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Are Neutrinos Majorana or Dirac Fermions?
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A massive charged fermion (s=1/2) is
described by 4 degrees of freedom:

(e−L ← CPT→ e+R)

↕ “Lorentz”
(e−R ← CPT→ e+L)

A massive neutral fermion (s=1/2) is
described by 4 or 2 degrees of freedom:

(νL ← CPT→ ν̄R)

↕ “Lorentz” ‘DIRAC’

(νR ← CPT→ ν̄L)

(νL ← CPT→ ν̄R)

‘MAJORANA’ ↕ “Lorentz”
(ν̄R ← CPT→ νL)

How many degrees of freedom are required
to describe massive neutrinos?
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Why Don’t We Know the Answer?

If neutrino masses were indeed zero, this is a nonquestion: there is no

distinction between a massless Dirac and Majorana fermion.

Processes that are proportional to the Majorana nature of the neutrino

vanish in the limit mν → 0. Since neutrinos masses are very small, the

probability for these to happen is very, very small: A ∝ mν/E.

The “smoking gun” signature is the observation of LEPTON NUMBER

violation. This is easy to understand: Majorana neutrinos are their own

antiparticles and, therefore, cannot carry any quantum number —

including lepton number.
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Search for the Violation of Lepton Number (or B − L)
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[KamLAND-Zen Coll. (Abe et al), 2406.11438 [hep-ex]]

Lots of Experimental Activity!

Moving Towards Ton-Scale Expts.

(LEGEND, CUPID, nEXO, etc)
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What Else is There?

1. How about other searches for lepton number violation? Can they ever

be competitive? How?

2. Are there other ways to tell whether the neutrinos are Majorana or

Dirac fermions?
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How about other searches for lepton number violation? Can

they ever be competitive? How?

There are two major challenges one must face before embracing other

searches for lepton number violation (LNV).

1. Constraints from searches for 0νββ are too strong. There is an

“easy” way out: play with the flavor structure of the LNV physics.

2. Neutrino masses are very small. Majorana neutrino masses

are a consequence of LNV physics. The relation between the

LNV physics and the neutrino masses, however, is indirect so the real

question is whether there are scenarios where LNV is accessible to

laboratory experiments while, at the same time, the neutrino masses

are tiny.
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⇐ 0νββ
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André de Gouvêa Northwestern

September 26, 2024 Majorana or Dirac?
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⇒ ⇐ (Next Best Thing)
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Are there other ways to tell whether the neutrinos are

Majorana or Dirac fermions?

The answer is a qualified ‘yes.’

The qualification is that we have to know the relevant physics – new

physics may spoil everything! There are no “theorems” as far as I know. . .
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Again: Why Don’t We Know the Answer?

Neutrino Masses are Very Small!∗

In fact, except for neutrino oscillation experiments, no consequence of a nonzero

neutrino mass has ever been observed in any experiment. As far as all

non-oscillation neutrino experiments are concerned, neutrinos are massless

fermions.

∗Very small compared to what? Compared to the typical energies and

momentum transfers in your experiment. Another way to think about this:

neutrinos are always ultrarelativistic in the lab frame.

There are two ways around it:

1. Find something that only Majorana fermions know how to do [e.g. violate

lepton number] or

2. find some non-ultrarelativistic neutrinos to work with!
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The Burden of Working with Non-Ultrarelativistic Neutrinos

In a nutshell: there aren’t too many of them, and the weak interactions

are weak. Remember, at low energies

σ ∝ E (or worse)

On the other hand, telling Majorana From Dirac neutrinos is “trivial.”

Indeed, it is an order one effect.
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Examples, or

Where Can I Find Some Non-Relativistic Neutrinos?

• The Cosmic Neutrino Background;

• Low-Energy Reactions with (Not-To-Be-Detected) Neutrinos in the

Final State;

• Decaying Neutrinos.
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Example: The Cosmic Neutrino Background

[see, e.g., Long, Lunardini, Sabancilar, arXiv:1405.7654]

Assuming the Standard Model of Cosmology, at least two of the three

neutrinos are mostly non-relativistic today:

Tν ∼ 2K ∼ 2× 10−4 eV.

Furthermore, it turns out that hitting a Majorana CνB with a

charged-current process is easier than hitting a Dirac CνB, assuming the

weak interactions. All of this is assuming one is measuring the CνB via

neutrino-capture on nuclei, ν(Z,A)→ e−(Z + 1, A) (charged-current weak

interaction on matter)
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When you interact with a polarized (anti)neutrino at rest, it will either

choose to behave like the left-chiral component or the right-chiral

component, with the same probability.

In the Dirac case, the right-chiral component of the neutrino is sterile, i.e.,

it does not participate in the weak interactions and you can’t interact

with it. Furthermore, the antineutrinos have the opposite lepton number

and can’t be detected via ν(Z,A)→ e−(Z + 1, A).

In the Majorana case, the right-chiral component knows how to produce

positrons (the “antineutrino”) so both can interact via the weak

interactions.

When it comes to the cosmic neutrino background detected via

ν(Z,A)→ e−(Z + 1, A), we get a hit from the neutrinos – just like in the

Dirac case – but we also get a hit from the “antineutrino,” with the same

rate, since the left-chiral component of the other polarization-state knows

how to produce electrons!
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This means that if we ever observe the cosmic neutrino background, we can

determine the nature of the neutrino. If all neutrinos were at rest, for the same

neutrino (+ “antineutrino”) flux, we expect twice as many events in the

experiment if the neutrinos are Majorana fermions. One can easily include finite

temperature effects, effects related to the neutrino mass ordering, a potential

primordial lepton asymmetry, etc.

Some challenges:

• We have never detected the cosmic neutrino background! (see, however,

PTOLEMY [arXiv:1808.01892 and many uddates] for an idea that may

work one day?);

• We measure flux times cross-section. While we know the average neutrino

number density of the universe very well from the Standard Model of

Cosmology, we don’t know the number density of neutrinos here very well

[Uncertainty around 10% so likely ok?].
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Neutrinos Near Threshold

We looked at

eγ → eνν̄

at sub-eV energies, because it can be done, in principle (electron at rest,

infrared photon). Best to do it in the mass basis! Using the Fermi theory. . .

[Berryman, AdG, Kelly, Schmitt, arXiv:1805.10294]
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[Berryman, AdG, Kelly, Schmitt, arXiv:1805.10294]
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Why Can’t We Do This?

• Cross sections are small. Very, very small. For a 1 eV laser (1240 nm,

near-infrared) with a power of 2 W (it exists) and a large target of

electrons at rest with density 1023 cm−3 and a length of 1 m we

expect one signal event every 1020 years.

• Backgrounds are overwhelming. The signal is a recoil electron and

nothing else. This can be mimicked by e+ γ → e+ γ + · · ·+ γ (n

photons) when the photon(s) are very soft or fall within a dead-zone

within the detector. Very naively,

σn ∼ α(n−1)σThomson

(
Ethreshold

γ

me

)2n

where σThomson ∼ 0.7 barn.

September 26, 2024 Majorana or Dirac?
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Neutrino Decay (Hint – Only Massive Particles Decay)

[Balantekin, AdG, Kayser, arXiv:1808.10518]

The two heavy neutrinos are expected to decay. E.g., if the neutrino mass

ordering is normal, decay modes like ν3 → ν1γ and ν3 → ν1ν2ν̄1 are not

only kinematically allowed, they are mediated by the weak interactions

once mixing is taken into account.

Dirac and Majorana neutrinos “decay differently.” In particular, the

number of accessible final states, and the way in which they can

potentially interfere, is such that the partial widths and the lifetimes are

different – assuming the same mixing and mass parameters – if the

neutrinos are Majorana or Dirac.

Obvious challenges. Γ ∝ (mν)
n [n is some positive power] so the neutrino

lifetimes are expected to be cosmological. Insult to injury, the ν → ν’s

decay mode is significant, which renders studying the final products of the

decay a rather daunting task. Nonetheless, we proceed . . .
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[and at leading order]

The two-body decay of a Majorana fermion into a self-conjugate final state is isotropic
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A More Realistic (?) Application – Neutral Heavy Leptons

If a neutral heavy lepton ν4 is discovered somewhere – LHC,

MicroBooNE, ICARUS, DUNE, SuperB Factory, SHiP, etc – in the

future, after much rejoicing, we will want to establish whether this

fermion is a Majorana or Dirac fermion.

How do we do it?

• Check for lepton-number violation. What does it take?

– A lepton-number asymmetric initial state (easy). Or an

even-by-event lepton number “tag” of the neutral heavy lepton

(e.g. LHC environment).

– Charge identification capability in the detector (sometimes absent

or partially absent).

• Kinematics. Not only are the decay widths different (not super

useful, since it requires we know unknown parameters) but the

kinematics are also qualitatively different, as I showed in the last slide.
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– More Realistic (?) Application

All of these decays are isotropic for a Majorana parent. Dirac case ⇓ (weak interactions)
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Can this be done, some day, in practice?

[AdG, Kayser, et al, 1912.07622, 2104.05719, 2105.06576, 2109.10358]

• Three-body decays (concentrating on νℓ+ℓ−);

• Heavy neutrino production mechanism (choice is meson decay at rest);

• Consider different models for heavy neutrino decay, including the weak

interactions (four-fermion interactions that preserve lepton number).

September 26, 2024 Majorana or Dirac?



André de Gouvêa Northwestern

ν4 at the Z-pole

[Blondel, AdG, Kayser, arXiv: 2105.06576]

For m4 < MZ , heavy neutrinos can be produced in the decay of Z-bosons. For

example,

e+e− → Z → ν̄lightν4 (or νlightν̄4)

followed by ν4 decay.

• Why do we care about this? Best constraints on m4 around 10s of GeV

from LEP! A Tera-Z-like experimental setup would be sensitive to

seesaw-related heavy neutrinos. Unique opportunity.

• Challenge: Heavy neutrinos produced with light ones. We can’t tell

whether lepton-number is violated (at least in an event-by-event basis)

since we don’t get to the detect the light neutrinos.

• Main Message: If m4 is large enough, Majorana and Dirac ν4 are produced

differently and decay differently!

[There are many related studies. E.g., P. Hernández, et al, arXiv:1810.07210 (ILC)]

September 26, 2024 Majorana or Dirac?
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Normalized differential cross-section for e+e− → Z → ν4ν̄light (left) and

e+e− → Z → ν̄4νlight (right) as a function of the direction of the heavy (anti)neutrino

cos θ, for different values of the heavy neutrino mass m4. The neutrinos are assumed to

be Dirac fermions.

[θ is defined relative to the direction of the e−-beam.]
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ν4 ν4
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The Forward-Backward Asymmetry AD
FB of heavy neutrino or antineutrino production

in e+e− → Z → ν4ν̄light or e+e− → Z → ν̄4νlight as a function of the heavy neutrino

mass. The neutrinos are assumed to be Dirac fermions.
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Normalized differential cross-section for e+e− → Z → ν4νlight as a function of the

direction of the heavy neutrino, cos θ, for different values of the heavy neutrino mass

m4. The neutrinos are assumed to be Majorana fermions.

The Forward-Backward Asymmetry AM
FB vanishes exactly if ν4 are Majorana fermions.
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When the ν4 decays via charged-current interactions, Dirac ν4’s decay like

this:

ν4 → ℓ− +X and ν̄4 → ℓ+ +X∗

so the ℓ− inherits the angular distribution of the ν4 while ℓ+ inherits the

angular distribution of the ν̄4.

Meanwhile, Majorana ν4’s decay like this:

ν4 → ℓ− +X or ν4 → ℓ+ +X∗

with equal probability. Both the ℓ+ and the ℓ− have the same angular

distribution and no forward-backward asymmetry.

And there is more. . .
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. . . the energy distribution of the daugther-charged-leptons depends on the polarization

of the parent ν4 (and ν̄4 if ν4 is a Dirac fermion). For example,
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Normalized differential decay widths of ν4 → ℓ±π∓ as a function of the energy of the

charged-lepton, for ν4 produced in Z-decay-at-rest. The different curves correspond to

different values of α±P ∈ [−1, 1] and m4 = 30 GeV. α± is the decay-asymmetry

parameter and is a property of the physics responsible for the decay. For the SM,

α+ = +1 = −α−
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The polarizarion PD of heavy neutrinos (dashed lines) or antineutrinos (solid lines)

produced in e+e− → Z → ν4ν̄light or e+e− → Z → ν̄4νlight as a function of the

direction of the heavy (anti)neutrino cos θ, for different values of the heavy neutrino

mass m4. The neutrinos are assumed to be Dirac fermions.
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The polarizarion PM of heavy neutrinos produced in e+e− → Z → ν4νlight as a

function of the direction of the heavy neutrino cos θ, for different values of the heavy

neutrino mass m4. The neutrinos are assumed to be Majorana fermions. [Range of PM

values much smaller than range of PD values (previous slide).]
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Normalized differential decay widths of ν4 → ℓ−π+ as a function of the energy of the

charged-lepton, averaged over the heavy-neutrino production angle, for ν4 produced in

Z-decay-at-rest assuming the heavy neutrinos are Dirac (left) and Majorana (right)

fermions. The different curves correspond to different values of m4. The same curves

apply, both in the left-hand and in the right-hand panels, to the ℓ+π− final-states.
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IS HINCHLIFFE'S RULE TRUE?· 

Boris Peon 

Abstract 

Hinchliffe has asserted that whenever the title of a paper 

is a question with a yes/no answer, the answer is always no. 

This paper demonstrates that Hinchliffe's assertion is false, 

but only if it is true. 

• Accepted for publication in Annals of Gnosis. 
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Quick Summary

• Majorana and Dirac Fermions are Qualitatively Different. However,

massless Majorana and Dirac fermions are “the same” –

Majorana-versus-Dirac is a nonquestion! Since neutrinos are always

ultra-relativistic, it is very difficult to address whether they are

Majorana or Dirac. Neutrinos are massless as far as most experiments

are concerned.

• One solution is to look for phenomena that can only occur if the

neutrino is a Majorana fermion (e.g., LNV). Even for very rare

phenomena, any positive result establishes that neutrinos are

Majorana fermions.

• The other way is to find circumstances where the neutrinos are not

ultra-relativistic. In this case, the Majorana versus Dirac differences

are large. The rates, on the other hand. . .
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Backup Slides . . .
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[KamLAND-Zen Coll. (Abe et al), 2406.11438 [hep-ex]]

Lots of Experimental Activity!

Moving Towards Ton-Scale Expts.

(LEGEND, CUPID, nEXO, etc)
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Another Example of Neutrinos Near Threshold (Brief)

Atomic process: A∗ → Aγ, where A (A∗) is a neutral atom (in some

excited state). Now replace the γ with an off-shell Z, which manifests

itself as two neutrinos:

A∗ → Aνν̄.

It is easy to imagine sub-eV energies and hence the neutrinos are not ultra-relativistic.

For all the details including rates – tiny – and difference between Majorana and Dirac

neutrinos – large – see, for example, Yoshimura, hep-ph/0611362, Dinh et al.,

arXiv:1209.4808, and Song et al. arXiv:1510.00421, and references therein.
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ν4 and Lepton-Number Violation at Hadron Colliders

Heavy neutrinos, when produced at a collider experiment, may also

mediate lepton-number violation if they are Majorana fermions. For

example,

XW+(∗) → Xℓ+ν4(→ ℓ− + qq̄′).

versus

XW+(∗) → Xℓ+ν4(→ ℓ+ + qq̄′).

Smoking-gun if the lepton-number of X is known (e.g., zero).
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(“same” as angular distribution)
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Aside: We Can Use Charged Final States Too!

The two-body final states here all involve a neutrino and a neutral boson. Impossible to

reconstruct the parent rest-frame and it requires measuring the properties of a neutral

boson, which is sometimes challenging. Can we use the charged final states? E.g.,

ν4 → µ+π−

Most of the time, ‘yes’ ! The reason is as follows. CPT invariance (at leading order)

implies, for 100% polarized Majorana fermions,

dΓ(ν4 → µ+π−)

d cos θ
∝ (1 + α cos θ) while

dΓ(ν4 → µ−π+)

d cos θ
∝ (1− α cos θ)

so the charge-blind sum of the two is also isotropic. This is not the case for

Dirac neutrinos as long as the production of neutrinos and antineutrinos is asymmetric,

which is usually the case.
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<latexit sha1_base64="ZN/TKQfHItoZxq4jyQYJBR9U+Xo=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa9eKxgP6CNZbOdtEs3m7C7qZSQ/+HFgyJe/S/e/Ddu2hy09cHA470ZZub5MWdKO863tbK6tr6xWdoqb+/s7u1XDg5bKkokxSaNeCQ7PlHImcCmZppjJ5ZIQp9j2x/f5n57glKxSDzoaYxeSIaCBYwSbaTH3gRpGmf9tCeSrNyvVJ2aM4O9TNyCVKFAo1/56g0imoQoNOVEqa7rxNpLidSMcszKvURhTOiYDLFrqCAhKi+dXZ3Zp0YZ2EEkTQltz9TfEykJlZqGvukMiR6pRS8X//O6iQ6uvZSJONEo6HxRkHBbR3YegT1gEqnmU0MIlczcatMRkYRqE1Qegrv48jJpndfcy5pzf1Gt3xRxlOAYTuAMXLiCOtxBA5pAQcIzvMKb9WS9WO/Wx7x1xSpmjuAPrM8fwmKSrA==</latexit>

~p⌫

<latexit sha1_base64="gfuqAtgxQM4N+fuTcqH2VYJW8/c=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKLHohdPUsHaQhPKZrtpl242YXcilJCLf8WLB0W8+jO8+W/ctDlo64OBx3szzMwLEsE1OM63VVlaXlldq67XNja3tnfs3b0HHaeKsjaNRay6AdFMcMnawEGwbqIYiQLBOsH4uvA7j0xpHst7mCTMj8hQ8pBTAkbq2we3HvYiAiMVZYpp8HCoSMTyvl13Gs4UeJG4JamjEq2+/eUNYppGTAIVROue6yTgZ0QBp4LlNS/VLCF0TIasZ6g0S7SfTR/I8bFRBjiMlSkJeKr+nshIpPUkCkxncaue9wrxP6+XQnjpZ1wmKTBJZ4vCVGCIcZEGHnDFKIiJIYQqbm7FdEQUoWAyq5kQ3PmXF8nDacM9bzh3Z/XmVRlHFR2iI3SCXHSBmugGtVAbUZSjZ/SK3qwn68V6tz5mrRWrnNlHf2B9/gC87JaB</latexit>

N rest frame

~pX
<latexit sha1_base64="VO1YRHYgkvCkK2XHzFYY0CuYUs4=">AAAB8HicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGC/ZA2lM120i7dTcLuplBCf4UXD4p49ed489+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6jhVDBssFrFqB1Sj4BE2DDcC24lCKgOBrWB0N/NbY1Sax9GjmSToSzqIeMgZNVZ66o6RZcm01+6Vym7FnYOsEi8nZchR75W+uv2YpRIjwwTVuuO5ifEzqgxnAqfFbqoxoWxEB9ixNKIStZ/ND56Sc6v0SRgrW5Ehc/X3REal1hMZ2E5JzVAvezPxP6+TmvDGz3iUpAYjtlgUpoKYmMy+J32ukBkxsYQyxe2thA2poszYjIo2BG/55VXSrFa8y0r14apcu83jKMApnMEFeHANNbiHOjSAgYRneIU3RzkvzrvzsWhdc/KZE/gD5/MHDMiQkQ==</latexit>

✓X
<latexit sha1_base64="CmX4GU3HGeAckDhQPPomqxcTxwk=">AAAB73icbVBNS8NAEN3Ur1q/qh69LBbBU0mqoMeiF48VbBtoQ9lsJ+3SzSbuToRS+ie8eFDEq3/Hm//GbZuDtj4YeLw3w8y8MJXCoOt+O4W19Y3NreJ2aWd3b/+gfHjUMkmmOTR5IhPth8yAFAqaKFCCn2pgcSihHY5uZ377CbQRiXrAcQpBzAZKRIIztJLfxSEg6/m9csWtunPQVeLlpEJyNHrlr24/4VkMCrlkxnQ8N8VgwjQKLmFa6mYGUsZHbAAdSxWLwQST+b1TemaVPo0SbUshnau/JyYsNmYch7YzZjg0y95M/M/rZBhdBxOh0gxB8cWiKJMUEzp7nvaFBo5ybAnjWthbKR8yzTjaiEo2BG/55VXSqlW9i2rt/rJSv8njKJITckrOiUeuSJ3ckQZpEk4keSav5M15dF6cd+dj0Vpw8plj8gfO5w8J4I/3</latexit>

<latexit sha1_base64="8EwcBmYofJ7XlZdcVPnvS6gr1Zw=">AAACAnicbVBNS8NAEN3Ur1q/op7Ey2IRPJVEFD0WvXisYD+gDWWznbRLN5uwuxFqCF78K148KOLVX+HNf+M2zUFbHww83pthZp4fc6a043xbpaXlldW18nplY3Nre8fe3WupKJEUmjTikez4RAFnApqaaQ6dWAIJfQ5tf3w99dv3IBWLxJ2exOCFZChYwCjRRurbB70R0elDhnsxkYRz4DhXVNa3q07NyYEXiVuQKirQ6NtfvUFEkxCEppwo1XWdWHspkZpRDlmllyiICR2TIXQNFSQE5aX5Cxk+NsoAB5E0JTTO1d8TKQmVmoS+6QyJHql5byr+53UTHVx6KRNxokHQ2aIg4VhHeJoHHjAJVPOJIYRKZm7FdGSioNqkVjEhuPMvL5LWac09rzm3Z9X6VRFHGR2iI3SCXHSB6ugGNVATUfSIntErerOerBfr3fqYtZasYmYf/YH1+QO1l5eh</latexit>

ẑ k ŝ

<latexit sha1_base64="5mFI8xmDBb/kzoJBq3oEwnNBPKc=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9gPaUDbbTbt0swm7EyGE/ggvHhTx6u/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wSTu5nfeeLaiFg9YpZwP6IjJULBKFqp0x9TzLPpoFpz6+4cZJV4BalBgeag+tUfxiyNuEImqTE9z03Qz6lGwSSfVvqp4QllEzriPUsVjbjx8/m5U3JmlSEJY21LIZmrvydyGhmTRYHtjCiOzbI3E//zeimGN34uVJIiV2yxKEwlwZjMfidDoTlDmVlCmRb2VsLGVFOGNqGKDcFbfnmVtC/q3lXdfbisNW6LOMpwAqdwDh5cQwPuoQktYDCBZ3iFNydxXpx352PRWnKKmWP4A+fzB7MTj84=</latexit>

ŷ

<latexit sha1_base64="dw6S4SE9R6K5bh9FoFIidLSnE6s=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0nEoseiF48V7Ae0oWy2m3bpZhN2J2IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//ci1EbF6wEnC/YgOlQgFo2ildm9EMXua9ssVt+rOQVaJl5MK5Gj0y1+9QczSiCtkkhrT9dwE/YxqFEzyaamXGp5QNqZD3rVU0YgbP5ufOyVnVhmQMNa2FJK5+nsio5ExkyiwnRHFkVn2ZuJ/XjfF8NrPhEpS5IotFoWpJBiT2e9kIDRnKCeWUKaFvZWwEdWUoU2oZEPwll9eJa2LqleruveXlfpNHkcRTuAUzsGDK6jDHTSgCQzG8Ayv8OYkzovz7nwsWgtOPnMMf+B8/gCxjo/N</latexit>

x̂

<latexit sha1_base64="ZN/TKQfHItoZxq4jyQYJBR9U+Xo=">AAAB9XicbVBNS8NAEJ34WetX1aOXYBE8lUQUPRa9eKxgP6CNZbOdtEs3m7C7qZSQ/+HFgyJe/S/e/Ddu2hy09cHA470ZZub5MWdKO863tbK6tr6xWdoqb+/s7u1XDg5bKkokxSaNeCQ7PlHImcCmZppjJ5ZIQp9j2x/f5n57glKxSDzoaYxeSIaCBYwSbaTH3gRpGmf9tCeSrNyvVJ2aM4O9TNyCVKFAo1/56g0imoQoNOVEqa7rxNpLidSMcszKvURhTOiYDLFrqCAhKi+dXZ3Zp0YZ2EEkTQltz9TfEykJlZqGvukMiR6pRS8X//O6iQ6uvZSJONEo6HxRkHBbR3YegT1gEqnmU0MIlczcatMRkYRqE1Qegrv48jJpndfcy5pzf1Gt3xRxlOAYTuAMXLiCOtxBA5pAQcIzvMKb9WS9WO/Wx7x1xSpmjuAPrM8fwmKSrA==</latexit>

~p⌫

<latexit sha1_base64="8Q8PXsCWEwXyXIAfdu/l45IQV64=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJ4Kokoeix68VjBfkATwmY7aZduPtidKCX2p3jxoIhXf4k3/42bNgdtfTDweG+GmXlBKrhC2/42VlbX1jc2K1vV7Z3dvX2zdtBRSSYZtFkiEtkLqALBY2gjRwG9VAKNAgHdYHxT+N0HkIon8T1OUvAiOox5yBlFLflmzcURIPVzF4Qoauqbdbthz2AtE6ckdVKi5Ztf7iBhWQQxMkGV6jt2il5OJXImYFp1MwUpZWM6hL6mMY1Aefns9Kl1opWBFSZSV4zWTP09kdNIqUkU6M6I4kgteoX4n9fPMLzych6nGULM5ovCTFiYWEUO1oBLYCgmmlAmub7VYiMqKUOdVlWH4Cy+vEw6Zw3nomHfndeb12UcFXJEjskpccglaZJb0iJtwsgjeSav5M14Ml6Md+Nj3rpilDOH5A+Mzx/FKJRU</latexit>

✓``
<latexit sha1_base64="2gmoo3A9Am6KPsTD2/DmoL/TXUk=">AAAB8HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0WPRi8cK9kPaUDbbSbt0Nwm7m0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU1HGqGDZYLGLVDqhGwSNsGG4EthOFVAYCW8Hobua3xqg0j6NHM0nQl3QQ8ZAzaqz01B0jy5JpT/bKFbfqzkFWiZeTCuSo98pf3X7MUomRYYJq3fHcxPgZVYYzgdNSN9WYUDaiA+xYGlGJ2s/mB0/JmVX6JIyVrciQufp7IqNS64kMbKekZqiXvZn4n9dJTXjjZzxKUoMRWywKU0FMTGbfkz5XyIyYWEKZ4vZWwoZUUWZsRiUbgrf88ippXlS9q6r7cFmp3eZxFOEETuEcPLiGGtxDHRrAQMIzvMKbo5wX5935WLQWnHzmGP7A+fwBLKCQpg==</latexit>

~pm

<latexit sha1_base64="wPyXb6Asbo7I4GynICNnXcsc2eU=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRbBU9kVRY9FLx4r2A9pl5JNs21okg1JtlCW/govHhTx6s/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx41TZJqQhsk4YluR9hQziRtWGY5bStNsYg4bUWju5nfGlNtWCIf7UTRUOCBZDEj2DrpqTumJFPTnuqVK37VnwOtkiAnFchR75W/uv2EpIJKSzg2phP4yoYZ1pYRTqelbmqowmSEB7TjqMSCmjCbHzxFZ07pozjRrqRFc/X3RIaFMRMRuU6B7dAsezPxP6+T2vgmzJhUqaWSLBbFKUc2QbPvUZ9pSiyfOIKJZu5WRIZYY2JdRiUXQrD88ippXlSDq6r/cFmp3eZxFOEETuEcAriGGtxDHRpAQMAzvMKbp70X7937WLQWvHzmGP7A+/wBMSyQqQ==</latexit>

~pp
<latexit sha1_base64="NiTKGEc5NBtBTFruWz/bDT1CYDw=">AAACE3icbZDLSsNAFIYn9VbrrerSzWARRKEkouhGKLpxWcFeoAlhMj1th04uzEwKJeQd3Pgqblwo4taNO9/GSRtFW3848PGfc5g5vxdxJpVpfhqFhcWl5ZXiamltfWNzq7y905RhLCg0aMhD0faIBM4CaCimOLQjAcT3OLS84XXWb41ASBYGd2ocgeOTfsB6jBKlLbd8ZI+AJlHqJjZwnlWKL/G36ePjH47ccsWsmhPhebByqKBcdbf8YXdDGvsQKMqJlB3LjJSTEKEY5ZCW7FhCROiQ9KGjMSA+SCeZ3JTiA+10cS8UugKFJ+7vjYT4Uo59T0/6RA3kbC8z/+t1YtW7cBIWRLGCgE4f6sUcqxBnAeEuE0AVH2sgVDD9V0wHRBCqdIwlHYI1e/I8NE+q1lnVvD2t1K7yOIpoD+2jQ2Shc1RDN6iOGoiie/SIntGL8WA8Ga/G23S0YOQ7u+iPjPcvSC+eZQ==</latexit>

~p`` = ~pm + ~pp

<latexit sha1_base64="6HQ0RWmwSYFjaivXspP4Wt/VRZ8=">AAAB+nicbVBNS8NAEN34WetXqkcvwSJ4Kokoeix68VjBfkATwmS7aZfubsLuRimxP8WLB0W8+ku8+W/ctDlo64OBx3szzMyLUkaVdt1va2V1bX1js7JV3d7Z3du3awcdlWQSkzZOWCJ7ESjCqCBtTTUjvVQS4BEj3Wh8U/jdByIVTcS9nqQk4DAUNKYYtJFCu+YPgXMIc58wVtQ0tOtuw53BWSZeSeqoRCu0v/xBgjNOhMYMlOp7bqqDHKSmmJFp1c8USQGPYUj6hgrgRAX57PSpc2KUgRMn0pTQzkz9PZEDV2rCI9PJQY/UoleI/3n9TMdXQU5Fmmki8HxRnDFHJ06RgzOgkmDNJoYAltTc6uARSMDapFU1IXiLLy+TzlnDu2i4d+f15nUZRwUdoWN0ijx0iZroFrVQG2H0iJ7RK3qznqwX6936mLeuWOXMIfoD6/MHp0uUQQ==</latexit>�``

<latexit sha1_base64="gfuqAtgxQM4N+fuTcqH2VYJW8/c=">AAACAHicbVBNS8NAEN3Ur1q/oh48eFksgqeSiKLHohdPUsHaQhPKZrtpl242YXcilJCLf8WLB0W8+jO8+W/ctDlo64OBx3szzMwLEsE1OM63VVlaXlldq67XNja3tnfs3b0HHaeKsjaNRay6AdFMcMnawEGwbqIYiQLBOsH4uvA7j0xpHst7mCTMj8hQ8pBTAkbq2we3HvYiAiMVZYpp8HCoSMTyvl13Gs4UeJG4JamjEq2+/eUNYppGTAIVROue6yTgZ0QBp4LlNS/VLCF0TIasZ6g0S7SfTR/I8bFRBjiMlSkJeKr+nshIpPUkCkxncaue9wrxP6+XQnjpZ1wmKTBJZ4vCVGCIcZEGHnDFKIiJIYQqbm7FdEQUoWAyq5kQ3PmXF8nDacM9bzh3Z/XmVRlHFR2iI3SCXHSBmugGtVAbUZSjZ/SK3qwn68V6tz5mrRWrnNlHf2B9/gC87JaB</latexit>
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