 1. The critical point occurs at mQ/m ⇡ 0.576511 and

0.398853, respectively. Right: Value of the critical point mQ,0/m as a function of the

number of colors N . The points correspond to analytic and numeric determinations

of the critical points whereas the blue curve shows the large N prediction in Eq. (3.6).

In the large N limit, we can also find an analytic expression for mQ,0/m which to

leading order is of the form

mQ,0

m

���
N�1

=
9

7

1

N
+O

✓
1

N

◆2

. (3.6)

For N > 3 the minimum of the potential and the critical value mQ,0 can only be

found numerically. However, as can be seen in the right panel of Figure 2, the critical

point quickly approaches the large N prediction even for relatively small values of

N . In fact, the analytic values of the critical point for SU(2) and SU(3) deviate by

only 12% and 7% from the large N estimate in Eq. (3.6), respectively.

The appearance of the two degenerate minima can be understood by studying

�f , i.e. the phase of �, at the minimum. For mQ ⌧ m ⇠ mQ,0 and x ⇠ m, the

typical location of the minimum, the next to last term in Eq. (3.3) dominates the �f
dependence of the potential. Minimizing this term yields �f = ⇡/2+⇡` for ✓̄ = ⇡. For

a su�ciently small mQ this turns out to be the global minimum. Thus the angular

degree of freedom of the meson, which can be identified with the ⌘0, the would-be

Goldstone boson of the anomalous U(1)A symmetry, exactly aligns with the ✓̄ angle

which for ✓̄ = ⇡ leads to a real meson VEV. This behavior can be observed in the left

panel of Figure 2 which shows �f at the minimum for SU(2) and SU(3) as a function

ofmQ/m. OncemQ ⇠ m there is a nontrivial interplay between the di↵erent terms in

the potential and the minima bifurcate at the critical point, leading to two degenerate

vacua with complex-valued meson VEVs, implying that CP is spontaneously broken.
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only 12% and 7% from the large N estimate in Eq. (3.6), respectively.

The appearance of the two degenerate minima can be understood by studying

�f , i.e. the phase of �, at the minimum. For mQ ⌧ m ⇠ mQ,0 and x ⇠ m, the

typical location of the minimum, the next to last term in Eq. (3.3) dominates the �f
dependence of the potential. Minimizing this term yields �f = ⇡/2+⇡` for ✓̄ = ⇡. For

a su�ciently small mQ this turns out to be the global minimum. Thus the angular

degree of freedom of the meson, which can be identified with the ⌘0, the would-be

Goldstone boson of the anomalous U(1)A symmetry, exactly aligns with the ✓̄ angle

which for ✓̄ = ⇡ leads to a real meson VEV. This behavior can be observed in the left

panel of Figure 2 which shows �f at the minimum for SU(2) and SU(3) as a function

ofmQ/m. OncemQ ⇠ m there is a nontrivial interplay between the di↵erent terms in

the potential and the minima bifurcate at the critical point, leading to two degenerate

vacua with complex-valued meson VEVs, implying that CP is spontaneously broken.
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F=1 in AMSB QCD theory  

The phase structure for F=1 
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Figure 3: Shape of the dimensionless ⌘0 = argM = 2�f potential defined as Ṽ (⌘0) =

V (⌘0)/(⇤5/2m3/2) and Ṽ (⌘0) = V (⌘0)/(⇤8/3m4/3) for SU(2) (left) and SU(3) (right),

respectively. We show the potential for several values of mQ close to the critical

point. At the critical value mQ = mQ,0 the potential is flat around the minimum

such that the ⌘0 mass vanishes, signaling a second-order PT.

• CP is always spontaneously broken when all quark masses are equal

• CP is conserved if at least one of the quarks is massless

• The e↵ects of heavy quarks decouple from the low-energy as expected in e↵ec-

tive theories.

While the others are quite obvious, the first claim is non-trivial. In Section 2.1

we saw that for F > 2 and equal quark masses both limiting cases mQ � m and

mQ ⌧ m lead to two degenerate vacua which break CP spontaneously. In order

to study the intermediate region mQ ⇠ m we either have to minimize the potential

numerically or treat the theory in the large N limit. In either case we can make

the ansatz that for equal SUSY quark masses mQ = mQ�ff 0 the meson VEV is of

the form Mff 0 = �2�ff 0 where just as in the F = 1 case � = f exp(i�f ).6 The

corresponding scalar potential is of the form

V` = 2x
F�N
N |⇤|

3N�F
N

✓
F 2m2

Q + F 2x2
� FmmQ cos(2�f )

�m(3N � F )x cos


2F �f � ✓̄ � 2⇡`

N � F

�
� 2FmQx cos


2N�f � ✓̄ � 2⇡`

N � F

�◆
,

(3.8)

6Note that in [29] it was shown that at the minimum the meson matrix is proportional to the
identity hMff 0i / �ff 0 .
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F=1 in AMSB QCD theory  

• The 𝝶’ potential as we pass through the critical mass

• At the critical mass 𝝶’ itself becomes massless  



Figure 1: Schematic overview of the phase structure of F = 1 (S)QCD in the

complex mass plane mQei✓̄ with mQ > 0. The positive real axis corresponds to

✓̄ = 0 where CP is conserved (blue), whereas the negative real axis depicts the

✓̄ = ⇡ direction where CP is spontaneously broken above a critical value mQ,0 (red

and purple). For mQ > ⇤ the low-energy theory reduces to a pure (S)YM theory.

Green arrows show the order of the phase transition between di↵erent phases when

parameters are varied along the indicated direction.

generic ✓̄ 6= ⇡ there is a unique vacuum and CP is explicitly broken for ✓̄ > 0. Along

the positive real axis, i.e. for ✓̄ = 0 CP is always conserved, while for ✓̄ = ⇡, i.e.

along the negative real axis, there is a critical value mQ,0 ⇠ ⇤/N [1] above which CP

is spontaneously broken. Note that the transition can only be reliably studied in the

large N limit when mQ,0 ⌧ ⇤ such that the theory has a weakly-coupled description

in terms of light Goldstone bosons. The transition between these phases along the

real axis is second order with a massless degree of freedom at the critical point, while

the transition along the ✓̄ direction is first order. When CP is spontaneously broken

there are dynamical domain walls. In the case that mQ,0 < mQ ⌧ ⇤ the theory on

the domain wall is trivial for F = 1 and accommodates a CPF�1 non-linear sigma

model with a Wess-Zumino term for F > 1. When mQ & ⇤ the low-energy theory is

a pure Yang-Mills theory which has a SU(N)1 Chern-Simons theory on the domain

wall. Thus there has to be a critical value mtrans at which a phase transition occurs

on the domain wall (see e.g. [1]). This occurs when the low-energy theory becomes

strongly coupled.

While some parts of this phase diagram can be studied using the chiral La-
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F=1 phase structure 



SU(3), F=2

CP

mQ1

mQ2
=
mu

md QCD
mQ1=mQ,0

F=1

mQ2=mQ,0
F=1

0.01 0.10 1 10 100

0.01

0.10

1

10

100

mQ1/m

m
Q
2/
m

Figure 4: Phase diagram at ✓̄ = ⇡ for F = 2 and N = 3 with |⇤|/m = 100.

The shaded region shows where CP is spontaneously broken. For mQ1/m � 1 and

mQ2/m � 1 the phase boundary approaches the one-flavor critical point, which is

shown as dashed orange lines. The dashed blue line shows where the quark mass

ratio agrees with the up and down quark mass ratio in the SM.

spontaneously broken. This shape can be understood with the help of a perturbative

solution to the minimization equations. If we parameterize mQ1/2
= (1± �)mQ with

mQ/m, � ⌧ 1 the degeneracy of the vacuum w.r.t. �f1 and �f2 is lifted at order

O(m2
Q) and O(mQ�), respectively. To leading order in � and mQ/m it holds that

�f1 = �f2 ⌘ �f . Schematically we find

V/(m5/3⇤7/3) �
mQ

m

⇣
�a � cos (2 �f ) + b

mQ

m
cos (4 �f )

⌘
, (3.12)

where a and b are positive O(1) numbers. If mQ/m � �, i.e. close to the equal mass

limit, the potential is minimized at �f = ⇡/4, 3⇡/4, leading to two degenerate vacua

with complex meson VEVs that break CP spontaneously. If, however, � � mQ/m

the potential is minimized at �f = 0, i.e. there is a unique vacuum with real meson

VEVs and CP remains unbroken. The width � of the band in which CP is broken

scales with mQ/m and becomes thinner for smaller masses.

For larger masses the band where CP is spontaneously broken widens until we

reach mQ1 ,mQ2 � mF=1
Q,0 where CP is always spontaneously broken. This can be

understood by considering the limit where one of the masses is much larger than the

SUSY breaking scale, e.g. mQ1/m � 1. In this limit one can e↵ectively integrate out

the heavier flavor such that one obtains the theory with one less flavor, i.e. SU(3)
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Phase structure for F>1    

• For equal masses CP always broken

• Unequal masses have phase boundary - critical mass 


reappears in decoupling limit

• QCD-like mass ratios?   
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Figure 5: The lightest mass eigenvalue of ⌘0 � ⇡0 system for F = 2, N = 3, and

|⇤|/m = 100 with mQ2/m fixed at 2 (left) and 0.2 (right). One linear combination

of ⌘0 and ⇡0 becomes massless at the phase boundary, signaling a second-order phase

transition.

with F = 1. As we saw in Section 3.1, the one-flavor theory has a critical mass

mF=1
Q,0 above which CP is spontaneously broken. The boundary in the mQ2 direction

approaches asymptotically this critical value for mQ1/m � 1 and the same is true

for the opposite mass hierarchy.

In Figure 4 we also show in dashed blue the line which corresponds to the ratio

of up and down quark masses in the SM. Note, however, that in order to recover

real-world QCD we would have to take m & ⇤. While the phase diagram depends

only weakly on |⇤|/m, the calculation breaks down when m ⇠ |⇤|, implying that any

results of such an extrapolation are not reliable. We can also explicitly verify that the

boundary between the CP conserving and breaking regions corresponds to a second-

order phase transition. In Figure 5, we plot the lightest mass eigenvalue of two neutral

GBs ⌘0 and ⇡0, where ⌘0 is the would-be GB of the anomalous U(1)A symmetry and ⇡0

the pNGB along the Cartan generator direction of the spontaneously broken SU(2)A
symmetry. In both cases we take |⇤|/m = 100 and fix one of the quark masses to

mQ2/m = 2 (left panel) and mQ2/m = 0.2 (right panel). For mQ2/m = 2 (0.2) we

cross the phase boundary once (twice) and as can be seen there is a massless degree

of freedom at the crossing point, signaling a second-order phase transition.

The generalization to F � 3 is straightforward. There will always be a region

around the degenerate mass line in which CP is spontaneously broken. This region

will widen up until all masses are above the SUSY breaking scale in which case CP

is always spontaneously broken. As a concrete example, let us consider F = 3 and

N = 4. In Figure 6 we show slices of the three-dimensional parameter space where
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The phase boundaries     

• The 𝜼’ becomes massless at the phase boundaries 

• Second order PT 



Meson physics in AMSB QCD    

• Once we add the quark masses, can also study


• Detailed structure of VEVs

• Meson masses - corrections to GMO

• Meson decays  


• Take F=3 and use either F<N (easier but less dynamics) or 

F=N (harder but more similar to actual QCD dynamics)In AMSB, we can calculate many observables predicted from the chiral 

perturbation theory (ChPT)


:  and  & 


For 

Mesons  





F = 3 F < N F = N Λ ≫ m > ms > md > mu

F < N
Mff′ 

= Q̄a
f Qa

f′ 

W = (N − F)( Λ3N−F

det M )
1/(N−F)

+ Tr(mQM)

K = 2 M†M

42

Phenomenological Application
ChPT and HQET

  T. Roy, M. Ruhdorfer, T. Youn  and C.C.



Meson physics in AMSB QCD    

• Leading order in quark masses: 


• All VEVs equal  

• Gell-Mann Okubo satisfiedIn the leading order, all  are equalf2

44

Phenomenological Application
Meson Mass Spectrum

Mass / Theory F < N F = N

m2

⇡0 (md +mu)A (md +mu)B

m2

⇡± (md +mu)A (md +mu)B

m2

K0 (md +ms)A (md +ms)B

m2

K± (mu +ms)A (mu +ms)B

m2

⌘

1

3
(md +mu + 4ms)A

1

3
(md +mu + 4ms)B

m2

⌘0
2

3
(md +mu +ms)A

6�⇤
2

m
�

6m

↵
�

4

3
(md +mu +ms)B

Table 2: The mass spectrum for F = 3. All meson VEVs are taken to be equal.

2.2 Next Leading Order

Meson VEVs

Of course, all meson VEVs are not equal and get corrections from the quark masses.

Now we find the correction to VEVs. To this end, we set an ansatz as

fi = f 0 +msf
1

i
+mqf

2

i
+�mqf

3

i
+ · · · , (2.3)

where ⇤ > m > ms > mq > �mq and

mq ⌘ md +mu, �mq ⌘ md �mu. (2.4)

Note that we implicitly assume that O(mq/m,�mq/m) > O(m2

s
/m2), which is jus-

tified when m > m2

s
/�mq. For F = N , we also expand X as fi. Also, we have large

N limit for F < N for simplicity.

Turning each f j

i
one by one and keeping terms up to the corresponding order,

we obtain

fd '
⇣
1 +

md

18

⌘ ⇤3/2

p
3m

(2.5)

fu '

⇣
1 +

mu

18

⌘ ⇤3/2

p
3m

(2.6)

fs '
⇣
1 +

ms

18

⌘ ⇤3/2

p
3m

(2.7)

for F < N , and

fd '

✓
1�

m2

6↵�⇤2
+

m(ms +mq)

18�⇤2
� ↵

ms �mq/2

12m
+ ↵

�mq

8m

◆
⇤ (2.8)

fu '

✓
1�

m2

6↵�⇤2
+

m(ms +mq)

18�⇤2
� ↵

ms �mq/2

12m
� ↵

�mq

8m

◆
⇤ (2.9)
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A = Λ3

f 2 ( Λ
f )

6
N − 3

+ m
2 , B = α2X

2Λ2 + αm



Meson physics in AMSB QCD    

• Corrections to quark condensates: 







For 


fi = f 0 + ms f1
i + mq f2

i + Δmq f3
i + ⋯

mq ≡ md + mu, Δmq ≡ md − mu

F < N

fd ≃ (1 + md

18 ) Λ3/2

3m
, fu ≃ (1 + mu

18 ) Λ3/2

3m
, fs ≃ (1 + ms

18 ) Λ3/2

3m
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Phenomenological Application
Correction to meson VEVs

For 








F = N

fd ≃ (1 − m2

6αβΛ2 +
m(ms + mq)

18βΛ2 − α
ms − mq/2

12m
+ α

Δmq

8m ) Λ

fu ≃ (1 − m2

6αβΛ2 +
m(ms + mq)

18βΛ2 − α
ms − mq/2

12m
− α

Δmq

8m ) Λ

fs ≃ (1 − m2

6αβΛ2 +
m(ms + mq)

18βΛ2 + α
ms − mq/2

6m ) Λ
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Phenomenological Application
Correction to meson VEVs



Meson physics in AMSB QCD    
• For both cases 


• In agreement with ChPT Gasser/Leutwyler


• Corrections to Gell-Mann Okubo sum rule  


For Both cases


fd
fu

= 1 −
Δmq

ms − mq/2 (1 − fs
fu ) + ⋯

50

Phenomenological Application
Correction to meson VEVs

J. Gasser and H Leutwyler ’85

For Both cases


fd
fu

= 1 −
Δmq

ms − mq/2 (1 − fs
fu ) + ⋯
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Phenomenological Application
Correction to meson VEVs

J. Gasser and H Leutwyler ’85

For 





For 





 is negative for , while not for  unless , which is 
ordinary QCD

F < N

ΔGMO = − ( 7
27 + 1

648
mq

m ) m2
s + 7

27 msmq ∼ − 2000 MeV2

F = N

ΔGMO = (α2 + α3

4
mq

m
− 7α2

36β
mmq

Λ2 ) m2
s + ( α2

2 + 7α2

36β
mmq

Λ2 ) msmq

ΔGMO F < N F = N m ≫ Λ

51

Phenomenological Application
Correction to GMO formula

ΔEXP
GMO ∼ − 70000 MeV2



Heavy quark physics?    

• Can calculate meson decays


• Semi-leptonic decays: ChPT: 


• In AMSB QCD:    


• In progress, also want to look at hadronic decays


Leptonic Decay

In ChPT, 





In SQCD,





Non-leptonic Decay is on progress! 

e.g.  and 

⟨∂μU†∂μU⟩ → ⟨∂μU†GF[QW]ℓ̄γμνU⟩ → GF(∂μKπ)(ℓ̄γμν)

⟨M†M⟩ → ⟨M†eQWJWMe−QWJW⟩ → GF(∂μKπ)(ℓ̄γμν)

G8 G27

52

Phenomenological Application
Form Factors

∂μ → Dμ = ∂μ + GFQWJμ
W Jμ

W = ℓ̄γμν

Leptonic Decay

In ChPT, 





In SQCD,





Non-leptonic Decay is on progress! 

e.g.  and 

⟨∂μU†∂μU⟩ → ⟨∂μU†GF[QW]ℓ̄γμνU⟩ → GF(∂μKπ)(ℓ̄γμν)

⟨M†M⟩ → ⟨M†eQWJWMe−QWJW⟩ → GF(∂μKπ)(ℓ̄γμν)

G8 G27
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Phenomenological Application
Form Factors

∂μ → Dμ = ∂μ + GFQWJμ
W Jμ

W = ℓ̄γμν



Meson physics in AMSB QCD    
• Some of the issues in heavy quark physics can be addressed - 

those the don’t involve mixing with generic heavy QCD states    


• Charm decay constant


• 𝜼c - 𝜼’ mixing


• 𝜼c , 𝜼’ masses


We can also explicitly show that  , which is important in heavy 
quark physics 


For all  and 


f2
c ∼ 1/mc

F < 3
2 N mc > m, mq=u,d,s

f2
q = ( mc

mN−F+1
* )

1
N

Λ3N − F
N , f2

c =
mq

mc
f2
q
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Phenomenological Application
Charm Quark VEV

 is the larger of  and m* mq m

Mixing between  and 


 for 


 for  and 


 for 

η′ ηc

sin θη = m*
mc

F < N

sin θη = m*
mc

F = N N + 1 < F < 3
2 N

sin θη = 1
2

F = N + 1
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Phenomenological Application
 and  mixingη′ ηc

When ,   has no charm quark in it


For  and 


 , 


For 

Heavily depends on the form of Kähler potentials


 ,  or   , 


Need a better understanding

mc > Λ η′ 

F < N N + 1 < F < 3
2 N

m2
η′ 

∼ m2
* m2

ηc
∼ m2

c

F = N, N + 1

m2
η′ 

∼ Λ2 m2
ηc

∼ Λ2 m2
η′ 

∼ m2
c m2

ηc
∼ m2

c

56

Phenomenological Application
 and  massesη′ ηc



Summary 
•  Softly broken SUSY theories lab for studying 

confinement and QCD physics


• AMSB is UV insensitive, produces QCD-like phase 
structure 


• 𝛈’ potential: for most cases not instanton induced, 
except for special cases F=N-1,N,N+1


• Reproduce the structure of CP phases at 𝝷=𝛑


• Can study some meson physics - vacuum structure, 
mass sum rules, semi-leptonic decays, heavy 
charm physics,…. 




Happy birthdays - and please more physics!!!!


