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Figure 1: S1/(Z2 × Z ′
2) orbifold in the fifth dimension.

different locations in the bulk, maintaining the softness of radiative corrections.

2.2 The S1/(Z2 × Z ′
2) orbifold

The S1/(Z2 ×Z ′
2) orbifold is constructed from the circle by imposing two parities: Z2 : y → −y

and Z ′
2 : y′ → −y′, where y′ = y − πR/2. These correspond to reflections about the axes A and

A′ in Figure 1. The modes of the circle are now assembled into 4 types rather than 2, according

to their (Z2, Z ′
2) quantum numbers:

(+,+) : cos
2n y

R
(6)

(+,−) : cos
(2n+ 1) y

R
(7)

(−,+) : sin
(2n+ 1) y

R
(8)

(−,−) : sin
(2n+ 2) y

R
(9)

with n = 0, 1, 2, .... Any component field will have just one type of mode, according to its Z2×Z ′
2

assignment; only fields with (+,+) assignment contain a zero mode. The modes are completely

specified over the circle once they are given on the interval 0 < y < πR/2, which we choose to

be the physical space.

There are two ways to interpret the quantum numbers of the two discrete Z2 symmetries.

One way is the following. The first Z2, which is the reflection y → −y, leaves a supersymmetry
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Figure 5. Some of the Feynman rules connecting gravitons to SM fields, from

Ref. [21]. Here W (f)
µν = (p1 + p2)µγν and the other kinematical functions W (γ)

µναβ and

K(p1, p2, p3)µναβγ can be found in [21]. Rules (b) and (c) are present for all SM groups;
rule (d) occurs for non-Abelian groups (gluons shown).

in an n-dimensional spatial volume having Kaluza-Klein index between |k|

17

Note, that the physical mass is suppressed by the size of the extra dimension, and this is
the consequence of the fact that the mass is localized on a brane while the field extends
everywhere in the extra dimension. (3.30) implies that at the high scale M all gauginos
have a common mass term.

The most important question is what the magnitude of the masses of the scalar partners
of the SM fermions will be, since as we have seen at the beginning of this section, this is
what leads to the susy flavor problem. Qualitatively we can already see its features: since
we have assumed that the SM matter fields are on the visible brane, they will not directly
couple to the susy breaking sector. Thus they will feel susy breaking effects only through
loops that go across the extra dimension and connect the scalar fields on one brane with
the susy breaking vev on the other brane. This means, that this operator should be a
loop factor smaller, than the gaugino mass term. However, even this would be too large, if
arbitrary flavor structure was allowed. The important point is that the loops in the extra
dimensions involve the gaugino fields, which couple universally (as determined by the gauge
couplings) to the MSSM matter fields. Therefore, just as in the so called gauge mediated
models (which we have not discussed here since those are not relying on extra dimensions)
the corrections to the soft scalar masses will be flavor universal, and thus this setup has a
chance of solving the susy flavor problem.

Even though we basically already roughly know the answer for what the size of the
scalar masses is going to be, it is still illustrative to go through the calculation in detail, since
this should also teach us how to handle diagrams that involve loops in the bulk. Before we
go into the detail of the calculation, let us just make one comment: every extra dimensional
loop which involves propagation from one brane to the other must be necessarily UV finite.
The reason is that usually divergences appear when the size of the loops in a usual Feynman
diagram shrinks to zero. However here the size of the extra dimension provides a UV cutoff,
and the integral will be finite (the loop can not shrink to zero in coordinate space since the
fields have to propagate from one brane to the other.)

The diagram that one needs to calculate is illustrated below:

λ

λ

λ
Ψ

φ

φ

Since we know that the fields have to propagate from one brane to the other and back,
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A lot of theorists, are 
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}
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predict  particles within LHC’s reach.
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Our bag of tricks
In recent years I’m working quite a bit at the interface 
of HEP and QIS.  


QIS folks are playing with a lot of our tricks!


• Calling them by different names.


• Different goals.


• They are not only building models.                            
They are building stuff!

compositness, 

EFT 


compact dimensions 

branes 


brane localized terms

NDA 


neutrino oscillations

Matter effects                       

…

Note, that the physical mass is suppressed by the size of the extra dimension, and this is
the consequence of the fact that the mass is localized on a brane while the field extends
everywhere in the extra dimension. (3.30) implies that at the high scale M all gauginos
have a common mass term.

The most important question is what the magnitude of the masses of the scalar partners
of the SM fermions will be, since as we have seen at the beginning of this section, this is
what leads to the susy flavor problem. Qualitatively we can already see its features: since
we have assumed that the SM matter fields are on the visible brane, they will not directly
couple to the susy breaking sector. Thus they will feel susy breaking effects only through
loops that go across the extra dimension and connect the scalar fields on one brane with
the susy breaking vev on the other brane. This means, that this operator should be a
loop factor smaller, than the gaugino mass term. However, even this would be too large, if
arbitrary flavor structure was allowed. The important point is that the loops in the extra
dimensions involve the gaugino fields, which couple universally (as determined by the gauge
couplings) to the MSSM matter fields. Therefore, just as in the so called gauge mediated
models (which we have not discussed here since those are not relying on extra dimensions)
the corrections to the soft scalar masses will be flavor universal, and thus this setup has a
chance of solving the susy flavor problem.

Even though we basically already roughly know the answer for what the size of the
scalar masses is going to be, it is still illustrative to go through the calculation in detail, since
this should also teach us how to handle diagrams that involve loops in the bulk. Before we
go into the detail of the calculation, let us just make one comment: every extra dimensional
loop which involves propagation from one brane to the other must be necessarily UV finite.
The reason is that usually divergences appear when the size of the loops in a usual Feynman
diagram shrinks to zero. However here the size of the extra dimension provides a UV cutoff,
and the integral will be finite (the loop can not shrink to zero in coordinate space since the
fields have to propagate from one brane to the other.)

The diagram that one needs to calculate is illustrated below:

λ

λ

λ
Ψ

φ

φ

Since we know that the fields have to propagate from one brane to the other and back,
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Quantum Devices

4

U1 =

|en+1Í RZ(≠mÁ)

|‡n,n+1Í RX(Á)

|pnÍ RZ(mÁ)

Ufh,1 =

|en+1Í H H S S
†

|‡n,n+1Í H • • RX( ≠Á÷
2 ) • Z • RX( ≠Á÷

2 ) • • H

|pnÍ H H S S
†

Ufh,2 =

|en+1Í • Ô
X • RX( ≠Á÷

2 ) • Ô
X

† •

|‡n,n+1Í Ô
X

† S S
†

Ô
X

|pnÍ RY ( ≠Á÷
2 )

FIG. 3. The quantum circuit U1 implementing the gauge kinetic term and the fermion mass term is shown in the left panel. In
the right panel, two equivalent quantum circuits implementing the fermion hopping term appearing in U2 and U3 are shown.
These two circuits have di�erent qubit connectivities and are used in conjunction to provide e�cient mappings between logical
and physical qubits as described in the main text.

NISQ-era computers, however, have nonlinear qubit lay-
outs [103–106]. On these devices, the number of lattice
sites that can be simulated using the hopping-term circuit
layout Ufh,1 is limited by the longest linear graph, and
the resulting e�ciency loss can be substantial. For ex-
ample, on the machines ibmq jakarta and ibm nairobi
(see Fig. 2 a), with the standard qubit layout Ufh,1 only
3 out of 7 qubits would usable, thereby wasting over 60%
of the available resources.

To address this limitation, we employed circuit iden-
tities to derive from the standard circuit Ufh,1 a new
circuit Ufh,2 in which the gauge and anti-fermion fields
are coupled via a central fermion. Using both fermion
hopping-term circuits together allows us to employ all 7
quibits on ibmq jakarta and ibm nairobi in our quan-
tum simulations. Further, these two circuits form a basis
for e�cient 1+1d Z2 simulations using all qubits on any
quantum device with heavy-polygon topology.3 To illus-
trate how Ufh,1 and Ufh,2 can be e�ectively combined,
Fig. 4 shows an example circuit mapping of 1+1d Z2 LGT
with 5 spatial points onto a 22-qubit heavy-square device.
This is the maximum possible e�ciency since simulating
this system with Nx spatial points requires 4Nx ≠1 qubits
as discussed above.

II.3. Simulation Prescription

Correlation functions describing the real-time evolution
of a quantum state of interest |„Í © „† |0Í and subsequent
interaction with a Hermitian4 operator O are generically

3 An N -sided heavy polygon has qubits on both the N edges and
the N vertices.

4 Computing the expectation value of non-Hermitian operators is
possible but requires multiple circuits and ancilla qubits as in e.g.
the Hadamard test (see Sec. 2.4.3 of Ref [107]).

|‡1,2Í

|e1Í|p0Í |‡0,1Í

|p2Í |e3Í|‡2,3Í |p4Í |‡3,4Í

|‡4,5Í

|e5Í |‡5,6Í

|‡7,8Í |p8Í

|e7Í

|p6Í |‡6,7Í

|e9Í |‡8,9Í

|‡9,10Í

|p10Í |‡10,11Í

FIG. 4. Example mapping of 1+1d Z2 which tessellates heavy-
square qubit connectivity layouts relevant for ibm nairobi
and ibmq jakarta. Solid (dashed) lines indicate Ufh,1 (Ufh,2)
gates are used to implement fermion hopping terms involving
a given pair of lattice sites and grayed qubits denote ones
unnecessary for even numbers of lattice sites. This is the
fewest number of idle qubits possible for this graph.

of the form

C(t) = È„|U†(t)OU(t)|„Í = È0|„ U†(t)OU(t) „†|0Í. (8)

By inserting complete sets of energy eigenstates, it is
straightforward to show that C(t) has the spectral repre-
sentation

C(t) =
ÿ

n,m

È„| EmÍ ÈEn| „Í Èm| O |nÍ e≠i(En≠Em)t. (9)

Measurements of |C(t)|2 from quantum simulations can
be fit to this oscillatory form in order to extract energy
di�erences En ≠ Em.

Because we do not explicitly project to the gauge-
invariant sector of Hilbert space during time evolution, our
simulations must start with gauge-invariant initial states
in order to construct gauge-invariant correlation functions.
Here we choose our initial state to be a linear superpo-
sition of two gauge-invariant states: the non-interacting
vacuum state |�Í and a state |P Í that is expected to have
significant overlap with excited states such as electron-
positron bound states. Explicitly, the states |�(Ns)Í and
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Quantum algorithms

(But in model builder’s language)



At the heart of QFT is a mode expansion.                                           

We get to pick the modes. Something like -

Quantum Field Theory

Quantize: a, at are operators. 


Satisfy:  [ak ,ak’
t] =δkk’

This is sometimes referred to as “second quantization”. For us its first!
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Quantum Fields in Small Devices
In this big Universe, fields sometimes get localized to a finite regions. 
Either “naturally” or in a lab.

<latexit sha1_base64="cAxYavpGkM0MAgF3qSRXN+ppkKE="></latexit>

�(xµ) =

Z
d3k

(2⇡)3
1p
2!

⇣
a~ku~k(~x)e

i!t + a†~ku~k
⇤(~x)(e�i!t

⌘

�s Pump photon

Signal photon

Idler particle

Material
medium

�i

�s Pump photon

Signal photon

Idler particle

Material
medium

�i

�s Pump photon

Signal photon

Idler particle

Material
medium

�i

pump

<latexit sha1_base64="y7bieoDgrqMMpGdK6C46/IVIJoY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV7APaoWTStA1NMjHJFMrQ73DjQhG3fow7/8ZMOwttPRA4nHMv9+REijNjff/bK6ytb2xuFbdLO7t7+wflw6OmiRNNaIPEPNbtCBvKmaQNyyynbaUpFhGnrWh8l/mtCdWGxfLRThUNBR5KNmAEWyeFXYHtSItUJULNeuWKX/XnQKskyEkFctR75a9uPyaJoNISjo3pBL6yYYq1ZYTTWambGKowGeMh7TgqsaAmTOehZ+jMKX00iLV70qK5+nsjxcKYqYjcZBbSLHuZ+J/XSezgJkyZVImlkiwODRKObIyyBlCfaUosnzqCiWYuKyIjrDGxrqeSKyFY/vIqaV5Ug8vq1cNlpXab11GEEziFcwjgGmpwD3VoAIEneIZXePMm3ov37n0sRgtevnMMf+B9/gCUUJKj</latexit>

signal

<latexit sha1_base64="wHW/fxNYfv+1GqfvaTqTz4z5tH0=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMKLosunFZwT6gHUomzbShSWZIMkId+iVuXCji1k9x59+YaWehrQcCh3Pu5Z6cMOFMG8/7dkpr6xubW+Xtys7u3n7VPThs6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObnO/80iVZrF8MNOEBgKPJIsYwcZKA7faF9iMlcg0G0nMZwO35tW9OdAq8QtSgwLNgfvVH8YkFVQawrHWPd9LTJBhZRjhdFbpp5ommEzwiPYslVhQHWTz4DN0apUhimJlnzRorv7eyLDQeipCO5nH1MteLv7n9VITXQcZk0lqqCSLQ1HKkYlR3gIaMkWJ4VNLMFHMZkVkjBUmxnZVsSX4y19eJe3zun9Rv7y/qDVuijrKcAwncAY+XEED7qAJLSCQwjO8wpvz5Lw4787HYrTkFDtH8AfO5w9+N5Ok</latexit>

�s Pump photon

Signal photon

Idler particle

Material
medium

�i

idler

<latexit sha1_base64="kzlRptZyH71dQzrNGxEqFMMBwEI=">AAAB9XicbVDLSgMxFM3UV62vqks3wSK4KjOi6LLoxmUF+4B2LJnMnTY0yQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTJJxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqCi0a81h1A6KBMwktwwyHbqKAiIBDJxjf5H7nEZRmsbw3kwR8QYaSRYwSY6WHviBmpETGQg5qOqjW3Lo7A14mXkFqqEBzUP3qhzFNBUhDOdG657mJ8TOiDKMcppV+qiEhdEyG0LNUEgHaz2app/jEKiGOYmWfNHim/t7IiNB6IgI7mafUi14u/uf1UhNd+RmTSWpA0vmhKOXYxDivAIdMATV8YgmhitmsmI6IItTYoiq2BG/xy8ukfVb3zusXd+e1xnVRRxkdoWN0ijx0iRroFjVRC1Gk0DN6RW/Ok/PivDsf89GSU+wcoj9wPn8ANKeS+w==</latexit>

SPDC

<latexit sha1_base64="0dpjl27jkTD5bwWiJtmhNXcPGb4=">AAAB8nicbVDLSgNBEJyNrxhfUY9eFoPgKeyKosdgPHiMaB6wWcLsZDYZMo9lplcMSz7DiwdFvPo13vwbJ8keNLGgoajqprsrSjgz4HnfTmFldW19o7hZ2tre2d0r7x+0jEo1oU2iuNKdCBvKmaRNYMBpJ9EUi4jTdjSqT/32I9WGKfkA44SGAg8kixnBYKWgKyL1lN03buqTXrniVb0Z3GXi56SCcjR65a9uX5FUUAmEY2MC30sgzLAGRjidlLqpoQkmIzyggaUSC2rCbHbyxD2xSt+NlbYlwZ2pvycyLIwZi8h2CgxDs+hNxf+8IIX4KsyYTFKgkswXxSl3QbnT/90+05QAH1uCiWb2VpcMscYEbEolG4K/+PIyaZ1V/fPqxd15pXadx1FER+gYnSIfXaIaukUN1EQEKfSMXtGbA86L8+58zFsLTj5ziP7A+fwBGT+RJA==</latexit>

�s Pump photon

Signal photon

Idler particle

Material
medium

�i

�s Pump photon

Signal photon

Idler particle

Material
medium

�i

�s Pump photon

Signal photon

Idler particle

Material
medium

�i

pump

<latexit sha1_base64="y7bieoDgrqMMpGdK6C46/IVIJoY=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIosuiG5cV7APaoWTStA1NMjHJFMrQ73DjQhG3fow7/8ZMOwttPRA4nHMv9+REijNjff/bK6ytb2xuFbdLO7t7+wflw6OmiRNNaIPEPNbtCBvKmaQNyyynbaUpFhGnrWh8l/mtCdWGxfLRThUNBR5KNmAEWyeFXYHtSItUJULNeuWKX/XnQKskyEkFctR75a9uPyaJoNISjo3pBL6yYYq1ZYTTWambGKowGeMh7TgqsaAmTOehZ+jMKX00iLV70qK5+nsjxcKYqYjcZBbSLHuZ+J/XSezgJkyZVImlkiwODRKObIyyBlCfaUosnzqCiWYuKyIjrDGxrqeSKyFY/vIqaV5Ug8vq1cNlpXab11GEEziFcwjgGmpwD3VoAIEneIZXePMm3ov37n0sRgtevnMMf+B9/gCUUJKj</latexit>

signal

<latexit sha1_base64="wHW/fxNYfv+1GqfvaTqTz4z5tH0=">AAAB+HicbVDLSgMxFL1TX7U+OurSTbAIrsqMKLosunFZwT6gHUomzbShSWZIMkId+iVuXCji1k9x59+YaWehrQcCh3Pu5Z6cMOFMG8/7dkpr6xubW+Xtys7u3n7VPThs6zhVhLZIzGPVDbGmnEnaMsxw2k0UxSLktBNObnO/80iVZrF8MNOEBgKPJIsYwcZKA7faF9iMlcg0G0nMZwO35tW9OdAq8QtSgwLNgfvVH8YkFVQawrHWPd9LTJBhZRjhdFbpp5ommEzwiPYslVhQHWTz4DN0apUhimJlnzRorv7eyLDQeipCO5nH1MteLv7n9VITXQcZk0lqqCSLQ1HKkYlR3gIaMkWJ4VNLMFHMZkVkjBUmxnZVsSX4y19eJe3zun9Rv7y/qDVuijrKcAwncAY+XEED7qAJLSCQwjO8wpvz5Lw4787HYrTkFDtH8AfO5w9+N5Ok</latexit>

axion

<latexit sha1_base64="BosG81IgQZ+lLx2HNOL/WhKfBRU=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsxIRZdFNy4r2Ae0Y8mkmTY0yQxJRi1D/8ONC0Xc+i/u/Bsz7Sy09UDg5Jx7yckJYs60cd1vp7Cyura+UdwsbW3v7O6V9w9aOkoUoU0S8Uh1AqwpZ5I2DTOcdmJFsQg4bQfj68xvP1ClWSTvzCSmvsBDyUJGsLHSfU9gM1IixU/2Nu2XK27VnQEtEy8nFcjR6Je/eoOIJIJKQzjWuuu5sfFTrAwjnE5LvUTTGJMxHtKupRILqv10lnqKTqwyQGGk7JEGzdTfGykWWk9EYCezlHrRy8T/vG5iwks/ZTJODJVk/lCYcGQilFWABkxRYvjEEkwUs1kRGWGFibFFlWwJ3uKXl0nrrOrVque3tUr9Kq+jCEdwDKfgwQXU4QYa0AQCCp7hFd6cR+fFeXc+5qMFJ985hD9wPn8AS5KTCg==</latexit>

darkSPDC

<latexit sha1_base64="71HKyQ1DCtIire8Phwng2zMt4LY=">AAAB+XicbVDLSsNAFJ3UV62vqEs3g0VwVRKp6LJYFy4r2ge0oUwmk3boPMLMpFhC/8SNC0Xc+ifu/BunbRbaeuDC4Zx7ufeeMGFUG8/7dgpr6xubW8Xt0s7u3v6Be3jU0jJVmDSxZFJ1QqQJo4I0DTWMdBJFEA8ZaYej+sxvj4nSVIpHM0lIwNFA0JhiZKzUd90eD+VTFiE1gg+N2/q075a9ijcHXCV+TsogR6PvfvUiiVNOhMEMad31vcQEGVKGYkampV6qSYLwCA1I11KBONFBNr98Cs+sEsFYKlvCwLn6eyJDXOsJD20nR2aol72Z+J/XTU18HWRUJKkhAi8WxSmDRsJZDDCiimDDJpYgrKi9FeIhUggbG1bJhuAvv7xKWhcVv1q5vK+Wazd5HEVwAk7BOfDBFaiBO9AATYDBGDyDV/DmZM6L8+58LFoLTj5zDP7A+fwBDdCTSQ==</latexit>

darkphoton

<latexit sha1_base64="ebT89IhV1D4QeW6PM90Pjfq6nEU=">AAAB+3icbVDLSsNAFJ3UV62vWJduBovgqiRS0WXRjcsK9gFtKJPJpB06jzAzkZaQX3HjQhG3/og7/8Zpm4W2HrhwOOde7r0nTBjVxvO+ndLG5tb2Tnm3srd/cHjkHlc7WqYKkzaWTKpeiDRhVJC2oYaRXqII4iEj3XByN/e7T0RpKsWjmSUk4GgkaEwxMlYautUBD+U0i5CawGQsjRT50K15dW8BuE78gtRAgdbQ/RpEEqecCIMZ0rrve4kJMqQMxYzklUGqSYLwBI1I31KBONFBtrg9h+dWiWAslS1h4EL9PZEhrvWMh7aTIzPWq95c/M/rpya+CTIqktQQgZeL4pRBI+E8CBhRRbBhM0sQVtTeCvEYKYSNjatiQ/BXX14nncu636hfPTRqzdsijjI4BWfgAvjgGjTBPWiBNsBgCp7BK3hzcufFeXc+lq0lp5g5AX/gfP4AkY2Uyw==</latexit>

or

<latexit sha1_base64="r5ZK1+loUUXcjsNiPaiyYkXRyFM=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKeyKosegF48RzEOSJcxOZpMh81hmZsWw5Cu8eFDEq5/jzb9xkuxBEwsaiqpuuruihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUakmtEEUV7odYUM5k7RhmeW0nWiKRcRpKxrdTP3WI9WGKXlvxwkNBR5IFjOCrZMeuiJST5nSk1654lf9GdAyCXJSgRz1Xvmr21ckFVRawrExncBPbJhhbRnhdFLqpoYmmIzwgHYclVhQE2azgyfoxCl9FCvtSlo0U39PZFgYMxaR6xTYDs2iNxX/8zqpja/CjMkktVSS+aI45cgqNP0e9ZmmxPKxI5ho5m5FZIg1JtZlVHIhBIsvL5PmWTU4r17cnVdq13kcRTiCYziFAC6hBrdQhwYQEPAMr/Dmae/Fe/c+5q0FL585hD/wPn8AWdGQxw==</latexit>

Figure1:AschematicsketchofthecolinearconfigurationoftheSPDCprocess(top)andthe
darkSPDCprocess(bottom).ThefrequencyofthesignalphotonindSPDCwilldifferfromthe
standardcaseduetothedifferentdispersionrelationsoftheproduceddarkstateascomparedto
theidlerphoton.Theratesfortheseprocessesgrowwiththecrystallengths.

oflongrangeinteractions.Sincebyassumptionsuchparticlesinteractwithlight,opticalsystems
arenaturalarenastosearchthem.

Searchingforaxionsanddarkphotonsinthelabrequirestheproductionofthesestates,aswell
asawaytodiscernthattheproductiontookplace.Thecanonicalmethodforthisisalight-shining
through-wall(LSW)setup.Intheseexperimentsalargenumberofphotonsareproducedandkept
ononesideofanopaquebarrier,orwall.Foraxionsearchesalargemagneticfieldisappliedon
bothsidesofthewall.Adetectorontheothersideofthebarriersearchesforphotonsthat“shined”
throughthewall,byconvertingtoanaxionononesideofthebarrierandconvertedbackonthe
other.Theprobabilityforeachconversionscalesastheaxion-photoncouplingsquared,givinga
totalsignalratescalinglikethesmallcouplingraisedtothe4thpower.Asimilarsetupwithout
themagneticfieldcanbeusedtosearchfordarkphotons.Severalpastandongoingexperiments
fallunderthiscatergory,includingALPS[6],OSQAR[7],APLS2[8]intheopticalregime,and
CROWS[9]andDarkSRF[10,11]inthemicrowave.TheCASTexperiment,whichsearchesfor
x-raysoriginatingfromthesolarcoreissimilartoaLSWexperimentinthatdarkparticlesallow
photonstoarrivefromanenclosedarea(theSolarcore)toadetector.Itthushasasimilarsignal
scalingof(coupling)4.Anotableandinterestingexceptionaresearchesforvacuumbirefringence,
inonelooksfordifferencesinthedispersionoflightwithdifferentpolarizations,suchasinthe
PVLASexperiment.Suchaneffectcanariseduetoanaxiondegreeoffreedom,andbecauseit
probestheforwardamplitude,itscalesas(coupling)2.

Inarecentpaperweproposedanewsearchstrategyforaxionsordarkphotons.InDark
SpontaneousParametricDownConversion(dSPDC)[12]anAxionoradarkphotonisproduced
byanincominglaserinassociationwithasignalphoton.Thenewdarkstategoesundetected,
butitspresencecanbeheraldedbythemeasurementofthesignalphoton.Thefrequency,an-
gulardirection,andpolarizationofthesignalmayallowtodistinguishthedSPDCsignalfrom
backgrounds.ThedSPDSprocessisinspiredandsharesmanyfeatureswiththereguylarSPDC
processinwhichapumpphotondownconvertsintoasignalphotonandanaccompanying.

InthisworkwewillfurtherexplorethedSPDCprocessinopticalwaveguides.Indeed,waveg-
uidesaresomeofthebrightestsourcesofSPDCphotonpairsthankstotheconfinementofthe
opticalmodestoatightregionandalongthefulllengthoftheconversionregion.Asketchof
waveguidedSPDCanddSPDCisshownisFigure1.Apumplasertraversesawaveguideoflength
Landundergoesdown-conversion(ordecay)intoasignalphotonandanidler,whichisanother
photonforSPDCoradarkparticlefordSPDC.Thisprocessiskinematicallyforbiddeninvacuum,
asamasslessphotoncannotdecayintoanothermasslessparticleamassiveparticlewhileconserv-
ingenergyandmomentum.Howeverinanopticalmediumenergyandmomentumconservation
isrepresentedbyphasematchingconditionswhichcanbesatisfiedinwiththerightdispersion
relation.

Thispaperisstructredasfollows...
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Quantum Fields in Small Devices
In this big Universe, fields sometimes get localized to a finite regions. 
Either “naturally” or in a lab.
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Figure1:AschematicsketchofthecolinearconfigurationoftheSPDCprocess(top)andthe
darkSPDCprocess(bottom).ThefrequencyofthesignalphotonindSPDCwilldifferfromthe
standardcaseduetothedifferentdispersionrelationsoftheproduceddarkstateascomparedto
theidlerphoton.Theratesfortheseprocessesgrowwiththecrystallengths.

oflongrangeinteractions.Sincebyassumptionsuchparticlesinteractwithlight,opticalsystems
arenaturalarenastosearchthem.

Searchingforaxionsanddarkphotonsinthelabrequirestheproductionofthesestates,aswell
asawaytodiscernthattheproductiontookplace.Thecanonicalmethodforthisisalight-shining
through-wall(LSW)setup.Intheseexperimentsalargenumberofphotonsareproducedandkept
ononesideofanopaquebarrier,orwall.Foraxionsearchesalargemagneticfieldisappliedon
bothsidesofthewall.Adetectorontheothersideofthebarriersearchesforphotonsthat“shined”
throughthewall,byconvertingtoanaxionononesideofthebarrierandconvertedbackonthe
other.Theprobabilityforeachconversionscalesastheaxion-photoncouplingsquared,givinga
totalsignalratescalinglikethesmallcouplingraisedtothe4thpower.Asimilarsetupwithout
themagneticfieldcanbeusedtosearchfordarkphotons.Severalpastandongoingexperiments
fallunderthiscatergory,includingALPS[6],OSQAR[7],APLS2[8]intheopticalregime,and
CROWS[9]andDarkSRF[10,11]inthemicrowave.TheCASTexperiment,whichsearchesfor
x-raysoriginatingfromthesolarcoreissimilartoaLSWexperimentinthatdarkparticlesallow
photonstoarrivefromanenclosedarea(theSolarcore)toadetector.Itthushasasimilarsignal
scalingof(coupling)4.Anotableandinterestingexceptionaresearchesforvacuumbirefringence,
inonelooksfordifferencesinthedispersionoflightwithdifferentpolarizations,suchasinthe
PVLASexperiment.Suchaneffectcanariseduetoanaxiondegreeoffreedom,andbecauseit
probestheforwardamplitude,itscalesas(coupling)2.

Inarecentpaperweproposedanewsearchstrategyforaxionsordarkphotons.InDark
SpontaneousParametricDownConversion(dSPDC)[12]anAxionoradarkphotonisproduced
byanincominglaserinassociationwithasignalphoton.Thenewdarkstategoesundetected,
butitspresencecanbeheraldedbythemeasurementofthesignalphoton.Thefrequency,an-
gulardirection,andpolarizationofthesignalmayallowtodistinguishthedSPDCsignalfrom
backgrounds.ThedSPDSprocessisinspiredandsharesmanyfeatureswiththereguylarSPDC
processinwhichapumpphotondownconvertsintoasignalphotonandanaccompanying.

InthisworkwewillfurtherexplorethedSPDCprocessinopticalwaveguides.Indeed,waveg-
uidesaresomeofthebrightestsourcesofSPDCphotonpairsthankstotheconfinementofthe
opticalmodestoatightregionandalongthefulllengthoftheconversionregion.Asketchof
waveguidedSPDCanddSPDCisshownisFigure1.Apumplasertraversesawaveguideoflength
Landundergoesdown-conversion(ordecay)intoasignalphotonandanidler,whichisanother
photonforSPDCoradarkparticlefordSPDC.Thisprocessiskinematicallyforbiddeninvacuum,
asamasslessphotoncannotdecayintoanothermasslessparticleamassiveparticlewhileconserv-
ingenergyandmomentum.Howeverinanopticalmediumenergyandmomentumconservation
isrepresentedbyphasematchingconditionswhichcanbesatisfiedinwiththerightdispersion
relation.

Thispaperisstructredasfollows...
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Consider the low energy EFT of the discretum. Often in terms of a, at


In these EFTs, modes separate from the continuum, Quantum Mechanics shines:

Device EFT

Atoms Artificial Atoms

(particle in trap)

Optical 
waveguide

Superconducting 
circuits

Electromagnetic 
Cavities

Single Particle Qubit

21

The most precise theory-experiment comparison in physics:

SQMS joined the effort, contributed to understanding loss sources.

Electron magnetic moment (g-2)e:  
The quantum state of a single electron in a 
trap is monitored via a QND measurement.

SQMS bonus: We also found that a single-
electron qubit is a sensitive DM search in a 
challenging frequency range!
Theory + proof-of-concept!                                 

Phys. Rev. Lett. 130, 071801 (2023)
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Examples
Optical Devices (e.g. “photonics”)

Superconducting qubits and cavities

Estrada, RH, Senger, Rodriguez                   
PRX Quantum 2 (2021) 3, 030340

Blinov, Gao, RH, Janish, Sinclair 
 2401.17260

RH 
In preparation

https://arxiv.org/abs/2401.17260


Optics
The EFT of light traveling through a medium, made of atoms:

ωatoms ~ α2me

La
se

r 

 δxatoms ~ aBohr ~ (α me)-1

Natoms ~ 1023 !!

[Chapter 6 of Jackson]



Optics
The EFT of light traveling through a medium, made of atoms:
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Figure1:AschematicsketchofthecolinearconfigurationoftheSPDCprocess(top)andthe
darkSPDCprocess(bottom).ThefrequencyofthesignalphotonindSPDCwilldifferfromthe
standardcaseduetothedifferentdispersionrelationsoftheproduceddarkstateascomparedto
theidlerphoton.Theratesfortheseprocessesgrowwiththecrystallengths.

oflongrangeinteractions.Sincebyassumptionsuchparticlesinteractwithlight,opticalsystems
arenaturalarenastosearchthem.

Searchingforaxionsanddarkphotonsinthelabrequirestheproductionofthesestates,aswell
asawaytodiscernthattheproductiontookplace.Thecanonicalmethodforthisisalight-shining
through-wall(LSW)setup.Intheseexperimentsalargenumberofphotonsareproducedandkept
ononesideofanopaquebarrier,orwall.Foraxionsearchesalargemagneticfieldisappliedon
bothsidesofthewall.Adetectorontheothersideofthebarriersearchesforphotonsthat“shined”
throughthewall,byconvertingtoanaxionononesideofthebarrierandconvertedbackonthe
other.Theprobabilityforeachconversionscalesastheaxion-photoncouplingsquared,givinga
totalsignalratescalinglikethesmallcouplingraisedtothe4thpower.Asimilarsetupwithout
themagneticfieldcanbeusedtosearchfordarkphotons.Severalpastandongoingexperiments
fallunderthiscatergory,includingALPS[6],OSQAR[7],APLS2[8]intheopticalregime,and
CROWS[9]andDarkSRF[10,11]inthemicrowave.TheCASTexperiment,whichsearchesfor
x-raysoriginatingfromthesolarcoreissimilartoaLSWexperimentinthatdarkparticlesallow
photonstoarrivefromanenclosedarea(theSolarcore)toadetector.Itthushasasimilarsignal
scalingof(coupling)4.Anotableandinterestingexceptionaresearchesforvacuumbirefringence,
inonelooksfordifferencesinthedispersionoflightwithdifferentpolarizations,suchasinthe
PVLASexperiment.Suchaneffectcanariseduetoanaxiondegreeoffreedom,andbecauseit
probestheforwardamplitude,itscalesas(coupling)2.

Inarecentpaperweproposedanewsearchstrategyforaxionsordarkphotons.InDark
SpontaneousParametricDownConversion(dSPDC)[12]anAxionoradarkphotonisproduced
byanincominglaserinassociationwithasignalphoton.Thenewdarkstategoesundetected,
butitspresencecanbeheraldedbythemeasurementofthesignalphoton.Thefrequency,an-
gulardirection,andpolarizationofthesignalmayallowtodistinguishthedSPDCsignalfrom
backgrounds.ThedSPDSprocessisinspiredandsharesmanyfeatureswiththereguylarSPDC
processinwhichapumpphotondownconvertsintoasignalphotonandanaccompanying.

InthisworkwewillfurtherexplorethedSPDCprocessinopticalwaveguides.Indeed,waveg-
uidesaresomeofthebrightestsourcesofSPDCphotonpairsthankstotheconfinementofthe
opticalmodestoatightregionandalongthefulllengthoftheconversionregion.Asketchof
waveguidedSPDCanddSPDCisshownisFigure1.Apumplasertraversesawaveguideoflength
Landundergoesdown-conversion(ordecay)intoasignalphotonandanidler,whichisanother
photonforSPDCoradarkparticlefordSPDC.Thisprocessiskinematicallyforbiddeninvacuum,
asamasslessphotoncannotdecayintoanothermasslessparticleamassiveparticlewhileconserv-
ingenergyandmomentum.Howeverinanopticalmediumenergyandmomentumconservation
isrepresentedbyphasematchingconditionswhichcanbesatisfiedinwiththerightdispersion
relation.

Thispaperisstructredasfollows...
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Optics
The EFT of light traveling through a medium, made of atoms:
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Figure1:AschematicsketchofthecolinearconfigurationoftheSPDCprocess(top)andthe
darkSPDCprocess(bottom).ThefrequencyofthesignalphotonindSPDCwilldifferfromthe
standardcaseduetothedifferentdispersionrelationsoftheproduceddarkstateascomparedto
theidlerphoton.Theratesfortheseprocessesgrowwiththecrystallengths.

oflongrangeinteractions.Sincebyassumptionsuchparticlesinteractwithlight,opticalsystems
arenaturalarenastosearchthem.

Searchingforaxionsanddarkphotonsinthelabrequirestheproductionofthesestates,aswell
asawaytodiscernthattheproductiontookplace.Thecanonicalmethodforthisisalight-shining
through-wall(LSW)setup.Intheseexperimentsalargenumberofphotonsareproducedandkept
ononesideofanopaquebarrier,orwall.Foraxionsearchesalargemagneticfieldisappliedon
bothsidesofthewall.Adetectorontheothersideofthebarriersearchesforphotonsthat“shined”
throughthewall,byconvertingtoanaxionononesideofthebarrierandconvertedbackonthe
other.Theprobabilityforeachconversionscalesastheaxion-photoncouplingsquared,givinga
totalsignalratescalinglikethesmallcouplingraisedtothe4thpower.Asimilarsetupwithout
themagneticfieldcanbeusedtosearchfordarkphotons.Severalpastandongoingexperiments
fallunderthiscatergory,includingALPS[6],OSQAR[7],APLS2[8]intheopticalregime,and
CROWS[9]andDarkSRF[10,11]inthemicrowave.TheCASTexperiment,whichsearchesfor
x-raysoriginatingfromthesolarcoreissimilartoaLSWexperimentinthatdarkparticlesallow
photonstoarrivefromanenclosedarea(theSolarcore)toadetector.Itthushasasimilarsignal
scalingof(coupling)4.Anotableandinterestingexceptionaresearchesforvacuumbirefringence,
inonelooksfordifferencesinthedispersionoflightwithdifferentpolarizations,suchasinthe
PVLASexperiment.Suchaneffectcanariseduetoanaxiondegreeoffreedom,andbecauseit
probestheforwardamplitude,itscalesas(coupling)2.

Inarecentpaperweproposedanewsearchstrategyforaxionsordarkphotons.InDark
SpontaneousParametricDownConversion(dSPDC)[12]anAxionoradarkphotonisproduced
byanincominglaserinassociationwithasignalphoton.Thenewdarkstategoesundetected,
butitspresencecanbeheraldedbythemeasurementofthesignalphoton.Thefrequency,an-
gulardirection,andpolarizationofthesignalmayallowtodistinguishthedSPDCsignalfrom
backgrounds.ThedSPDSprocessisinspiredandsharesmanyfeatureswiththereguylarSPDC
processinwhichapumpphotondownconvertsintoasignalphotonandanaccompanying.

InthisworkwewillfurtherexplorethedSPDCprocessinopticalwaveguides.Indeed,waveg-
uidesaresomeofthebrightestsourcesofSPDCphotonpairsthankstotheconfinementofthe
opticalmodestoatightregionandalongthefulllengthoftheconversionregion.Asketchof
waveguidedSPDCanddSPDCisshownisFigure1.Apumplasertraversesawaveguideoflength
Landundergoesdown-conversion(ordecay)intoasignalphotonandanidler,whichisanother
photonforSPDCoradarkparticlefordSPDC.Thisprocessiskinematicallyforbiddeninvacuum,
asamasslessphotoncannotdecayintoanothermasslessparticleamassiveparticlewhileconserv-
ingenergyandmomentum.Howeverinanopticalmediumenergyandmomentumconservation
isrepresentedbyphasematchingconditionswhichcanbesatisfiedinwiththerightdispersion
relation.

Thispaperisstructredasfollows...
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Consider a small 1D optical device in large dimensions.  
Lets think of it as a fat brane.


On the brane we can write a brane localized kinetic 
term
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* On the brane the field obeys: k = n ω

* The field can be brane-localized.

* Index of refraction n can depend on other UV effects
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Figure1:AschematicsketchofthecolinearconfigurationoftheSPDCprocess(top)andthe
darkSPDCprocess(bottom).ThefrequencyofthesignalphotonindSPDCwilldifferfromthe
standardcaseduetothedifferentdispersionrelationsoftheproduceddarkstateascomparedto
theidlerphoton.Theratesfortheseprocessesgrowwiththecrystallengths.

oflongrangeinteractions.Sincebyassumptionsuchparticlesinteractwithlight,opticalsystems
arenaturalarenastosearchthem.

Searchingforaxionsanddarkphotonsinthelabrequirestheproductionofthesestates,aswell
asawaytodiscernthattheproductiontookplace.Thecanonicalmethodforthisisalight-shining
through-wall(LSW)setup.Intheseexperimentsalargenumberofphotonsareproducedandkept
ononesideofanopaquebarrier,orwall.Foraxionsearchesalargemagneticfieldisappliedon
bothsidesofthewall.Adetectorontheothersideofthebarriersearchesforphotonsthat“shined”
throughthewall,byconvertingtoanaxionononesideofthebarrierandconvertedbackonthe
other.Theprobabilityforeachconversionscalesastheaxion-photoncouplingsquared,givinga
totalsignalratescalinglikethesmallcouplingraisedtothe4thpower.Asimilarsetupwithout
themagneticfieldcanbeusedtosearchfordarkphotons.Severalpastandongoingexperiments
fallunderthiscatergory,includingALPS[6],OSQAR[7],APLS2[8]intheopticalregime,and
CROWS[9]andDarkSRF[10,11]inthemicrowave.TheCASTexperiment,whichsearchesfor
x-raysoriginatingfromthesolarcoreissimilartoaLSWexperimentinthatdarkparticlesallow
photonstoarrivefromanenclosedarea(theSolarcore)toadetector.Itthushasasimilarsignal
scalingof(coupling)4.Anotableandinterestingexceptionaresearchesforvacuumbirefringence,
inonelooksfordifferencesinthedispersionoflightwithdifferentpolarizations,suchasinthe
PVLASexperiment.Suchaneffectcanariseduetoanaxiondegreeoffreedom,andbecauseit
probestheforwardamplitude,itscalesas(coupling)2.

Inarecentpaperweproposedanewsearchstrategyforaxionsordarkphotons.InDark
SpontaneousParametricDownConversion(dSPDC)[12]anAxionoradarkphotonisproduced
byanincominglaserinassociationwithasignalphoton.Thenewdarkstategoesundetected,
butitspresencecanbeheraldedbythemeasurementofthesignalphoton.Thefrequency,an-
gulardirection,andpolarizationofthesignalmayallowtodistinguishthedSPDCsignalfrom
backgrounds.ThedSPDSprocessisinspiredandsharesmanyfeatureswiththereguylarSPDC
processinwhichapumpphotondownconvertsintoasignalphotonandanaccompanying.

InthisworkwewillfurtherexplorethedSPDCprocessinopticalwaveguides.Indeed,waveg-
uidesaresomeofthebrightestsourcesofSPDCphotonpairsthankstotheconfinementofthe
opticalmodestoatightregionandalongthefulllengthoftheconversionregion.Asketchof
waveguidedSPDCanddSPDCisshownisFigure1.Apumplasertraversesawaveguideoflength
Landundergoesdown-conversion(ordecay)intoasignalphotonandanidler,whichisanother
photonforSPDCoradarkparticlefordSPDC.Thisprocessiskinematicallyforbiddeninvacuum,
asamasslessphotoncannotdecayintoanothermasslessparticleamassiveparticlewhileconserv-
ingenergyandmomentum.Howeverinanopticalmediumenergyandmomentumconservation
isrepresentedbyphasematchingconditionswhichcanbesatisfiedinwiththerightdispersion
relation.

Thispaperisstructredasfollows...
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Consider a small 1D optical device in large dimensions.  
Lets think of it as a fat brane.


On the brane we can write a brane localized kinetic 
term
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* On the brane the field obeys: k = n ω

* The field can be brane-localized.
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* Index of refraction n can depend on other UV effects
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Figure1:AschematicsketchofthecolinearconfigurationoftheSPDCprocess(top)andthe
darkSPDCprocess(bottom).ThefrequencyofthesignalphotonindSPDCwilldifferfromthe
standardcaseduetothedifferentdispersionrelationsoftheproduceddarkstateascomparedto
theidlerphoton.Theratesfortheseprocessesgrowwiththecrystallengths.

oflongrangeinteractions.Sincebyassumptionsuchparticlesinteractwithlight,opticalsystems
arenaturalarenastosearchthem.

Searchingforaxionsanddarkphotonsinthelabrequirestheproductionofthesestates,aswell
asawaytodiscernthattheproductiontookplace.Thecanonicalmethodforthisisalight-shining
through-wall(LSW)setup.Intheseexperimentsalargenumberofphotonsareproducedandkept
ononesideofanopaquebarrier,orwall.Foraxionsearchesalargemagneticfieldisappliedon
bothsidesofthewall.Adetectorontheothersideofthebarriersearchesforphotonsthat“shined”
throughthewall,byconvertingtoanaxionononesideofthebarrierandconvertedbackonthe
other.Theprobabilityforeachconversionscalesastheaxion-photoncouplingsquared,givinga
totalsignalratescalinglikethesmallcouplingraisedtothe4thpower.Asimilarsetupwithout
themagneticfieldcanbeusedtosearchfordarkphotons.Severalpastandongoingexperiments
fallunderthiscatergory,includingALPS[6],OSQAR[7],APLS2[8]intheopticalregime,and
CROWS[9]andDarkSRF[10,11]inthemicrowave.TheCASTexperiment,whichsearchesfor
x-raysoriginatingfromthesolarcoreissimilartoaLSWexperimentinthatdarkparticlesallow
photonstoarrivefromanenclosedarea(theSolarcore)toadetector.Itthushasasimilarsignal
scalingof(coupling)4.Anotableandinterestingexceptionaresearchesforvacuumbirefringence,
inonelooksfordifferencesinthedispersionoflightwithdifferentpolarizations,suchasinthe
PVLASexperiment.Suchaneffectcanariseduetoanaxiondegreeoffreedom,andbecauseit
probestheforwardamplitude,itscalesas(coupling)2.

Inarecentpaperweproposedanewsearchstrategyforaxionsordarkphotons.InDark
SpontaneousParametricDownConversion(dSPDC)[12]anAxionoradarkphotonisproduced
byanincominglaserinassociationwithasignalphoton.Thenewdarkstategoesundetected,
butitspresencecanbeheraldedbythemeasurementofthesignalphoton.Thefrequency,an-
gulardirection,andpolarizationofthesignalmayallowtodistinguishthedSPDCsignalfrom
backgrounds.ThedSPDSprocessisinspiredandsharesmanyfeatureswiththereguylarSPDC
processinwhichapumpphotondownconvertsintoasignalphotonandanaccompanying.

InthisworkwewillfurtherexplorethedSPDCprocessinopticalwaveguides.Indeed,waveg-
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The dispersion relation determines kinematic properties!        
Would be nice to control it.


Fields on the fat brane live in a compact dimension.               
The field can be expanded in KK modes

Degree of Freedom in Optical Devices

But we have no interactions between flavors…               
Linear Optics:     H = E2 + B2 = Σ ħω(ata + ½) 

If the material is anisotropic, n can 
depend on polarization.

“Flavor!!”



Nonlinear Devices
Like any EFT, in a quantum device there is a UV cutoff.


We can add higher dim operators. For example, in optics

2 Two More Introductions

The dSPDC process is a nonlinear optics effect which shares many features with a decay in particle
physics. The notion that a photon would decay, and more so to a massive particle, may seem foreign
to a particle physicist. An optics person may be unfamiliar with the notion of a dark particle, such
as an axion or dark photon. To set the stage we thus present two introductions of the relevant
concepts.

2.1 Optics and Nonlinear Optics through a Particle Physics Lens
Optics is the effective field theory (EFT) of light traveling in a medium. Optical light is in frequency
regime set by, say, an atomic or molecular excitation in a laser. In this regime, the wavelength of
light is around the micron scale and is much longer than the characteristic inter atomic distance
of an angstrom,

�light � aBohr . (1)

Parametrically, this hierarchy of length scales exists because typical atomic binding energies are set
by ↵

2
me, while the Bohr radius by ↵me. As a result, though the amplitude for forward scattering off

of a single atom is small, a coherent interaction with a multitude of atoms can have a large (order
one) effect. Rather than describing the interaction of light with atoms, the hierarchy of length
scales allows to write a macroscopic effective theory of light interacting with the spatially averaged
atomic quantities namely the polarization and magnetization densities (e.g. [13]). In addition to
the simplification of the description from microphysical to to macroscopic (and hence less) degrees
of freedom, this allows to use a multipole expansion of the charge and current densities, in which
polarization P and magnetization M are just the leading terms in a derivative expansion.

We focus here on the limit of non-absorptive media, where the frequency of light is lower than
the typical atomic energy levels in the crystal. The on-shell atomic degrees of freedom may be
integrated out in this effective theory and the medium effects manifest themselves in modified
dispersion relations
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where we set the speed of light to unity and n is the index of refraction. An index of refraction
that is different than 1 changes the relationship of energy and momentum for on-shell photons
and thus can change the kinematics of any process with photons in the initial or final state.
Indices of refraction can depend on frequency (as in dispersive media) and on polarization (as in
birefringence) and thus can be different for initial and final state photons in the same medium.
An analogy to flavor physics is in order. In an EFT of a birefringent medium, for example, two
photons of different polarizations can be thought of as completely different particles not unlike a
particle physicist thinks of the electron and the muon. They are orthogonal degrees of freedom
and have different dispersion relations. The different dispersion allows for the decay of one into
the other (in association with other fields) while conserving energy and momentum. In optics the
requirement for energy and momentum to be conserved, including the effects of refraction, are
known as phase matching conditions and will be discussed in the next section.

From the EFT perspective, to further borrow terms from the lexicon of particle physics, an
index of refraction appear at the renormalizable level of the EFT and hence are the dominant effect
in optics. The conversion, or decay, of a photon can proceed through a nonlinear interaction. This
appears beyond lowest order in powers of the inverse cutoff as higher dimensional operators to
the optical EFT. In nonlinear optics the anharmonic response of the material induces such higher
dimensional operators (see e.g. [14, 15]). For example, at dimension six we can write1
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jklEjEkEl
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where we have used an index notation for the electric field Ej ⌘ ~E to more easily represent the
contraction with the second order susceptibility tensor �

(2)
jkl in the nonlinear optics crystal. We

note that Equation (3) violates both charge conjugation (Furry’s theorem in particle parlance) and
spatial parity. Charge conjugation is broken by virtue of the optical crystal being made of matter,

1We labeled this Hamiltonian as SPDC because that is how it is used in this work. This interaction, however
can lead to many other phenomena, such as sum and difference frequency generation, frequency doubling, etc.

3

and not anti-matter. Parity implies that the �
(2) interaction can be sizable only in crystals that

are not mirror symmetric. One can go further in the EFT expansion to dimension eight and write
the Hamiltonian for four-wave mixing

H4-wave =
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⌘
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with �
(3) a tensor representing the third order susceptibility. As opposed to �

(2), four-wave mixing
is not forbidden by parity or charge conjugation.

The size of the higher order susceptibilities can be estimated by a naive dimensional analysis
argument. Given that the origin of the higher order terms are the background atoms in the crystal,
each of the Hamiltonian terms, equations (3) and (4) will be as important as that of the preceding
order when the electric field is of order the typical electric field in an atom Eatom ⇠ e/4⇡a

2
0, where

a0 = 1/↵me is the Bohr radius. Here it was assumed that the atoms are tightly packed, as in a
solid or a liquid. This leads to susceptibilities of order

�
(2)

⇠

p
4⇡

↵5/2m2
e

(5)

�
(3)

⇠
4⇡

↵5m4
e

(6)

which is a reasonable order-of-magnitude estimate for many materials. It is interesting to compare
the size of these effective interactions to the corresponding effects in vacuum. Since QED preserves
parity and charge conjugation, there is no three-photon vertex in vacuum. However, integrating
out the electron in QED leads to the Euler-Heisenberg interaction, an effective four photon vertex
The coefficient of the E

4 the coefficient of which is 2↵
2
/45m

4
e, many orders of magnitude smaller

than equation (6).
SPDC, which is sketched in the colinear configuration at the top of Figure 1, is the decay process

mediated by the interaction in Equation (3). A pump photon converts to a final state of a signal and
an idler photon. It is made kinematically possible by the non-trivial indices of refraction, namely
when phase matching can be achieved. The susceptibility tensor, and the indices of refraction for
pump, signal and idler photons determine the differential and total rates of di-photon production.
The fully differential rate includes correlations among the energy, momenta, and polarizations of
the photon pairs.

2.2 Axions and Dark Photons through an Optics Lens
In this work we consider two extensions of the standard model that can be probed with the dSPDC
process, axion-like particles and dark photons. Both axions and dark photons are extensions of the
standard model with light particles that interact with photons and thus can take part in optical
phenomena. Since we will often be treating both these cases together, we will collectively call
the axion or dark photon a dark particle, represented by '. In discussions and equations that
apply just to the axions or just dark photons we will use �a for the axion field or A

0
µ for the dark

photon vector field (or primes in general for the dark electric or magnetic fields). For both cases '

interacts with matter extremely weakly and thus has an effective index of refraction of one in the
case in which the new particle is nearly massless (much lighter than the typical optical frequency).
Including the mass, the axion or dark photon dispersion relation is that of a regular free relativistic
massive particle
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' . (7)

The two models, however differ in the way in which the dark particle interacts with photons, one
being a linear extension of optics and the other nonlinear. We discuss the two models in turn:

The axion - a nonlinear extension of optics: The axion, or axion-like particle (we will use
the two terms interchangeably), is a light pseuodscalar field �a

2. Its interaction with photons are
described by the Hamiltonian (for a review see [16])

Haxion =
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2Since creation and annihilation operators are about to make an appearance, we will be calling the axion field
�a instead of the traditional a.
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The two models, however differ in the way in which the dark particle interacts with photons, one
being a linear extension of optics and the other nonlinear. We discuss the two models in turn:

The axion - a nonlinear extension of optics: The axion, or axion-like particle (we will use
the two terms interchangeably), is a light pseuodscalar field �a

2. Its interaction with photons are
described by the Hamiltonian (for a review see [16])

Haxion =

Z

crystal
d
3
~x

⇣
ga� �a

~E · ~B

⌘
. (8)

2Since creation and annihilation operators are about to make an appearance, we will be calling the axion field
�a instead of the traditional a.

4

Dim-6:

Dim-8:

and not anti-matter. Parity implies that the �
(2) interaction can be sizable only in crystals that

are not mirror symmetric. One can go further in the EFT expansion to dimension eight and write
the Hamiltonian for four-wave mixing

H4-wave =

Z

crystal
d
3
~x

⇣
�

(3)
jklEjEkElEm

⌘
, (4)

with �
(3) a tensor representing the third order susceptibility. As opposed to �

(2), four-wave mixing
is not forbidden by parity or charge conjugation.

The size of the higher order susceptibilities can be estimated by a naive dimensional analysis
argument. Given that the origin of the higher order terms are the background atoms in the crystal,
each of the Hamiltonian terms, equations (3) and (4) will be as important as that of the preceding
order when the electric field is of order the typical electric field in an atom Eatom ⇠ e/4⇡a

2
0, where

a0 = 1/↵me is the Bohr radius. Here it was assumed that the atoms are tightly packed, as in a
solid or a liquid. This leads to susceptibilities of order

�
(2)

⇠

p
4⇡

↵5/2m2
e

(5)

�
(3)

⇠
4⇡

↵5m4
e

(6)

which is a reasonable order-of-magnitude estimate for many materials. It is interesting to compare
the size of these effective interactions to the corresponding effects in vacuum. Since QED preserves
parity and charge conjugation, there is no three-photon vertex in vacuum. However, integrating
out the electron in QED leads to the Euler-Heisenberg interaction, an effective four photon vertex
The coefficient of the E

4 the coefficient of which is 2↵
2
/45m

4
e, many orders of magnitude smaller

than equation (6).
SPDC, which is sketched in the colinear configuration at the top of Figure 1, is the decay process

mediated by the interaction in Equation (3). A pump photon converts to a final state of a signal and
an idler photon. It is made kinematically possible by the non-trivial indices of refraction, namely
when phase matching can be achieved. The susceptibility tensor, and the indices of refraction for
pump, signal and idler photons determine the differential and total rates of di-photon production.
The fully differential rate includes correlations among the energy, momenta, and polarizations of
the photon pairs.

2.2 Axions and Dark Photons through an Optics Lens
In this work we consider two extensions of the standard model that can be probed with the dSPDC
process, axion-like particles and dark photons. Both axions and dark photons are extensions of the
standard model with light particles that interact with photons and thus can take part in optical
phenomena. Since we will often be treating both these cases together, we will collectively call
the axion or dark photon a dark particle, represented by '. In discussions and equations that
apply just to the axions or just dark photons we will use �a for the axion field or A

0
µ for the dark

photon vector field (or primes in general for the dark electric or magnetic fields). For both cases '

interacts with matter extremely weakly and thus has an effective index of refraction of one in the
case in which the new particle is nearly massless (much lighter than the typical optical frequency).
Including the mass, the axion or dark photon dispersion relation is that of a regular free relativistic
massive particle

!
2
' = k

2
' + m

2
' . (7)

The two models, however differ in the way in which the dark particle interacts with photons, one
being a linear extension of optics and the other nonlinear. We discuss the two models in turn:

The axion - a nonlinear extension of optics: The axion, or axion-like particle (we will use
the two terms interchangeably), is a light pseuodscalar field �a

2. Its interaction with photons are
described by the Hamiltonian (for a review see [16])

Haxion =

Z

crystal
d
3
~x

⇣
ga� �a

~E · ~B

⌘
. (8)

2Since creation and annihilation operators are about to make an appearance, we will be calling the axion field
�a instead of the traditional a.

4

and not anti-matter. Parity implies that the �
(2) interaction can be sizable only in crystals that

are not mirror symmetric. One can go further in the EFT expansion to dimension eight and write
the Hamiltonian for four-wave mixing

H4-wave =

Z

crystal
d
3
~x

⇣
�

(3)
jklEjEkElEm

⌘
, (4)

with �
(3) a tensor representing the third order susceptibility. As opposed to �

(2), four-wave mixing
is not forbidden by parity or charge conjugation.

The size of the higher order susceptibilities can be estimated by a naive dimensional analysis
argument. Given that the origin of the higher order terms are the background atoms in the crystal,
each of the Hamiltonian terms, equations (3) and (4) will be as important as that of the preceding
order when the electric field is of order the typical electric field in an atom Eatom ⇠ e/4⇡a

2
0, where

a0 = 1/↵me is the Bohr radius. Here it was assumed that the atoms are tightly packed, as in a
solid or a liquid. This leads to susceptibilities of order

�
(2)

⇠

p
4⇡

↵5/2m2
e

(5)

�
(3)

⇠
4⇡

↵5m4
e

(6)

which is a reasonable order-of-magnitude estimate for many materials. It is interesting to compare
the size of these effective interactions to the corresponding effects in vacuum. Since QED preserves
parity and charge conjugation, there is no three-photon vertex in vacuum. However, integrating
out the electron in QED leads to the Euler-Heisenberg interaction, an effective four photon vertex
The coefficient of the E

4 the coefficient of which is 2↵
2
/45m

4
e, many orders of magnitude smaller

than equation (6).
SPDC, which is sketched in the colinear configuration at the top of Figure 1, is the decay process

mediated by the interaction in Equation (3). A pump photon converts to a final state of a signal and
an idler photon. It is made kinematically possible by the non-trivial indices of refraction, namely
when phase matching can be achieved. The susceptibility tensor, and the indices of refraction for
pump, signal and idler photons determine the differential and total rates of di-photon production.
The fully differential rate includes correlations among the energy, momenta, and polarizations of
the photon pairs.

2.2 Axions and Dark Photons through an Optics Lens
In this work we consider two extensions of the standard model that can be probed with the dSPDC
process, axion-like particles and dark photons. Both axions and dark photons are extensions of the
standard model with light particles that interact with photons and thus can take part in optical
phenomena. Since we will often be treating both these cases together, we will collectively call
the axion or dark photon a dark particle, represented by '. In discussions and equations that
apply just to the axions or just dark photons we will use �a for the axion field or A

0
µ for the dark

photon vector field (or primes in general for the dark electric or magnetic fields). For both cases '

interacts with matter extremely weakly and thus has an effective index of refraction of one in the
case in which the new particle is nearly massless (much lighter than the typical optical frequency).
Including the mass, the axion or dark photon dispersion relation is that of a regular free relativistic
massive particle

!
2
' = k

2
' + m

2
' . (7)

The two models, however differ in the way in which the dark particle interacts with photons, one
being a linear extension of optics and the other nonlinear. We discuss the two models in turn:

The axion - a nonlinear extension of optics: The axion, or axion-like particle (we will use
the two terms interchangeably), is a light pseuodscalar field �a

2. Its interaction with photons are
described by the Hamiltonian (for a review see [16])

Haxion =

Z

crystal
d
3
~x

⇣
ga� �a

~E · ~B

⌘
. (8)

2Since creation and annihilation operators are about to make an appearance, we will be calling the axion field
�a instead of the traditional a.

4

and not anti-matter. Parity implies that the �
(2) interaction can be sizable only in crystals that

are not mirror symmetric. One can go further in the EFT expansion to dimension eight and write
the Hamiltonian for four-wave mixing

H4-wave =

Z

crystal
d
3
~x

⇣
�

(3)
jklEjEkElEm

⌘
, (4)

with �
(3) a tensor representing the third order susceptibility. As opposed to �

(2), four-wave mixing
is not forbidden by parity or charge conjugation.

The size of the higher order susceptibilities can be estimated by a naive dimensional analysis
argument. Given that the origin of the higher order terms are the background atoms in the crystal,
each of the Hamiltonian terms, equations (3) and (4) will be as important as that of the preceding
order when the electric field is of order the typical electric field in an atom Eatom ⇠ e/4⇡a

2
0, where

a0 = 1/↵me is the Bohr radius. Here it was assumed that the atoms are tightly packed, as in a
solid or a liquid. This leads to susceptibilities of order

�
(2)

⇠

p
4⇡

↵5/2m2
e

(5)

�
(3)

⇠
4⇡

↵5m4
e

(6)

which is a reasonable order-of-magnitude estimate for many materials. It is interesting to compare
the size of these effective interactions to the corresponding effects in vacuum. Since QED preserves
parity and charge conjugation, there is no three-photon vertex in vacuum. However, integrating
out the electron in QED leads to the Euler-Heisenberg interaction, an effective four photon vertex
The coefficient of the E

4 the coefficient of which is 2↵
2
/45m

4
e, many orders of magnitude smaller

than equation (6).
SPDC, which is sketched in the colinear configuration at the top of Figure 1, is the decay process

mediated by the interaction in Equation (3). A pump photon converts to a final state of a signal and
an idler photon. It is made kinematically possible by the non-trivial indices of refraction, namely
when phase matching can be achieved. The susceptibility tensor, and the indices of refraction for
pump, signal and idler photons determine the differential and total rates of di-photon production.
The fully differential rate includes correlations among the energy, momenta, and polarizations of
the photon pairs.

2.2 Axions and Dark Photons through an Optics Lens
In this work we consider two extensions of the standard model that can be probed with the dSPDC
process, axion-like particles and dark photons. Both axions and dark photons are extensions of the
standard model with light particles that interact with photons and thus can take part in optical
phenomena. Since we will often be treating both these cases together, we will collectively call
the axion or dark photon a dark particle, represented by '. In discussions and equations that
apply just to the axions or just dark photons we will use �a for the axion field or A

0
µ for the dark

photon vector field (or primes in general for the dark electric or magnetic fields). For both cases '

interacts with matter extremely weakly and thus has an effective index of refraction of one in the
case in which the new particle is nearly massless (much lighter than the typical optical frequency).
Including the mass, the axion or dark photon dispersion relation is that of a regular free relativistic
massive particle

!
2
' = k

2
' + m

2
' . (7)

The two models, however differ in the way in which the dark particle interacts with photons, one
being a linear extension of optics and the other nonlinear. We discuss the two models in turn:

The axion - a nonlinear extension of optics: The axion, or axion-like particle (we will use
the two terms interchangeably), is a light pseuodscalar field �a

2. Its interaction with photons are
described by the Hamiltonian (for a review see [16])

Haxion =

Z

crystal
d
3
~x

⇣
ga� �a

~E · ~B

⌘
. (8)

2Since creation and annihilation operators are about to make an appearance, we will be calling the axion field
�a instead of the traditional a.

4

We can estimate χ’s in naive dimensional analysis:

When the field is set to that in an atom, we set (Dim-4 ~ Dim-6 ~ Dim-8):

(by comparison, in vacuum               ) 
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Figure 2: Left: The allowed phase space for SPDC (black), dSPDC with m = 0 (red), and dSPDC with m = 0.1Êp

(blue) shown as in the plane of signal emission angle as a function of frequency ratio –Ê. The indices of refraction here
are np = 1.658 and ns = 1.486 as an example, inspired by calcite. The inset shows a zoom-in of the dSPDC phase space.
Right: Sketches depicting the momentum phase matching condition �k = 0 for SPDC and dSPDC, with massless Ï. In
both cases we take the same Êp and Ês. Due to the index of refraction for Ï is essentially one, and that for the idler
photon is larger (say ≥ 1.5), phase matching in dSPDC has a smaller signal emission angle than that of SPDC.
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Waveguide phase matching:

Figure 3: Solutions to the phase matching conditions for
the colinear dark SPDC process for the signal photon
energy as a function of the dark particle Ï mass. This
phase space is relevant for waveguide-based experiments.
Both axes are normalized to the pump frequency. The
two branches correspond to configurations in which Ï is
emitted forward (bottom) and backward (top).

One can trivially perform the integral over the d3ki

which will e�ectively enforce Equation (20) for trans-
verse momentum conservation, and set |ki| by conser-
vation of energy. The argument of the sinc function
is

�kz = kp ≠ ks cos ◊s ≠ ki cos ◊i (26)

= Êp

3
np ≠ ns–Ê cos ◊s ±

Ò
�2 ≠ n2

s–2
Ê sin2 ◊s

4

where in the second step we have used Equation (20)
and the definitions of –Ê and � in Equations (18)
and (19). The ± accounts for the idler or dark particle
being emitted in the forward and backward direction
respectively.

It is convenient to re-express the remaining three-dimensional phase space for (d)SPDC in terms of the
signal emission angles ◊s and „s, and the signal frequency (or equivalently –Ê). Within our assumptions, the
distribution in „s is flat. With respect to the polar angle and frequency we find

d2�̂
d(cos ◊s)d–Ê

=
2fiÊ3

p–2
Ê (1 ≠ –Ê) n3

sñ2
i

�2 ≠ –2
Ên2

s sin2 ◊s

ÿ

±
L2sinc2

53
np ≠ ns–Ê cos ◊s ±

Ò
�2 ≠ n2

s–2
Ê sin2 ◊s

4
ÊpL

2

6
(27)

where

ñi
def=

;
ni for SPDC
1 for dSPDC

. (28)

In Figure 4 we show the double di�erential distri-

4

where frequency and momentum mismatch are defined
as

;�Ê = Êp ≠ Ês ≠ Êi

�k = kp ≠ ks ≠ ki
, (9)

and again, the label i can describe either an idler pho-
ton or a dark particle Ï. In Equation (9), we sepa-
rated momentum and energy conserving delta func-
tions to pay homage to the optical systems which will
be the subject of upcoming discussion. The squared
amplitude |M|

2, and hence the rate, is proportional
to a single power of the energy-momentum conserv-
ing delta function times a space-time volume factor,
which is absorbed for canonically normalized states
(see e.g. [29]), giving Equation (6).

The message from this is that energy and mo-
mentum conservation, which are a consequence of
Neother’s theorem and space-time translation sym-
metry, is enforced in quantum field theory by perfect
destructive interference whenever there is a non-zero
mismatch in the momentum or energy of initial and
final states. In this sense, the term “phase matching”
captures the particle physicist’s notion of energy and
momentum conservation well.

The dSPDC process shown in Figure 1 is a massless
pump photon decaying to a signal photon plus a mas-
sive particle Ï. This process clearly cannot occur in
vacuum. For example, if we go to the rest frame of Ï,
and define all quantities in this frame with a tilde ,̃ the
conservation of momentum implies k̃p = k̃s, while the
conservation of energy implies Ễp = Ễs + m. Combin-
ing these with the dispersion relation for a photon in
vacuum Ễp,s = |k̃p,s|, implies that energy and momen-
tum conservation cannot be satisfied and the process
is kinematically forbidden. Another way to view this
is to recall that the energy-momentum four-vector for
the initial state (a photon) lies on a light cone i.e. it
is a null four-vector, pµpµ = 0, while the final state
cannot accomplish this since there is a nonzero mass.

In this work we show that optical systems will allow
us to open phase space for dSPDC. When a photon is
inside an optical medium a di�erent dispersion rela-
tion holds,

ñpỄp = |k̃p| and ñsỄs = |k̃s| (10)

where ñp and ñs are indices of refraction of photons
in the medium in the Ï rest frame, which can be dif-
ferent for pump and signal. As we will see later on,
under these conditions the conclusion that p æ s + Ï
is kinematically forbidden can be evaded.

Another e�ect that occurs in optical systems, but
not in decays in particle physics, is the breaking of
spatial translation invariance by the finite extent of
the optical medium. This allows for violation of mo-
mentum conservation along the directions in which the
medium is finite. As a result, the sharp momentum
conserving delta function will become a peaked distri-
bution of width L≠1, where L is the crystal size. We
will begin by solving the exact phase matching condi-
tions in SPDC and dSPDC in the following subsection,
which correspond to the phase space distributions for
an infinitely large crystal. Next, we will move on to
the case in which the optical medium is finite.

B. Phase Matching in dSPDC

We now study the phase space for dSPDC to iden-
tify the correlations between the emission angle and
the frequency of the signal photon. We will consider
in parallel the SPDC process as well, so in the end
we arrive to both results. We assume in this subsec-
tion an optical medium with an infinite extent, such
that the delta-functions enforce energy and momen-
tum conservation.

The phase matching conditions �Ê = 0 and �k = 0
—that must be strictly satisfied in the infinite extent
optical medium scenario— imply

;
Êp = Ês + Êi

kp = ks + ki
. (11)

Using the k’s decomposition shown in Figure 1 the sec-
ond equation can be expanded in coordinates parallel
and perpendicular to the pump propagation direction

;
kp = ks cos ◊s + ki cos ◊i

0 = ks sin ◊s ≠ ki sin ◊i
(12)

where the angles ◊s and ◊i are those indicated in the
cited figure. Since this process is happening in a mate-
rial medium, the photon dispersion relation is k = nÊ
where n is the refractive index. The refractive index
is in general a function of frequency, polarization, and
the direction of propagation, and can thus be di�erent
for pump, signal, and idler photons. For dSPDC, in
which the Ï particle is massive and weekly interacting
with matter the dispersion relation is the same as in
vacuum,

kÏ =
Ò

Ê2
Ï ≠ m2

Ï. (13)

Thus we can explicitly write the dispersion relation
for each particle in this process:

kp = npÊp, (14)
ks = nsÊs (15)

and

ki =

Y
]

[

niÊi for SPDC
Ò

Ê2
i ≠ m2

Ï for dSPDC
. (16)

where, again, the label “i” refers to an idler photon
for SPDC and to the dark field Ï for dSPDC. Note
that ki for SPDC not only has m = 0 but also takes
into account the “strong (electromagnetic) coupling”
with matter summarized by the refractive index ni.
As a result, for SPDC we always have ki > Êi while
for dSPDC ki < Êi. Replacing these dispersion rela-
tions into (12) and using the first equation in (11) we
obtain the phase matching relation of signal angle and
frequency

cos ◊s =
n2

p + –2
Ên2

s ≠ �2

2–Ênpns
(17)

where we define

–Ê
def= Ês

Êp
(18)

H ⊃ and ks = ns ωs

kp = np ωp

ki = ni ωi

Indices can be 
different for 

p, s, i

Pump             Signal + Idler

Kinematics:

“Phase matching”:

When n’s are non trivial, phase matching happens in interesting ways
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Figure 1: A schematic sketch of the SPDC proscess (top) and the dark SPDC process (bottom).
The frequency of the signal photon in dSPDC will differ from the standard case due to the different
dispersion relations of the produced dark state as compared to the idler photon.

detection of, say, the signal photon one can infer the presence and properties of the idler [6]. The
process of SPDC can be described by an effective Hamiltonian (see e.g. [6, 7])

HSPDC =

Z

crystal
d
3
~x

⇣
�
(2)
jklEjEkEl

⌘
, (1)

where we have used an index notation for the electric field Ej ⌘ ~E to more easily represent the
contraction with the second order susceptibility tensor �

(2)
jkl in the nonlinear optics crystal. The

susceptibility tensor, and the indices of refraction for pump, signal and idler photons, np, ns and
ni determine the differential and total rates of di-photon production. The fully differential rate
includes correlations among the energy, momenta, and polarizations of the photon pairs. For
particle physicists who are accustomed to working in the vacuum, the conversion (or decay) of a
single pump photon into a photon pair would normally be deemed both kinematically inaccessible
and disallowed by charge conjugation. For these readers we stress that SPDC is kinematically
possible thanks to the nontrivial dispersion of photons and that charge conjugation is broken by
the presence of a crystal without an anti-crystal. In addition, a second order susceptibility �

(2) is
only present in crystal structures that violate parity.

In this work we propose to search for dark SPDC (dSPDC), in which the idler photon is replaced
by a new light state, such as an axion or dark photons.

Axions : The axion, or axion-like particle (we will use the two terms interchangeably), is a light
pseuodscalar field �a

1. Its interaction with photons are described by the Hamiltonian (for a review
see [?])

Haxion =

Z

crystal
d
3
~x

⇣
ga� �a

~E · ~B

⌘
(2)

where we have deliberately taken the spatial integral only over the volume of an optical crystal,
even though it also extends outside the crystal. The reason is that our dSPDC process will be
kinematically possible, phase matching will be attainable, only within a bi-refringent crystal in
which ns > np. It is interesting to note the similarity of the two Hamiltonians in Equations (1)
and (2). Both Hamiltonain are non-linear. Both interaction can couple a pump photon to a signal
photon and a third light field, either an idler or an axion. The presence of the B-field in the axion
hamiltonian simply means a particular relationship between the pump and signal polarization
(indeed, the magnetic field is absent from Equation (1) only by convention). We will show that
an axion can be searched for using dSPDC in a material that is bi-refringent, but purely optically
linear.

Dark Photons: The dark photon [?] is a new massive U(1) gauge boson which can be written
as a vector potential A

0
µ which leads to dark electric and magnetic fields ~E

0 and ~B
0. The dark

1Since creation and annihilation operators are about to make an appearance, we will be calling the axion field
�a instead of the traditional a.

2

In SPDC we infer (herald) the presence of the idler.


Particle physicists look for missing energy at colliders.


Can we search for mono-photon on the optics table?

Dark SPDC
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We propose a new way to use optical tools from quantum imaging and quantum communication
to search for physics beyond the standard model. Spontaneous parametric down conversion (SPDC)
is a commonly used source of entangled photons in which pump photons convert to a signal-idler
pair. We propose to search for “dark SPDC” (dSPDC) events in which a new dark sector particle
replaces the idler. Though it does not interact, the presence of a dark particle can be inferred by
the properties of the signal photon. Examples of dark states include axion-like-particles and dark
photons. We show that the presence of an optical medium opens the phase space of the down-
conversion process, or decay, which would be forbidden in vacuum. Search schemes are proposed
which employ optical imaging and/or spectroscopy of the signal photons. The signal rates in our
proposal scales with the second power of the feeble coupling to new physics, as opposed to light-
shining-through-wall experiments whose signal scales with coupling to the fourth. We analyze the
characteristics of optical media needed to enhance dSPDC and estimate the rate. A bench-top
demonstration of a high resolution ghost imaging measurement is performed employing a Skipper-
CCD to demonstrate its utility in a dSPDC search.

I. INTRODUCTION

Nonlinear optics is a powerful new tool for quantum
information science. Among its many uses, it plays an
enabling role in the areas of quantum networks and
teleportation of quantum states as well as in quantum
imaging. In quantum teleportation [1–4] the state of
a distant quantum system, Alice, can be inferred with-
out directly interacting with it, but rather by allowing
it to interact with one of the photons in an entangled
pair. The coherence of these optical systems has re-
cently allowed teleportation over a large distance [5].
Quantum ghost imaging, or “interaction-free” imag-
ing [6], is used to discern (usually classical) informa-
tion about an object without direct interaction. This
technique exploits the relationship among the emis-
sion angles of a correlated photon pair to create an
image with high angular resolution without placing
the subject Alice in front of a high resolution detec-
tor or allowing it to interact with intense light. These
methods of teleportation and imaging rely on the pro-
duction of signal photons in association with an idler
pair which is entangled (or at least correlated) in its
direction, frequency, and sometimes polarization.

Quantum ghost imaging and teleportation both dif-
fer parametrically from standard forms of information
transfer. This is because a system is probed, not by
sending information to it and receiving information
back, but rather by sending it half of an EPR pair,
without need for a “response”. The di�erence is par-
ticularly apparent if Alice is an extremely weekly cou-
pled system, say she is part of a dark sector, with a
coupling ‘ to photons. The rate of information flow
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Figure 1: Pictorial representation of the dSPDC process.
A dark particle Ï is emitted in association with a signal
photon. The presence of Ï can be inferred from the
distribution of the signal photon in angle and/or
frequency. We consider both the colinear (◊s = 0) and
non-colinear (◊s ”= 0) cases.

in capturing an image of Alice will occur at a rate
Ã ‘4 with standard methods, but at a rate Ã ‘2 using
quantum optical methods.

A common method for generating entangled photon
pairs is the nonlinear optics process known as sponta-
neous parametric down conversion (SPDC). In SPDC
a pump photon decays, or down-converts, within a
nonlinear optical medium into two other photons, a
signal and an idler. The presence of the SPDC idler
can be inferred by the detection of the signal [7].

In this work we propose to use quantum imag-
ing and quantum communication tools to perform an
interaction-free search for the emission of new parti-
cles beyond the standard model. The new tool we
present is dark SPDC, or dSPDC, an example sketch
of which is shown in Figure 1. A pump photon enters
an optical medium and down-converts to a signal pho-
ton and a dark particle, which can have a small mass,
and does not interact with the optical medium. Like
SPDC, in dSPDC the presence of a dark state can
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Phase Matching in dSPDC
Two observables: signal frequency and angle ωs and θs
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Figure 2: Left: The allowed phase space for SPDC (black), dSPDC with m = 0 (red), and dSPDC with m = 0.1Êp

(blue) shown as in the plane of signal emission angle as a function of frequency ratio –Ê. The indices of refraction here
are np = 1.658 and ns = 1.486 as an example, inspired by calcite. The inset shows a zoom-in of the dSPDC phase space.
Right: Sketches depicting the momentum phase matching condition �k = 0 for SPDC and dSPDC, with massless Ï. In
both cases we take the same Êp and Ês. Due to the index of refraction for Ï is essentially one, and that for the idler
photon is larger (say ≥ 1.5), phase matching in dSPDC has a smaller signal emission angle than that of SPDC.
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Waveguide phase matching:

Figure 3: Solutions to the phase matching conditions for
the colinear dark SPDC process for the signal photon
energy as a function of the dark particle Ï mass. This
phase space is relevant for waveguide-based experiments.
Both axes are normalized to the pump frequency. The
two branches correspond to configurations in which Ï is
emitted forward (bottom) and backward (top).

One can trivially perform the integral over the d3ki

which will e�ectively enforce Equation (20) for trans-
verse momentum conservation, and set |ki| by conser-
vation of energy. The argument of the sinc function
is

�kz = kp ≠ ks cos ◊s ≠ ki cos ◊i (26)

= Êp

3
np ≠ ns–Ê cos ◊s ±

Ò
�2 ≠ n2

s–2
Ê sin2 ◊s

4

where in the second step we have used Equation (20)
and the definitions of –Ê and � in Equations (18)
and (19). The ± accounts for the idler or dark particle
being emitted in the forward and backward direction
respectively.

It is convenient to re-express the remaining three-dimensional phase space for (d)SPDC in terms of the
signal emission angles ◊s and „s, and the signal frequency (or equivalently –Ê). Within our assumptions, the
distribution in „s is flat. With respect to the polar angle and frequency we find

d2�̂
d(cos ◊s)d–Ê

=
2fiÊ3

p–2
Ê (1 ≠ –Ê) n3

sñ2
i

�2 ≠ –2
Ên2

s sin2 ◊s

ÿ

±
L2sinc2

53
np ≠ ns–Ê cos ◊s ±

Ò
�2 ≠ n2

s–2
Ê sin2 ◊s

4
ÊpL

2

6
(27)

where

ñi
def=

;
ni for SPDC
1 for dSPDC

. (28)

In Figure 4 we show the double di�erential distri-
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We propose a new way to use optical tools from quantum imaging and quantum communication
to search for physics beyond the standard model. Spontaneous parametric down conversion (SPDC)
is a commonly used source of entangled photons in which pump photons convert to a signal-idler
pair. We propose to search for “dark SPDC” (dSPDC) events in which a new dark sector particle
replaces the idler. Though it does not interact, the presence of a dark particle can be inferred by
the properties of the signal photon. Examples of dark states include axion-like-particles and dark
photons. We show that the presence of an optical medium opens the phase space of the down-
conversion process, or decay, which would be forbidden in vacuum. Search schemes are proposed
which employ optical imaging and/or spectroscopy of the signal photons. The signal rates in our
proposal scales with the second power of the feeble coupling to new physics, as opposed to light-
shining-through-wall experiments whose signal scales with coupling to the fourth. We analyze the
characteristics of optical media needed to enhance dSPDC and estimate the rate. A bench-top
demonstration of a high resolution ghost imaging measurement is performed employing a Skipper-
CCD to demonstrate its utility in a dSPDC search.

I. INTRODUCTION

Nonlinear optics is a powerful new tool for quantum
information science. Among its many uses, it plays an
enabling role in the areas of quantum networks and
teleportation of quantum states as well as in quantum
imaging. In quantum teleportation [1–4] the state of
a distant quantum system, Alice, can be inferred with-
out directly interacting with it, but rather by allowing
it to interact with one of the photons in an entangled
pair. The coherence of these optical systems has re-
cently allowed teleportation over a large distance [5].
Quantum ghost imaging, or “interaction-free” imag-
ing [6], is used to discern (usually classical) informa-
tion about an object without direct interaction. This
technique exploits the relationship among the emis-
sion angles of a correlated photon pair to create an
image with high angular resolution without placing
the subject Alice in front of a high resolution detec-
tor or allowing it to interact with intense light. These
methods of teleportation and imaging rely on the pro-
duction of signal photons in association with an idler
pair which is entangled (or at least correlated) in its
direction, frequency, and sometimes polarization.

Quantum ghost imaging and teleportation both dif-
fer parametrically from standard forms of information
transfer. This is because a system is probed, not by
sending information to it and receiving information
back, but rather by sending it half of an EPR pair,
without need for a “response”. The di�erence is par-
ticularly apparent if Alice is an extremely weekly cou-
pled system, say she is part of a dark sector, with a
coupling ‘ to photons. The rate of information flow
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Figure 1: Pictorial representation of the dSPDC process.
A dark particle Ï is emitted in association with a signal
photon. The presence of Ï can be inferred from the
distribution of the signal photon in angle and/or
frequency. We consider both the colinear (◊s = 0) and
non-colinear (◊s ”= 0) cases.

in capturing an image of Alice will occur at a rate
Ã ‘4 with standard methods, but at a rate Ã ‘2 using
quantum optical methods.

A common method for generating entangled photon
pairs is the nonlinear optics process known as sponta-
neous parametric down conversion (SPDC). In SPDC
a pump photon decays, or down-converts, within a
nonlinear optical medium into two other photons, a
signal and an idler. The presence of the SPDC idler
can be inferred by the detection of the signal [7].

In this work we propose to use quantum imag-
ing and quantum communication tools to perform an
interaction-free search for the emission of new parti-
cles beyond the standard model. The new tool we
present is dark SPDC, or dSPDC, an example sketch
of which is shown in Figure 1. A pump photon enters
an optical medium and down-converts to a signal pho-
ton and a dark particle, which can have a small mass,
and does not interact with the optical medium. Like
SPDC, in dSPDC the presence of a dark state can
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Kinematically, SPDC and dSPDC 
are O(1) different!



Phase Matching in dSPDC
In the forward direction, θs=0 5

and

� def= ki

Êp
=

Y
_]

_[

ni (1 ≠ –Ê) for SPDC
Û

(1 ≠ –Ê)2
≠

m2
Ï

Ê2
p

for dSPDC
. (19)

Equation (17) defines the phase space for (d)SPDC,
along with the azimuthal angle „s. The idler angle, or
that of the dark particle in the dSPDC case, is fixed in
terms of the signal angle and frequency by requiring
conservation of transverse momentum

sin ◊i = ks

ki
sin ◊s

„i = „s + fi (20)

where ki is evaluated at a frequency of Êi = Êp ≠ Ês,
and ks at the frequency Ês according to the dispersion
relation in Equations (15) and (16).

In the left panel of Figure 2 we show the allowed
phase space in the –Ê-◊s plane for SPDC and for
dSPDC with both a massless and massive Ï. Here
we have chosen np = 1.486, ns = 1.658 with ni = ns

in the SPDC case. These values were chosen to be
constant with frequency and propagation direction,
for simplicity and are inspired by the ordinary and
extraordinary refractive indices in calcite and will be
used as a benchmark in some of the examples below.

We see that phase matching is achieved in di�erent
regions of phase space for SPDC and its dark counter-
part. In dSPDC, signal emission angles are restricted
to near the forward region and in a limited range of
signal frequencies. The need for more forward emis-
sion in dSPDC can be understood because Ï e�ec-
tively sees an index of refraction of 1. This implies
it can carry less momentum for a given frequency, as
compared to a photon which obeys k = nÊ. As a
result, the signal photon must point nearly parallel
to the pump, in order to conserve momentum (see
Figure 2, right). An additional di�erence to notice
is that, in contrast with the SPDC example shown,
for a fixed signal emission angle there are two di�er-
ent signal frequencies that satisfy the phase matching
in dSPDC. This will always be the case for dSPDC.
Although SPDC can be of this form as well, typical re-
fractive indices usually favor single solutions as shown
for calcite.

1. Phase matching for colinear dSPDC

One case of particular interest is that of colinear
dSPDC, in which the emission angle is zero, as would
occur in a single-mode fiber or a waveguide. For this
case, so long as ns > np, an axion mass below some
threshold can be probed. Setting the emission angles
to zero there are two solutions to the phase matching
equations which give signal photon energies of

–Ê =
(nsnp ≠ 1) ±

Ú
(ns ≠ np)2

≠ (n2
s ≠ 1) m2

Ï

Ê2
p

n2
s ≠ 1 .

(21)

The + solution above corresponds to the case where
the Ï particle is emitted in the forward direction
whereas the ≠ represents the case where it is emit-
ted backwards. The signal frequency as a function
of Ï mass is shown in Figure 3 for the calcite bench-
mark. For the near-massless case, mÏ π Êp, a phase
matching solution exists for ns Ø np, giving

Ês

Êp
= np û 1

ns û 1 . (22)

For calcite, we get Ês = 0.739Êp and Ês = 0.935Êp for
forward and backward emitted axions respectively.

Of course, not any combination of np and ns will
allow to achieve phase matching in dSPDC. We will
state here that ns > np is a requirement for phase
matching to be possible for a massless Ï and that ns ≠

np must grow as mÏ grows. We will discuss these and
other requirements for dSPDC searches in Section IV.

C. Thin planar layer of optical medium

We now consider the e�ects of a finite crystal.
Specifically, we will assume that the optical medium
is a planar thin layer2 of optical material of length L
along the pump propagation direction ẑ, and is infinite
in transverse directions. In this case, the integral in
Equation (8) is performed only over a finite range and
the delta function is replaced by a sinc x © sin x/x
function

ˆ L/2

≠L/2
dz ei�kzz = L sinc

3
�kzL

2

4
(23)

at the level of the amplitude. As advertised, this al-
lows for momentum non-conservation with a charac-
teristic width of order L≠1.

The fully di�erential rate will be proportional to the
squared sinc function

d�
d3kpd3ki

Ã L2sinc2
3

�kzL

2

4
”2(�kT )”(�Ê)(24)

©
d�̂

d3kpd3ki
(25)

where �kT is the momentum mismatch vector in the
transverse directions. The constant of proportional-
ity in Equation (24) will have frequency normalization
factors of the form (2Ê)≠1 and the matrix element M.
The matrix element can also have non trivial angular
dependence in ◊ as well as in „, depending on the
model and the optical medium properties. Note, how-
ever, that the current analysis for the phase space is
model independent. We thus postpone the discussion
of overall rates to Section V and to [16] and here we
limit the study to the phase space distribution only.
We will proceed with the defined phase space distri-
bution d�̂ in Equation (25), which we will now study.

2
The meaning of what constitutes the thin crystal layer limit

in our context will be discussed in Section V.
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Figure 1: A schematic sketch of the SPDC proscess (top) and the dark SPDC process (bottom).
The frequency of the signal photon in dSPDC will differ from the standard case due to the different
dispersion relations of the produced dark state as compared to the idler photon.

detection of, say, the signal photon one can infer the presence and properties of the idler [6]. The
process of SPDC can be described by an effective Hamiltonian (see e.g. [6, 7])

HSPDC =

Z

crystal
d
3
~x

⇣
�
(2)
jklEjEkEl

⌘
, (1)

where we have used an index notation for the electric field Ej ⌘ ~E to more easily represent the
contraction with the second order susceptibility tensor �

(2)
jkl in the nonlinear optics crystal. The

susceptibility tensor, and the indices of refraction for pump, signal and idler photons, np, ns and
ni determine the differential and total rates of di-photon production. The fully differential rate
includes correlations among the energy, momenta, and polarizations of the photon pairs. For
particle physicists who are accustomed to working in the vacuum, the conversion (or decay) of a
single pump photon into a photon pair would normally be deemed both kinematically inaccessible
and disallowed by charge conjugation. For these readers we stress that SPDC is kinematically
possible thanks to the nontrivial dispersion of photons and that charge conjugation is broken by
the presence of a crystal without an anti-crystal. In addition, a second order susceptibility �

(2) is
only present in crystal structures that violate parity.

In this work we propose to search for dark SPDC (dSPDC), in which the idler photon is replaced
by a new light state, such as an axion or dark photons.

Axions : The axion, or axion-like particle (we will use the two terms interchangeably), is a light
pseuodscalar field �a

1. Its interaction with photons are described by the Hamiltonian (for a review
see [?])

Haxion =

Z

crystal
d
3
~x

⇣
ga� �a

~E · ~B

⌘
(2)

where we have deliberately taken the spatial integral only over the volume of an optical crystal,
even though it also extends outside the crystal. The reason is that our dSPDC process will be
kinematically possible, phase matching will be attainable, only within a bi-refringent crystal in
which ns > np. It is interesting to note the similarity of the two Hamiltonians in Equations (1)
and (2). Both Hamiltonain are non-linear. Both interaction can couple a pump photon to a signal
photon and a third light field, either an idler or an axion. The presence of the B-field in the axion
hamiltonian simply means a particular relationship between the pump and signal polarization
(indeed, the magnetic field is absent from Equation (1) only by convention). We will show that
an axion can be searched for using dSPDC in a material that is bi-refringent, but purely optically
linear.

Dark Photons: The dark photon [?] is a new massive U(1) gauge boson which can be written
as a vector potential A

0
µ which leads to dark electric and magnetic fields ~E

0 and ~B
0. The dark

1Since creation and annihilation operators are about to make an appearance, we will be calling the axion field
�a instead of the traditional a.
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Figure 5: Solutions to the phase matching conditions for the colinear dark SPDC process for the
signal photon energy as a function of the axion mass (both in units of the pump frequency). We
show two choice for the indices of refraction for pump and signal (np = 1.5, ns = 1.65) and
(np = 2.6, ns = 2.9) , inspired by the two ordinary and extraordinary indices in calcite and in LN
respectively as labeled. The two branches in each solution correspond to configurations in which
the axion is emitted forward (bottom branch) and backward (top brach). The signal photon is
emitted in the forward direction in all cases.

here for the colinear case for completeness. The idler photon is replaces by a dark particle ', and
axion or a dark photon, and the phase matching conditions for dSPDC, p ! s + ', are

dSPDC: !p = !s + !' and kp = ks + k' . (41)

Using the dispersion relation for pump, signal, and ' fields, Equations (2) and (7), conservation
of momentum implies

np!p = ns!s +
q

!2
' � m2

' . (42)

This phase matching equations can be satisfied so long as

(ns � np)
2

n2
s � 1

�
m

2
'

!2
p

. (43)

and all frequencies are positive on the brach in which ns > np. This implies that if ns > np, an
axion or dark photon mass below some threshold can be probed. There are two solutions to the
phase matching equations which give signal photon energies of

!s = !p �

(ns � np) ns!p ±

q
(ns � np)

2
!2
p � (n2

s � 1) m2
'

n2
s � 1

. (44)

The + solution above produces a softer signal photon, with the axion always emitted forward,
whereas the � represents a harder signal photon. In the latter case the axion may be emitted
backwards. The signal photon frequency as a function of axion mass is shown in Figure 5 for
(np = 1.5, ns = 1.65) and (np = 2.6.5, ns = 2.9), which are choices inspired by extraordinary
and ordinary indices of refraction in calcite and Litium-Niobiate (LN) respectively. For the near-
massless case, ma ⌧ !p, a phase matching solution exist for any ns � np. The ' mass is negilible
in the phase matching and the solutions asymptote to

m' ⌧ !p :
!s

!p
=

np ⌥ 1

ns ⌥ 1
and

k'

!p
=

ns � np

ns ⌥ 1
. (45)

Both solutions for the signal frequency differ significantly (by more than a few %) from the pump
frequency, which can be used to se

For our rate estimation, the momentum of the emitted axion will be useful,

k' =
(ns � np)!p ± ns

q
(ns � np)

2
!2
p � (n2

s � 1) m2
'

n2
s � 1

. (46)
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Figure 5: Solutions to the phase matching conditions for the colinear dark SPDC process for the
signal photon energy as a function of the axion mass (both in units of the pump frequency). We
show two choice for the indices of refraction for pump and signal (np = 1.5, ns = 1.65) and
(np = 2.6, ns = 2.9) , inspired by the two ordinary and extraordinary indices in calcite and in LN
respectively as labeled. The two branches in each solution correspond to configurations in which
the axion is emitted forward (bottom branch) and backward (top brach). The signal photon is
emitted in the forward direction in all cases.
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Figure 5: Solutions to the phase matching conditions for the colinear dark SPDC process for the
signal photon energy as a function of the axion mass (both in units of the pump frequency). We
show two choice for the indices of refraction for pump and signal (np = 1.5, ns = 1.65) and
(np = 2.6, ns = 2.9) , inspired by the two ordinary and extraordinary indices in calcite and in LN
respectively as labeled. The two branches in each solution correspond to configurations in which
the axion is emitted forward (bottom branch) and backward (top brach). The signal photon is
emitted in the forward direction in all cases.
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(d)SPDC Interaction 
and Rates



(d)SPSC Interactions:
SPDC and dSPDC can be described using an effective interaction:


• SPDC (& nonlinear optics):


• Dark photons (linear extension)


• Axion-like particles (nonlinear)

ε E⋅E’ + B⋅B’ℋ ⊃ ℋoptics + 

ℋ ⊃
a
f

E⋅B

ℋSPDC ⊃  Ep Es Ei    + …χ

Note: axions and dark photons have index or refraction 1! (Rather kφ
2
 = ωφ

2+mφ
2)  

p

S

i

Dark 
photon

Axion



(d)SPSC Interactions:

with the mode overlap integrals

Ij ⌘

Z
dz d

2
r U

(p)
U

(s)⇤
U

('i)
j

⇤
(z) e

i�kz (38)

and the effective coupling and index of refraction defined as follows.
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p
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s
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l ni

axion a
ga�
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longitudinal dark photon A
0
L ✏

mA0
L

!A0
L

�
(2)
jkz"

p
j"

s
k 1

Despite the fact that we are able to bring the various Hamiltonians to a s similar form, there
are several important differences to note between the various (d)SPDC processes:

• The effective coupling in the axion case is set by the axion coupling and is not related to the
nonlinearity of the material. The dSPDC process with axions can occur in a perfectly linear
(but birefringent) medium. By contract, dark photon production via dSPDC can only occur
in a nonlinear medium as it is a linear “dressing” of a SPDC process.

• Though both SPDC and dark photon dSPDC occur in a nonlinear crystal, the dark photon
can have a longitudinal polarization. Hence materials, or material orientations, that would
usually be discarded as poor SPDC sources, can be used for dSPSC. If fact, the lack of a
longitudinally polarized SM photon can allow one to supress SPDC backgrounds to dSPDC.

• Perhaps more importantly, the dispersion relation which enters the mode overlap integral
via �k is that of the dark particle for dSPDC and that of the idler photon for SPDC. The
frequency of an idler photon !i, in units of c = 1, will alway be smaller that its momentum
ki, since indices of refraction are larger than (and not close to) one. The dark photon or
axion’s frequency, by contrast, will be larger or equal to its momentum; equal in the massless
limit and larger in the massive case. The phase matching will thus be very different in the
two processes, and thus can help distinguish a dSPDC signal.

We now review the phase matching conditions for the standard model and dSPDC processes.

4 Phase Matching for Colinear dSPDC

As we mentioned above, the SPDC process would not have available phase space if the dispersion
relations for photons would be those of vacuum. However, energy and momentum can be conserved
for nontrivial configurations, thanks to the plethora of optical materials available in the real world.
We focus on the case in which the process occurs in a waveguide, and the signal and idler momenta
are colinear to the pump. The phase matching conditions for the conversion of a pump photon
p to a signal photon s and and idler photon i, assuming the optical medium is homogenous (as
opposed to, say, periodically polled), are

SPDC: !p = !s + !i and kp = ks + ki . (39)

for photon frequencies ! and momenta k. Using the dispersion relation, Equation (2), the indices
of refraction must be picked to satisfy

np!p = ns!s + ni!i , (40)

where it is understood that np,s,i should be evaluated at the corresponding photon frequency
and the chosen polarization of the pump, signal, and idler. A set of frequencies which solves
Equation (40) would not be kinematically possible in vacuum, where the indices of refraction for
photons are always 1.

Just as the optical properties of the crystal opens new phase space for the otherwise-inaccessible
SPDC, processes involving new particles beyond the standard model may be opened, such as in
dSPDC [25]. The phase matching conditions in dSPDC were studied in [25], but we review them
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3.5 A Hamiltonian for Nonlinear Optics with a Dark Photon
As stated above, the dark photon is a linear extension of optics7. Because dSPDC is a nonlinear
effect, the nonlinearity must come from a standard model nonlinearity (in contrast to the axion
dSPDC case). The dSPDC for dark photons Hamiltonian is thus

H
A0

dSPDC = �
(2)

EpEsEi + ✏EiE
0 + m

2
A0A

0
µA

0µ
, (34)

where the first term is the SPDC interaction and the second term is the mixing in which we have
chosen the idler field to interact linearly with the dark photon. The third term is the dark photon
mass, which we write in terms of the four-vector potential A

0
µ to maintain simplicity, and plays an

important role. The dSPDC process will proceed at the second order of perturbation theory, using
both the nonlinear and the mixing terms. In particle physics parlance, the process will proceed via
a Feynman diagram in which a virtual, off-shell, idler photon is emitted, which proceeds to mix with
an on-shell dark photon. Because the virtual idler photon is not a propagating degree of freedom,
it can be longitudinally polarized (a Coulomb field). This, in turn, can mix with the propagating
longitudinal photon, A

0
L. It has been shown in [23, 24] that the rate of emission of longitudinally

polarized dark photons is enhanced compared to transvere polarizations. For this reason8 we will
focus here on longitudinal polarizations and leave transverse dark photon production for future
work.

The longitudinal polarization allows one to write an effective hamiltonian for the dSPDC in
which the dark photon interacts nonlinearly with the pump and signal photons. This effective
hamiltonian, conveniently, will be local because the londitudinal idler field is not a dgree of freedon
at large distances and can hence be integrated out.

We defer a rough derivation of the effective Hamiltonian to an appendix and state the result
here. The A

0
L effective dSPDC Hamiltonian in the collinear case is very similar to Equation (32)

of the axion case
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with �k ⌘ kp � ks � kA0
L

and I
(A0

L)
j ⌘

R
U

(p)
U

(s)⇤
U

(A0
L)

j

⇤
(z) e

i�kz
dz d

2
r is the mode overlap

integral, similar to Equation (32). The effective coupling is proportional both to the material
nolineatity, the kinetic mixing, and the dark photon mass
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where we have take the z longitudinal component for the last index of the �
(2) tensor to signify

that we are coupling to the longitudinal polarization. The dependence on the dark photon mass,
though not obvious from the “Feynman diagram argument” above, must be there because in the
massless limit the fields can be re-defined linearly such that only one linear combination couples
to electromagnetic currents, which can be dubbed the photon, while the orthogonal combination
decouples.

3.6 Summary of (d)SPDC Hamiltonians
We now summarize a central result of this work. We have written the two dSPDC Hamiltonians,
Equation (32) for axions and Equation (35) to a form which is very similar to that of the SPDC
Hamiltonian, Equation (23). This allows to apply known results and techniques for deriving the
SPDC rates, e.g. [17] and [19], to estimate the rates of dSPDC. For ease of use later we can thus
refer to a single Hamiltonian for the process pump ! signal + 'i, where 'i can represent either
an idler photon i or a dark particle ' and

H'i =
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7The linearity of the dark photon Hamiltonian leads to interesting subtleties. One is free to to pick a basis, any
linear combination of photons and dark photon to perform the calculation in. We will work in the mass basis which
is appropriate for the emission of longitudinal dark photons. Note that in general some physics effects involving
dark photons are best seen in the interaction basis.

8Another reason to consider dSPDC of longitudinal dark photons is that the SPDC does not occer if the �(2)

tensor couples to a londitudinally polarized idler.
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Expanding the fields as in quantum optics, SPDC & dSPDC can be treated similarly:
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and the effective coupling and index of refraction defined as follows.
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Despite the fact that we are able to bring the various Hamiltonians to a s similar form, there
are several important differences to note between the various (d)SPDC processes:

• The effective coupling in the axion case is set by the axion coupling and is not related to the
nonlinearity of the material. The dSPDC process with axions can occur in a perfectly linear
(but birefringent) medium. By contract, dark photon production via dSPDC can only occur
in a nonlinear medium as it is a linear “dressing” of a SPDC process.

• Though both SPDC and dark photon dSPDC occur in a nonlinear crystal, the dark photon
can have a longitudinal polarization. Hence materials, or material orientations, that would
usually be discarded as poor SPDC sources, can be used for dSPSC. If fact, the lack of a
longitudinally polarized SM photon can allow one to supress SPDC backgrounds to dSPDC.

• Perhaps more importantly, the dispersion relation which enters the mode overlap integral
via �k is that of the dark particle for dSPDC and that of the idler photon for SPDC. The
frequency of an idler photon !i, in units of c = 1, will alway be smaller that its momentum
ki, since indices of refraction are larger than (and not close to) one. The dark photon or
axion’s frequency, by contrast, will be larger or equal to its momentum; equal in the massless
limit and larger in the massive case. The phase matching will thus be very different in the
two processes, and thus can help distinguish a dSPDC signal.

We now review the phase matching conditions for the standard model and dSPDC processes.

4 Phase Matching for Colinear dSPDC

As we mentioned above, the SPDC process would not have available phase space if the dispersion
relations for photons would be those of vacuum. However, energy and momentum can be conserved
for nontrivial configurations, thanks to the plethora of optical materials available in the real world.
We focus on the case in which the process occurs in a waveguide, and the signal and idler momenta
are colinear to the pump. The phase matching conditions for the conversion of a pump photon
p to a signal photon s and and idler photon i, assuming the optical medium is homogenous (as
opposed to, say, periodically polled), are

SPDC: !p = !s + !i and kp = ks + ki . (39)

for photon frequencies ! and momenta k. Using the dispersion relation, Equation (2), the indices
of refraction must be picked to satisfy

np!p = ns!s + ni!i , (40)

where it is understood that np,s,i should be evaluated at the corresponding photon frequency
and the chosen polarization of the pump, signal, and idler. A set of frequencies which solves
Equation (40) would not be kinematically possible in vacuum, where the indices of refraction for
photons are always 1.

Just as the optical properties of the crystal opens new phase space for the otherwise-inaccessible
SPDC, processes involving new particles beyond the standard model may be opened, such as in
dSPDC [25]. The phase matching conditions in dSPDC were studied in [25], but we review them
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frequency of an idler photon !i, in units of c = 1, will alway be smaller that its momentum
ki, since indices of refraction are larger than (and not close to) one. The dark photon or
axion’s frequency, by contrast, will be larger or equal to its momentum; equal in the massless
limit and larger in the massive case. The phase matching will thus be very different in the
two processes, and thus can help distinguish a dSPDC signal.

We now review the phase matching conditions for the standard model and dSPDC processes.

4 Phase Matching for Colinear dSPDC

As we mentioned above, the SPDC process would not have available phase space if the dispersion
relations for photons would be those of vacuum. However, energy and momentum can be conserved
for nontrivial configurations, thanks to the plethora of optical materials available in the real world.
We focus on the case in which the process occurs in a waveguide, and the signal and idler momenta
are colinear to the pump. The phase matching conditions for the conversion of a pump photon
p to a signal photon s and and idler photon i, assuming the optical medium is homogenous (as
opposed to, say, periodically polled), are

SPDC: !p = !s + !i and kp = ks + ki . (39)

for photon frequencies ! and momenta k. Using the dispersion relation, Equation (2), the indices
of refraction must be picked to satisfy

np!p = ns!s + ni!i , (40)

where it is understood that np,s,i should be evaluated at the corresponding photon frequency
and the chosen polarization of the pump, signal, and idler. A set of frequencies which solves
Equation (40) would not be kinematically possible in vacuum, where the indices of refraction for
photons are always 1.

Just as the optical properties of the crystal opens new phase space for the otherwise-inaccessible
SPDC, processes involving new particles beyond the standard model may be opened, such as in
dSPDC [25]. The phase matching conditions in dSPDC were studied in [25], but we review them
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3.5 A Hamiltonian for Nonlinear Optics with a Dark Photon
As stated above, the dark photon is a linear extension of optics7. Because dSPDC is a nonlinear
effect, the nonlinearity must come from a standard model nonlinearity (in contrast to the axion
dSPDC case). The dSPDC for dark photons Hamiltonian is thus

H
A0

dSPDC = �
(2)

EpEsEi + ✏EiE
0 + m

2
A0A

0
µA

0µ
, (34)

where the first term is the SPDC interaction and the second term is the mixing in which we have
chosen the idler field to interact linearly with the dark photon. The third term is the dark photon
mass, which we write in terms of the four-vector potential A

0
µ to maintain simplicity, and plays an

important role. The dSPDC process will proceed at the second order of perturbation theory, using
both the nonlinear and the mixing terms. In particle physics parlance, the process will proceed via
a Feynman diagram in which a virtual, off-shell, idler photon is emitted, which proceeds to mix with
an on-shell dark photon. Because the virtual idler photon is not a propagating degree of freedom,
it can be longitudinally polarized (a Coulomb field). This, in turn, can mix with the propagating
longitudinal photon, A

0
L. It has been shown in [23, 24] that the rate of emission of longitudinally

polarized dark photons is enhanced compared to transvere polarizations. For this reason8 we will
focus here on longitudinal polarizations and leave transverse dark photon production for future
work.

The longitudinal polarization allows one to write an effective hamiltonian for the dSPDC in
which the dark photon interacts nonlinearly with the pump and signal photons. This effective
hamiltonian, conveniently, will be local because the londitudinal idler field is not a dgree of freedon
at large distances and can hence be integrated out.

We defer a rough derivation of the effective Hamiltonian to an appendix and state the result
here. The A

0
L effective dSPDC Hamiltonian in the collinear case is very similar to Equation (32)

of the axion case
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r is the mode overlap

integral, similar to Equation (32). The effective coupling is proportional both to the material
nolineatity, the kinetic mixing, and the dark photon mass
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where we have take the z longitudinal component for the last index of the �
(2) tensor to signify

that we are coupling to the longitudinal polarization. The dependence on the dark photon mass,
though not obvious from the “Feynman diagram argument” above, must be there because in the
massless limit the fields can be re-defined linearly such that only one linear combination couples
to electromagnetic currents, which can be dubbed the photon, while the orthogonal combination
decouples.

3.6 Summary of (d)SPDC Hamiltonians
We now summarize a central result of this work. We have written the two dSPDC Hamiltonians,
Equation (32) for axions and Equation (35) to a form which is very similar to that of the SPDC
Hamiltonian, Equation (23). This allows to apply known results and techniques for deriving the
SPDC rates, e.g. [17] and [19], to estimate the rates of dSPDC. For ease of use later we can thus
refer to a single Hamiltonian for the process pump ! signal + 'i, where 'i can represent either
an idler photon i or a dark particle ' and

H'i =
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7The linearity of the dark photon Hamiltonian leads to interesting subtleties. One is free to to pick a basis, any
linear combination of photons and dark photon to perform the calculation in. We will work in the mass basis which
is appropriate for the emission of longitudinal dark photons. Note that in general some physics effects involving
dark photons are best seen in the interaction basis.

8Another reason to consider dSPDC of longitudinal dark photons is that the SPDC does not occer if the �(2)

tensor couples to a londitudinally polarized idler.
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Expanding the fields as in quantum optics, SPDC & dSPDC can be treated similarly:
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Rates:

10

by the apparatus used to collect and detect the signal.
This too, can include collection of a single mode in a
fiber (e.g. [18, 38]) or in multiple modes (as in the
CCD example in the next section. In SPDC, when
the idler photon may be collected the width and an-
gle of the idler can also be set by a similar apparatus.
However, in dSPDC (or in SPDC if we choose to only
collect the signal) the Ï beam is not a parameter in
the problem. In this case we are interested in an in-
clusive rate, and would sum over a complete basis of
idler beams. Such a sum will be performed in [16], but
usually the sum will be dominated by a set of modes
that are similar to those collected for the signal.

Generally, the signal rate will depend on all of the
choices made above, but we can make some qualitative
observations. The rate for SPDC and dSPDC will be
proportional to an integral over the volume defined
by the overlap of the three beams in Figure 8 and the
crystal. When the length of the volume is set by the
crystal, the process is said to occur in the “thin crystal
limit”. In this limit, the beam overlap is roughly a
constant over the crystal length and thus the total rate
will grow with L. Since dSPDC is a rare process, we
observe that taking the collinear limit of the process,
together with a thicker crystal may allow for a larger
integration volume and an enhanced rate.

The total rate for SPDC in a particular angle, in-
tegrated over frequencies, in the thin crystal limit
is [16, 18],

�SPDC ≥
Pp‰(2)

e�
2
ÊsÊiL

finpnsniAe�
(35)

where L is the crystal length, Pp is the pump power,
Ae� is the e�ective beam area, and ‰(2)

e� is the e�ective
coupling of Equation (33). A parametrically similar
rate formula applies to SPDC in waveguides [15, 16].
The pump power here is the e�ective power, which
may be enhanced within a high finesse optical cavity,
e.g. [25]. The inverse dependence with e�ective area
can be understood by since the interaction hamilto-
nian is proportional to electric fields, which grow for
fixed power for a tighter spot. For “bulk crystal” se-
tups a pair production rate of order few times 106 per
mW of pump power per second is achievable [38] in the
forward direction. In waveguided setups, in which the
beams remain confined along a length of the order of
a cm, production rates of order 109 pairs per mW per
second are achievable in KTP crystals [15, 39], and
rates of order 1010 were discussed for LN crystals [39].

An important scaling of this rate is the L/Ae� de-
pendence. This scaling applies for dSPDC rates dis-
cussed below. Within the thin crystal limit one can
thus achieve higher rates with: (a) a smaller beam
spot, and (b) a thicker crystal. It should be noted
that for colinear SPDC, the crystal may be in the
“thin limit” even for thick crystals (see Figure 8 and
imagine zero signal and idler emission angle).

A. Dark Photon dSPDC Rate

The dSPDC rate into a dark photon with longitu-
dinal polarization, AÕ

L, can similarly be written as a

simple re-scaling of the expression above

�(AÕ
L)

dSPDC ≥ ‘2 m2
AÕ

Ê2
AÕ

Pp‰(2)
AÕ

L

2
ÊsÊAÕL

npnsAe�
(36)

where the e�ective coupling ‰(2)
AÕ

L
is defined in Equa-

tion (34). This is valid in regions where the dark pho-
ton mass is smaller than the pump frequency, such
that the produced dark photons are relativistic and
have a refractive index of 1. Using the optimistic
waveguide numbers above as a placeholder, assuming
an optimized setup with similar ‰(2), the number of
events expected after integrating over a time tint are

N
(AÕ

L)
events ≥ 1021

3
‘2 m2

AÕ

Ê2
AÕ

4 3
Pp

Watt

4 3
L

m

4 3
tint
year

4
.

(37)
The current strongest lab-based limit is for dark pho-
ton masses of order 0.1 eV is set by the ALPS exper-
iment at ‘ ≥ 3 ◊ 10≠7. For this dark photon mass
mAÕ ≥ 0.1Êp, the mAÕ/ÊAÕ term does not represent
a large suppression. In this case of order 10 dSPDC
events are produced in a day in a 1 cm crystal with
a Watt of pump power with the assumptions above.
This implies that a relatively small dSPDC experi-
ment with an aggressive control on backgrounds could
be used to push the current limits on dark photons.

Improving the limits from solar cooling, for which
‘mAÕ/ÊAÕ is constrained to be smaller, would repre-
sent an interesting challenge. Achieving ten events in
a year of running requires a Watt of power in a waveg-
uide greater than 10 meters (or a shorter waveguide
with higher stored power, perhaps using a Fabri-Perot
setup). Interestingly, in terms of system size, this
is still smaller than the ALPS-II experiment which
would reach 100 meters in length and an e�ecting
power of a hundred kW. This is because LSW se-
tups require both production and detection, with lim-
its scaling as ‘4.

B. Axion dSPDC Rate

A similar rate expression can be obtained for axion-
dSPDC

�(axion)
dSPDC ≥

Ppg2
a““ÊsL

ÊaxionnpnsAe�
(38)

where the di�erent scaling with the frequency of the
dark field is due to the di�erent structure of the
dSPDC interaction (recall that ‰(2) carries a mass
dimension of ≠2 while the axion photon coupling’s
dimension is ≠1). Optimal SPDC (dSPDC) rates are
acieved in waveguides in which the e�ective area is of
order the squared wavelength of the pump and signal
light. Assuming a (linear) birefringent material that
can achieve dSPDC phase matching for an axion the
number of signal event scales as

N (axion)
events ≥ 40

3
ga“

10≠6 GeV≠1

42 3
Pp

Watt

4 3
L

m

4 3
tint
year

4
.

(39)
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For the SM process the mode overlap scales as L/Aeff 

due to interference along full length of the system.


But axions and dark photons are not confined!                   
Does rate grow with L?  

L

Aeff

⇠
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Figure 2: A gaussian beam can very roughly be approximated as a constant its most intense region,
whose size is set by the beam waist W and the confocal length b = W

2
k. We make use of this

approximation for illustrative purposes, and the main results do not rely it.

2.3 Colinear Down Conversion in Bulk Crystals
Before continuing to discuss dark SPDC, we briefly consider standard SPDC in bulk crystals
in which beams are dispersive. This case is useful to understand since the dark fields in the
next section cannot be waveguided. Collinear SPDC of gaussian beams in bulk crystals has been
analyzed in [10]. Gaussian beams are a useful and common choice for the mode functions

u~k =

r
2

⇡

W

q(z)
e
� r2

q(z)+ikz (20)

where q(z) = W
2 + 2iz/kj . This beam is narrowest at z = 0, where its waist radius is Wj . From

there it will spread from that point by
p

2 at the z = ±zR, where zR = W
2
k/2 is the Rayleigh

range. A beam, of course, cannot be focused much tighter than the wavelength. Its brightest
region extends in the longitudinal direction over a range of b = 2zR, also known as the confocal
parameter.

Rather than repeating the analysis of [10], we will use the properties of the gaussian beam
and the result of the previous subsection to estimate the SPDC rate roughly. Assume a pure
gaussian pump down converts in a long crystal. Gaussian modes are collected for the signal and
idler photons. For obvious reasons, the SPDC rate will be optimal when the beam focus of the
pump, coincides with that of the signal and idler. For simplicity, we assume modes of equal widths
which is near optimal up to order one factors. To crudely estimate the SPDC rate for this case we
consider only the brightest region of the pump and approximate the beams to be uniform along ẑ

in this region. This is shown heuristically in Figure 2.
Ignoring the contribution to the rate from other regions of the crystal, this is equivalent to a

waveguide of length Le↵ = b = W
2
p kp with an effective area of order Ae↵ ⇠ W

2
p . Substituting the

effective length and area to equation (19) gives a rate

�(bulk)
tot ⇠

Pp�
(2)
e↵

2
!s!i!p

⇡(ns � ni)nsni
(21)

which is independent of the crystal length and focus. This can be understood because the effective
interaction length is limited by the confocal range, which, by assumption is shorter than the crystal.
Equation 21 agrees parametrically with the more accurate calculation in [10].

We will quote two more useful results from [10] for the bluk crystal setup. The frequency
bandwidth for the signal (and idler) photons is set by the scale at which translation invariance
is broken by the crystal and/or the beam profile (the confocal range). Indeed, a numerical study
in [10] finds

�! ⇠ max[L�1
, 0.1b

�1] . (22)

Secondly, anticipating the case of axion emission, it is interesting to consider the case in which
the idler photon is not collected. To account for this a sum over a complete set of idler states
must be performed. We will do this for the axion case in the next section, but will simply state
here that this yields a result that is parametrically similar to Equation (21). The result for the
signal collaction probability in this case is explicitly independent of any idler beam parameters, as
expected, since no idler beam parameters are specified and are thus not a scale in the problem.

in which a sum over a complete set of idelr states is performed. We will be content with the
analysis above, and perform such a summation in the next section and in the Appendix for the
axion.
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by the apparatus used to collect and detect the signal.
This too, can include collection of a single mode in a
fiber (e.g. [18, 38]) or in multiple modes (as in the
CCD example in the next section. In SPDC, when
the idler photon may be collected the width and an-
gle of the idler can also be set by a similar apparatus.
However, in dSPDC (or in SPDC if we choose to only
collect the signal) the Ï beam is not a parameter in
the problem. In this case we are interested in an in-
clusive rate, and would sum over a complete basis of
idler beams. Such a sum will be performed in [16], but
usually the sum will be dominated by a set of modes
that are similar to those collected for the signal.

Generally, the signal rate will depend on all of the
choices made above, but we can make some qualitative
observations. The rate for SPDC and dSPDC will be
proportional to an integral over the volume defined
by the overlap of the three beams in Figure 8 and the
crystal. When the length of the volume is set by the
crystal, the process is said to occur in the “thin crystal
limit”. In this limit, the beam overlap is roughly a
constant over the crystal length and thus the total rate
will grow with L. Since dSPDC is a rare process, we
observe that taking the collinear limit of the process,
together with a thicker crystal may allow for a larger
integration volume and an enhanced rate.

The total rate for SPDC in a particular angle, in-
tegrated over frequencies, in the thin crystal limit
is [16, 18],

�SPDC ≥
Pp‰(2)

e�
2
ÊsÊiL

finpnsniAe�
(35)

where L is the crystal length, Pp is the pump power,
Ae� is the e�ective beam area, and ‰(2)

e� is the e�ective
coupling of Equation (33). A parametrically similar
rate formula applies to SPDC in waveguides [15, 16].
The pump power here is the e�ective power, which
may be enhanced within a high finesse optical cavity,
e.g. [25]. The inverse dependence with e�ective area
can be understood by since the interaction hamilto-
nian is proportional to electric fields, which grow for
fixed power for a tighter spot. For “bulk crystal” se-
tups a pair production rate of order few times 106 per
mW of pump power per second is achievable [38] in the
forward direction. In waveguided setups, in which the
beams remain confined along a length of the order of
a cm, production rates of order 109 pairs per mW per
second are achievable in KTP crystals [15, 39], and
rates of order 1010 were discussed for LN crystals [39].

An important scaling of this rate is the L/Ae� de-
pendence. This scaling applies for dSPDC rates dis-
cussed below. Within the thin crystal limit one can
thus achieve higher rates with: (a) a smaller beam
spot, and (b) a thicker crystal. It should be noted
that for colinear SPDC, the crystal may be in the
“thin limit” even for thick crystals (see Figure 8 and
imagine zero signal and idler emission angle).

A. Dark Photon dSPDC Rate

The dSPDC rate into a dark photon with longitu-
dinal polarization, AÕ

L, can similarly be written as a

simple re-scaling of the expression above

�(AÕ
L)

dSPDC ≥ ‘2 m2
AÕ

Ê2
AÕ

Pp‰(2)
AÕ

L

2
ÊsÊAÕL

npnsAe�
(36)

where the e�ective coupling ‰(2)
AÕ

L
is defined in Equa-

tion (34). This is valid in regions where the dark pho-
ton mass is smaller than the pump frequency, such
that the produced dark photons are relativistic and
have a refractive index of 1. Using the optimistic
waveguide numbers above as a placeholder, assuming
an optimized setup with similar ‰(2), the number of
events expected after integrating over a time tint are

N
(AÕ

L)
events ≥ 1021

3
‘2 m2

AÕ

Ê2
AÕ

4 3
Pp

Watt

4 3
L

m

4 3
tint
year

4
.

(37)
The current strongest lab-based limit is for dark pho-
ton masses of order 0.1 eV is set by the ALPS exper-
iment at ‘ ≥ 3 ◊ 10≠7. For this dark photon mass
mAÕ ≥ 0.1Êp, the mAÕ/ÊAÕ term does not represent
a large suppression. In this case of order 10 dSPDC
events are produced in a day in a 1 cm crystal with
a Watt of pump power with the assumptions above.
This implies that a relatively small dSPDC experi-
ment with an aggressive control on backgrounds could
be used to push the current limits on dark photons.

Improving the limits from solar cooling, for which
‘mAÕ/ÊAÕ is constrained to be smaller, would repre-
sent an interesting challenge. Achieving ten events in
a year of running requires a Watt of power in a waveg-
uide greater than 10 meters (or a shorter waveguide
with higher stored power, perhaps using a Fabri-Perot
setup). Interestingly, in terms of system size, this
is still smaller than the ALPS-II experiment which
would reach 100 meters in length and an e�ecting
power of a hundred kW. This is because LSW se-
tups require both production and detection, with lim-
its scaling as ‘4.

B. Axion dSPDC Rate

A similar rate expression can be obtained for axion-
dSPDC

�(axion)
dSPDC ≥

Ppg2
a““ÊsL

ÊaxionnpnsAe�
(38)

where the di�erent scaling with the frequency of the
dark field is due to the di�erent structure of the
dSPDC interaction (recall that ‰(2) carries a mass
dimension of ≠2 while the axion photon coupling’s
dimension is ≠1). Optimal SPDC (dSPDC) rates are
acieved in waveguides in which the e�ective area is of
order the squared wavelength of the pump and signal
light. Assuming a (linear) birefringent material that
can achieve dSPDC phase matching for an axion the
number of signal event scales as

N (axion)
events ≥ 40

3
ga“

10≠6 GeV≠1

42 3
Pp

Watt

4 3
L

m

4 3
tint
year

4
.

(39)
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For the SM process the mode overlap scales as L/Aeff 

due to interference along full length of the system.


But axions and dark photons are not confined!                   
Does rate grow with L?  

L

Aeff

⇠
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Figure 2: A gaussian beam can very roughly be approximated as a constant its most intense region,
whose size is set by the beam waist W and the confocal length b = W

2
k. We make use of this

approximation for illustrative purposes, and the main results do not rely it.

2.3 Colinear Down Conversion in Bulk Crystals
Before continuing to discuss dark SPDC, we briefly consider standard SPDC in bulk crystals
in which beams are dispersive. This case is useful to understand since the dark fields in the
next section cannot be waveguided. Collinear SPDC of gaussian beams in bulk crystals has been
analyzed in [10]. Gaussian beams are a useful and common choice for the mode functions

u~k =

r
2

⇡

W

q(z)
e
� r2

q(z)+ikz (20)

where q(z) = W
2 + 2iz/kj . This beam is narrowest at z = 0, where its waist radius is Wj . From

there it will spread from that point by
p

2 at the z = ±zR, where zR = W
2
k/2 is the Rayleigh

range. A beam, of course, cannot be focused much tighter than the wavelength. Its brightest
region extends in the longitudinal direction over a range of b = 2zR, also known as the confocal
parameter.

Rather than repeating the analysis of [10], we will use the properties of the gaussian beam
and the result of the previous subsection to estimate the SPDC rate roughly. Assume a pure
gaussian pump down converts in a long crystal. Gaussian modes are collected for the signal and
idler photons. For obvious reasons, the SPDC rate will be optimal when the beam focus of the
pump, coincides with that of the signal and idler. For simplicity, we assume modes of equal widths
which is near optimal up to order one factors. To crudely estimate the SPDC rate for this case we
consider only the brightest region of the pump and approximate the beams to be uniform along ẑ

in this region. This is shown heuristically in Figure 2.
Ignoring the contribution to the rate from other regions of the crystal, this is equivalent to a

waveguide of length Le↵ = b = W
2
p kp with an effective area of order Ae↵ ⇠ W

2
p . Substituting the

effective length and area to equation (19) gives a rate

�(bulk)
tot ⇠

Pp�
(2)
e↵

2
!s!i!p

⇡(ns � ni)nsni
(21)

which is independent of the crystal length and focus. This can be understood because the effective
interaction length is limited by the confocal range, which, by assumption is shorter than the crystal.
Equation 21 agrees parametrically with the more accurate calculation in [10].

We will quote two more useful results from [10] for the bluk crystal setup. The frequency
bandwidth for the signal (and idler) photons is set by the scale at which translation invariance
is broken by the crystal and/or the beam profile (the confocal range). Indeed, a numerical study
in [10] finds

�! ⇠ max[L�1
, 0.1b

�1] . (22)

Secondly, anticipating the case of axion emission, it is interesting to consider the case in which
the idler photon is not collected. To account for this a sum over a complete set of idler states
must be performed. We will do this for the axion case in the next section, but will simply state
here that this yields a result that is parametrically similar to Equation (21). The result for the
signal collaction probability in this case is explicitly independent of any idler beam parameters, as
expected, since no idler beam parameters are specified and are thus not a scale in the problem.

in which a sum over a complete set of idelr states is performed. We will be content with the
analysis above, and perform such a summation in the next section and in the Appendix for the
axion.
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Figure 6: Dispersing Gaussian modes of the axion or dark photon fields can be emitted along
the full length of a waveguided pump mode. This set of Gaussian modes provides an “almost”
orthonormal basis-set and an ansatz we use to approximate the dSPDC rate. This estimate gives
an intuitive explanation as to why the rate dSPDC in a waveguide grows linearly with the crystal
length L. The results are reproduced more rigorously using a complete and orthogonal Laguerre-
Gauss basis in the next subsection.

5.3.1 An Approximate Calculation

To estimate the rate we make an anzatz for a set of axion states that have a high overlap with the
waveguided pump and signal wave functions. We choose a set of dispersive Gaussian beams whose
center lie along the crystal length, as shown schematically in Figure 7. We pick the states to have
a beam waist W' to be roughly equal to the pump and signal beam widths, W' ⇠ Wp,s ⌘ W . We
choose the foci of the different states in the set to be spaced b' apart, where b' = W

2
k' is the

axions state’s confocal length. Namely

u
'

j,~k
=

r
2

⇡

W

q(z � jb')
e
� r2

q(z�jb')+ik'z with j = �
L

2b'
, . . . ,

L

2b'
(55)

with q'(z) = W
2 + izk', and assuming for simplicity that L/b' is an integer. The number of

Gaussians in the set is L/W
2
k' ⌘ NL. This choice of ' modes allows for small overlap between

the states in the set, making this basis that is “almost orthonormal”. This choice also allows for a
sizable overlap with the waveguided modes of the pump and signal photons. Hence we expect this
basis set to be “sufficiently complete” to capture an order one fraction of the dSPDC rate.

Having identified this set of states we can employ another rough approximation which we have
used before and is shown in Figure 4. Namely, we assume that each Gaussian beam is dominated
by its most intense region, a cylinder of width W and length b' = W

2
k'. By construction, these

more intense regions cover the total length L of the crystal, without overlap. We have thus reduced
the calculation to the sum of NL rates, each of which is a short waveguide of length b'. The mode
overlap for each rate is similar to the bulk case of Equation (26),
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and hence, using the master formula for the differential rate in Equation (51)
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The bandwidth of the dSPDC signal can now be studied. The momentum mismatch In the limit
in which the ' confocal length is long compared to the other scales in the problem the momentum
mismatch can deviate by b

�1
' from �k = 0. If however, the wave guide is narrow such that b' is

HERE
In the limit that the sinc function is narrow, the total rate is approximately
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where the parentheses in the denominator come from a Jacobian factor (@�k/@!s)�1. Two im-
portant points are learnt-

16

Yes. Due to incoherent sum.
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by the apparatus used to collect and detect the signal.
This too, can include collection of a single mode in a
fiber (e.g. [18, 38]) or in multiple modes (as in the
CCD example in the next section. In SPDC, when
the idler photon may be collected the width and an-
gle of the idler can also be set by a similar apparatus.
However, in dSPDC (or in SPDC if we choose to only
collect the signal) the Ï beam is not a parameter in
the problem. In this case we are interested in an in-
clusive rate, and would sum over a complete basis of
idler beams. Such a sum will be performed in [16], but
usually the sum will be dominated by a set of modes
that are similar to those collected for the signal.

Generally, the signal rate will depend on all of the
choices made above, but we can make some qualitative
observations. The rate for SPDC and dSPDC will be
proportional to an integral over the volume defined
by the overlap of the three beams in Figure 8 and the
crystal. When the length of the volume is set by the
crystal, the process is said to occur in the “thin crystal
limit”. In this limit, the beam overlap is roughly a
constant over the crystal length and thus the total rate
will grow with L. Since dSPDC is a rare process, we
observe that taking the collinear limit of the process,
together with a thicker crystal may allow for a larger
integration volume and an enhanced rate.

The total rate for SPDC in a particular angle, in-
tegrated over frequencies, in the thin crystal limit
is [16, 18],

�SPDC ≥
Pp‰(2)

e�
2
ÊsÊiL

finpnsniAe�
(35)

where L is the crystal length, Pp is the pump power,
Ae� is the e�ective beam area, and ‰(2)

e� is the e�ective
coupling of Equation (33). A parametrically similar
rate formula applies to SPDC in waveguides [15, 16].
The pump power here is the e�ective power, which
may be enhanced within a high finesse optical cavity,
e.g. [25]. The inverse dependence with e�ective area
can be understood by since the interaction hamilto-
nian is proportional to electric fields, which grow for
fixed power for a tighter spot. For “bulk crystal” se-
tups a pair production rate of order few times 106 per
mW of pump power per second is achievable [38] in the
forward direction. In waveguided setups, in which the
beams remain confined along a length of the order of
a cm, production rates of order 109 pairs per mW per
second are achievable in KTP crystals [15, 39], and
rates of order 1010 were discussed for LN crystals [39].

An important scaling of this rate is the L/Ae� de-
pendence. This scaling applies for dSPDC rates dis-
cussed below. Within the thin crystal limit one can
thus achieve higher rates with: (a) a smaller beam
spot, and (b) a thicker crystal. It should be noted
that for colinear SPDC, the crystal may be in the
“thin limit” even for thick crystals (see Figure 8 and
imagine zero signal and idler emission angle).

A. Dark Photon dSPDC Rate

The dSPDC rate into a dark photon with longitu-
dinal polarization, AÕ

L, can similarly be written as a

simple re-scaling of the expression above
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where the e�ective coupling ‰(2)
AÕ

L
is defined in Equa-

tion (34). This is valid in regions where the dark pho-
ton mass is smaller than the pump frequency, such
that the produced dark photons are relativistic and
have a refractive index of 1. Using the optimistic
waveguide numbers above as a placeholder, assuming
an optimized setup with similar ‰(2), the number of
events expected after integrating over a time tint are

N
(AÕ

L)
events ≥ 1021

3
‘2 m2

AÕ

Ê2
AÕ

4 3
Pp

Watt

4 3
L

m

4 3
tint
year

4
.

(37)
The current strongest lab-based limit is for dark pho-
ton masses of order 0.1 eV is set by the ALPS exper-
iment at ‘ ≥ 3 ◊ 10≠7. For this dark photon mass
mAÕ ≥ 0.1Êp, the mAÕ/ÊAÕ term does not represent
a large suppression. In this case of order 10 dSPDC
events are produced in a day in a 1 cm crystal with
a Watt of pump power with the assumptions above.
This implies that a relatively small dSPDC experi-
ment with an aggressive control on backgrounds could
be used to push the current limits on dark photons.

Improving the limits from solar cooling, for which
‘mAÕ/ÊAÕ is constrained to be smaller, would repre-
sent an interesting challenge. Achieving ten events in
a year of running requires a Watt of power in a waveg-
uide greater than 10 meters (or a shorter waveguide
with higher stored power, perhaps using a Fabri-Perot
setup). Interestingly, in terms of system size, this
is still smaller than the ALPS-II experiment which
would reach 100 meters in length and an e�ecting
power of a hundred kW. This is because LSW se-
tups require both production and detection, with lim-
its scaling as ‘4.

B. Axion dSPDC Rate

A similar rate expression can be obtained for axion-
dSPDC

�(axion)
dSPDC ≥

Ppg2
a““ÊsL

ÊaxionnpnsAe�
(38)

where the di�erent scaling with the frequency of the
dark field is due to the di�erent structure of the
dSPDC interaction (recall that ‰(2) carries a mass
dimension of ≠2 while the axion photon coupling’s
dimension is ≠1). Optimal SPDC (dSPDC) rates are
acieved in waveguides in which the e�ective area is of
order the squared wavelength of the pump and signal
light. Assuming a (linear) birefringent material that
can achieve dSPDC phase matching for an axion the
number of signal event scales as

N (axion)
events ≥ 40
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by the apparatus used to collect and detect the signal.
This too, can include collection of a single mode in a
fiber (e.g. [18, 38]) or in multiple modes (as in the
CCD example in the next section. In SPDC, when
the idler photon may be collected the width and an-
gle of the idler can also be set by a similar apparatus.
However, in dSPDC (or in SPDC if we choose to only
collect the signal) the Ï beam is not a parameter in
the problem. In this case we are interested in an in-
clusive rate, and would sum over a complete basis of
idler beams. Such a sum will be performed in [16], but
usually the sum will be dominated by a set of modes
that are similar to those collected for the signal.

Generally, the signal rate will depend on all of the
choices made above, but we can make some qualitative
observations. The rate for SPDC and dSPDC will be
proportional to an integral over the volume defined
by the overlap of the three beams in Figure 8 and the
crystal. When the length of the volume is set by the
crystal, the process is said to occur in the “thin crystal
limit”. In this limit, the beam overlap is roughly a
constant over the crystal length and thus the total rate
will grow with L. Since dSPDC is a rare process, we
observe that taking the collinear limit of the process,
together with a thicker crystal may allow for a larger
integration volume and an enhanced rate.

The total rate for SPDC in a particular angle, in-
tegrated over frequencies, in the thin crystal limit
is [16, 18],

�SPDC ≥
Pp‰(2)

e�
2
ÊsÊiL
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(35)

where L is the crystal length, Pp is the pump power,
Ae� is the e�ective beam area, and ‰(2)

e� is the e�ective
coupling of Equation (33). A parametrically similar
rate formula applies to SPDC in waveguides [15, 16].
The pump power here is the e�ective power, which
may be enhanced within a high finesse optical cavity,
e.g. [25]. The inverse dependence with e�ective area
can be understood by since the interaction hamilto-
nian is proportional to electric fields, which grow for
fixed power for a tighter spot. For “bulk crystal” se-
tups a pair production rate of order few times 106 per
mW of pump power per second is achievable [38] in the
forward direction. In waveguided setups, in which the
beams remain confined along a length of the order of
a cm, production rates of order 109 pairs per mW per
second are achievable in KTP crystals [15, 39], and
rates of order 1010 were discussed for LN crystals [39].

An important scaling of this rate is the L/Ae� de-
pendence. This scaling applies for dSPDC rates dis-
cussed below. Within the thin crystal limit one can
thus achieve higher rates with: (a) a smaller beam
spot, and (b) a thicker crystal. It should be noted
that for colinear SPDC, the crystal may be in the
“thin limit” even for thick crystals (see Figure 8 and
imagine zero signal and idler emission angle).

A. Dark Photon dSPDC Rate

The dSPDC rate into a dark photon with longitu-
dinal polarization, AÕ

L, can similarly be written as a

simple re-scaling of the expression above
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where the e�ective coupling ‰(2)
AÕ

L
is defined in Equa-

tion (34). This is valid in regions where the dark pho-
ton mass is smaller than the pump frequency, such
that the produced dark photons are relativistic and
have a refractive index of 1. Using the optimistic
waveguide numbers above as a placeholder, assuming
an optimized setup with similar ‰(2), the number of
events expected after integrating over a time tint are
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The current strongest lab-based limit is for dark pho-
ton masses of order 0.1 eV is set by the ALPS exper-
iment at ‘ ≥ 3 ◊ 10≠7. For this dark photon mass
mAÕ ≥ 0.1Êp, the mAÕ/ÊAÕ term does not represent
a large suppression. In this case of order 10 dSPDC
events are produced in a day in a 1 cm crystal with
a Watt of pump power with the assumptions above.
This implies that a relatively small dSPDC experi-
ment with an aggressive control on backgrounds could
be used to push the current limits on dark photons.

Improving the limits from solar cooling, for which
‘mAÕ/ÊAÕ is constrained to be smaller, would repre-
sent an interesting challenge. Achieving ten events in
a year of running requires a Watt of power in a waveg-
uide greater than 10 meters (or a shorter waveguide
with higher stored power, perhaps using a Fabri-Perot
setup). Interestingly, in terms of system size, this
is still smaller than the ALPS-II experiment which
would reach 100 meters in length and an e�ecting
power of a hundred kW. This is because LSW se-
tups require both production and detection, with lim-
its scaling as ‘4.

B. Axion dSPDC Rate

A similar rate expression can be obtained for axion-
dSPDC

�(axion)
dSPDC ≥

Ppg2
a““ÊsL

ÊaxionnpnsAe�
(38)

where the di�erent scaling with the frequency of the
dark field is due to the di�erent structure of the
dSPDC interaction (recall that ‰(2) carries a mass
dimension of ≠2 while the axion photon coupling’s
dimension is ≠1). Optimal SPDC (dSPDC) rates are
acieved in waveguides in which the e�ective area is of
order the squared wavelength of the pump and signal
light. Assuming a (linear) birefringent material that
can achieve dSPDC phase matching for an axion the
number of signal event scales as

N (axion)
events ≥ 40
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by the apparatus used to collect and detect the signal.
This too, can include collection of a single mode in a
fiber (e.g. [18, 38]) or in multiple modes (as in the
CCD example in the next section. In SPDC, when
the idler photon may be collected the width and an-
gle of the idler can also be set by a similar apparatus.
However, in dSPDC (or in SPDC if we choose to only
collect the signal) the Ï beam is not a parameter in
the problem. In this case we are interested in an in-
clusive rate, and would sum over a complete basis of
idler beams. Such a sum will be performed in [16], but
usually the sum will be dominated by a set of modes
that are similar to those collected for the signal.

Generally, the signal rate will depend on all of the
choices made above, but we can make some qualitative
observations. The rate for SPDC and dSPDC will be
proportional to an integral over the volume defined
by the overlap of the three beams in Figure 8 and the
crystal. When the length of the volume is set by the
crystal, the process is said to occur in the “thin crystal
limit”. In this limit, the beam overlap is roughly a
constant over the crystal length and thus the total rate
will grow with L. Since dSPDC is a rare process, we
observe that taking the collinear limit of the process,
together with a thicker crystal may allow for a larger
integration volume and an enhanced rate.

The total rate for SPDC in a particular angle, in-
tegrated over frequencies, in the thin crystal limit
is [16, 18],

�SPDC ≥
Pp‰(2)

e�
2
ÊsÊiL

finpnsniAe�
(35)

where L is the crystal length, Pp is the pump power,
Ae� is the e�ective beam area, and ‰(2)

e� is the e�ective
coupling of Equation (33). A parametrically similar
rate formula applies to SPDC in waveguides [15, 16].
The pump power here is the e�ective power, which
may be enhanced within a high finesse optical cavity,
e.g. [25]. The inverse dependence with e�ective area
can be understood by since the interaction hamilto-
nian is proportional to electric fields, which grow for
fixed power for a tighter spot. For “bulk crystal” se-
tups a pair production rate of order few times 106 per
mW of pump power per second is achievable [38] in the
forward direction. In waveguided setups, in which the
beams remain confined along a length of the order of
a cm, production rates of order 109 pairs per mW per
second are achievable in KTP crystals [15, 39], and
rates of order 1010 were discussed for LN crystals [39].

An important scaling of this rate is the L/Ae� de-
pendence. This scaling applies for dSPDC rates dis-
cussed below. Within the thin crystal limit one can
thus achieve higher rates with: (a) a smaller beam
spot, and (b) a thicker crystal. It should be noted
that for colinear SPDC, the crystal may be in the
“thin limit” even for thick crystals (see Figure 8 and
imagine zero signal and idler emission angle).

A. Dark Photon dSPDC Rate

The dSPDC rate into a dark photon with longitu-
dinal polarization, AÕ

L, can similarly be written as a

simple re-scaling of the expression above

�(AÕ
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where the e�ective coupling ‰(2)
AÕ

L
is defined in Equa-

tion (34). This is valid in regions where the dark pho-
ton mass is smaller than the pump frequency, such
that the produced dark photons are relativistic and
have a refractive index of 1. Using the optimistic
waveguide numbers above as a placeholder, assuming
an optimized setup with similar ‰(2), the number of
events expected after integrating over a time tint are
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The current strongest lab-based limit is for dark pho-
ton masses of order 0.1 eV is set by the ALPS exper-
iment at ‘ ≥ 3 ◊ 10≠7. For this dark photon mass
mAÕ ≥ 0.1Êp, the mAÕ/ÊAÕ term does not represent
a large suppression. In this case of order 10 dSPDC
events are produced in a day in a 1 cm crystal with
a Watt of pump power with the assumptions above.
This implies that a relatively small dSPDC experi-
ment with an aggressive control on backgrounds could
be used to push the current limits on dark photons.

Improving the limits from solar cooling, for which
‘mAÕ/ÊAÕ is constrained to be smaller, would repre-
sent an interesting challenge. Achieving ten events in
a year of running requires a Watt of power in a waveg-
uide greater than 10 meters (or a shorter waveguide
with higher stored power, perhaps using a Fabri-Perot
setup). Interestingly, in terms of system size, this
is still smaller than the ALPS-II experiment which
would reach 100 meters in length and an e�ecting
power of a hundred kW. This is because LSW se-
tups require both production and detection, with lim-
its scaling as ‘4.

B. Axion dSPDC Rate

A similar rate expression can be obtained for axion-
dSPDC

�(axion)
dSPDC ≥

Ppg2
a““ÊsL

ÊaxionnpnsAe�
(38)

where the di�erent scaling with the frequency of the
dark field is due to the di�erent structure of the
dSPDC interaction (recall that ‰(2) carries a mass
dimension of ≠2 while the axion photon coupling’s
dimension is ≠1). Optimal SPDC (dSPDC) rates are
acieved in waveguides in which the e�ective area is of
order the squared wavelength of the pump and signal
light. Assuming a (linear) birefringent material that
can achieve dSPDC phase matching for an axion the
number of signal event scales as

N (axion)
events ≥ 40
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by the apparatus used to collect and detect the signal.
This too, can include collection of a single mode in a
fiber (e.g. [18, 38]) or in multiple modes (as in the
CCD example in the next section. In SPDC, when
the idler photon may be collected the width and an-
gle of the idler can also be set by a similar apparatus.
However, in dSPDC (or in SPDC if we choose to only
collect the signal) the Ï beam is not a parameter in
the problem. In this case we are interested in an in-
clusive rate, and would sum over a complete basis of
idler beams. Such a sum will be performed in [16], but
usually the sum will be dominated by a set of modes
that are similar to those collected for the signal.

Generally, the signal rate will depend on all of the
choices made above, but we can make some qualitative
observations. The rate for SPDC and dSPDC will be
proportional to an integral over the volume defined
by the overlap of the three beams in Figure 8 and the
crystal. When the length of the volume is set by the
crystal, the process is said to occur in the “thin crystal
limit”. In this limit, the beam overlap is roughly a
constant over the crystal length and thus the total rate
will grow with L. Since dSPDC is a rare process, we
observe that taking the collinear limit of the process,
together with a thicker crystal may allow for a larger
integration volume and an enhanced rate.

The total rate for SPDC in a particular angle, in-
tegrated over frequencies, in the thin crystal limit
is [16, 18],

�SPDC ≥
Pp‰(2)

e�
2
ÊsÊiL
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(35)

where L is the crystal length, Pp is the pump power,
Ae� is the e�ective beam area, and ‰(2)

e� is the e�ective
coupling of Equation (33). A parametrically similar
rate formula applies to SPDC in waveguides [15, 16].
The pump power here is the e�ective power, which
may be enhanced within a high finesse optical cavity,
e.g. [25]. The inverse dependence with e�ective area
can be understood by since the interaction hamilto-
nian is proportional to electric fields, which grow for
fixed power for a tighter spot. For “bulk crystal” se-
tups a pair production rate of order few times 106 per
mW of pump power per second is achievable [38] in the
forward direction. In waveguided setups, in which the
beams remain confined along a length of the order of
a cm, production rates of order 109 pairs per mW per
second are achievable in KTP crystals [15, 39], and
rates of order 1010 were discussed for LN crystals [39].

An important scaling of this rate is the L/Ae� de-
pendence. This scaling applies for dSPDC rates dis-
cussed below. Within the thin crystal limit one can
thus achieve higher rates with: (a) a smaller beam
spot, and (b) a thicker crystal. It should be noted
that for colinear SPDC, the crystal may be in the
“thin limit” even for thick crystals (see Figure 8 and
imagine zero signal and idler emission angle).

A. Dark Photon dSPDC Rate

The dSPDC rate into a dark photon with longitu-
dinal polarization, AÕ

L, can similarly be written as a

simple re-scaling of the expression above
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where the e�ective coupling ‰(2)
AÕ

L
is defined in Equa-

tion (34). This is valid in regions where the dark pho-
ton mass is smaller than the pump frequency, such
that the produced dark photons are relativistic and
have a refractive index of 1. Using the optimistic
waveguide numbers above as a placeholder, assuming
an optimized setup with similar ‰(2), the number of
events expected after integrating over a time tint are
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The current strongest lab-based limit is for dark pho-
ton masses of order 0.1 eV is set by the ALPS exper-
iment at ‘ ≥ 3 ◊ 10≠7. For this dark photon mass
mAÕ ≥ 0.1Êp, the mAÕ/ÊAÕ term does not represent
a large suppression. In this case of order 10 dSPDC
events are produced in a day in a 1 cm crystal with
a Watt of pump power with the assumptions above.
This implies that a relatively small dSPDC experi-
ment with an aggressive control on backgrounds could
be used to push the current limits on dark photons.

Improving the limits from solar cooling, for which
‘mAÕ/ÊAÕ is constrained to be smaller, would repre-
sent an interesting challenge. Achieving ten events in
a year of running requires a Watt of power in a waveg-
uide greater than 10 meters (or a shorter waveguide
with higher stored power, perhaps using a Fabri-Perot
setup). Interestingly, in terms of system size, this
is still smaller than the ALPS-II experiment which
would reach 100 meters in length and an e�ecting
power of a hundred kW. This is because LSW se-
tups require both production and detection, with lim-
its scaling as ‘4.

B. Axion dSPDC Rate

A similar rate expression can be obtained for axion-
dSPDC

�(axion)
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where the di�erent scaling with the frequency of the
dark field is due to the di�erent structure of the
dSPDC interaction (recall that ‰(2) carries a mass
dimension of ≠2 while the axion photon coupling’s
dimension is ≠1). Optimal SPDC (dSPDC) rates are
acieved in waveguides in which the e�ective area is of
order the squared wavelength of the pump and signal
light. Assuming a (linear) birefringent material that
can achieve dSPDC phase matching for an axion the
number of signal event scales as
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by the apparatus used to collect and detect the signal.
This too, can include collection of a single mode in a
fiber (e.g. [18, 38]) or in multiple modes (as in the
CCD example in the next section. In SPDC, when
the idler photon may be collected the width and an-
gle of the idler can also be set by a similar apparatus.
However, in dSPDC (or in SPDC if we choose to only
collect the signal) the Ï beam is not a parameter in
the problem. In this case we are interested in an in-
clusive rate, and would sum over a complete basis of
idler beams. Such a sum will be performed in [16], but
usually the sum will be dominated by a set of modes
that are similar to those collected for the signal.

Generally, the signal rate will depend on all of the
choices made above, but we can make some qualitative
observations. The rate for SPDC and dSPDC will be
proportional to an integral over the volume defined
by the overlap of the three beams in Figure 8 and the
crystal. When the length of the volume is set by the
crystal, the process is said to occur in the “thin crystal
limit”. In this limit, the beam overlap is roughly a
constant over the crystal length and thus the total rate
will grow with L. Since dSPDC is a rare process, we
observe that taking the collinear limit of the process,
together with a thicker crystal may allow for a larger
integration volume and an enhanced rate.

The total rate for SPDC in a particular angle, in-
tegrated over frequencies, in the thin crystal limit
is [16, 18],

�SPDC ≥
Pp‰(2)

e�
2
ÊsÊiL

finpnsniAe�
(35)

where L is the crystal length, Pp is the pump power,
Ae� is the e�ective beam area, and ‰(2)

e� is the e�ective
coupling of Equation (33). A parametrically similar
rate formula applies to SPDC in waveguides [15, 16].
The pump power here is the e�ective power, which
may be enhanced within a high finesse optical cavity,
e.g. [25]. The inverse dependence with e�ective area
can be understood by since the interaction hamilto-
nian is proportional to electric fields, which grow for
fixed power for a tighter spot. For “bulk crystal” se-
tups a pair production rate of order few times 106 per
mW of pump power per second is achievable [38] in the
forward direction. In waveguided setups, in which the
beams remain confined along a length of the order of
a cm, production rates of order 109 pairs per mW per
second are achievable in KTP crystals [15, 39], and
rates of order 1010 were discussed for LN crystals [39].

An important scaling of this rate is the L/Ae� de-
pendence. This scaling applies for dSPDC rates dis-
cussed below. Within the thin crystal limit one can
thus achieve higher rates with: (a) a smaller beam
spot, and (b) a thicker crystal. It should be noted
that for colinear SPDC, the crystal may be in the
“thin limit” even for thick crystals (see Figure 8 and
imagine zero signal and idler emission angle).

A. Dark Photon dSPDC Rate

The dSPDC rate into a dark photon with longitu-
dinal polarization, AÕ

L, can similarly be written as a

simple re-scaling of the expression above

�(AÕ
L)

dSPDC ≥ ‘2 m2
AÕ

Ê2
AÕ

Pp‰(2)
AÕ

L

2
ÊsÊAÕL

npnsAe�
(36)

where the e�ective coupling ‰(2)
AÕ

L
is defined in Equa-

tion (34). This is valid in regions where the dark pho-
ton mass is smaller than the pump frequency, such
that the produced dark photons are relativistic and
have a refractive index of 1. Using the optimistic
waveguide numbers above as a placeholder, assuming
an optimized setup with similar ‰(2), the number of
events expected after integrating over a time tint are

N
(AÕ

L)
events ≥ 1021

3
‘2 m2

AÕ

Ê2
AÕ

4 3
Pp

Watt

4 3
L

m

4 3
tint
year

4
.

(37)
The current strongest lab-based limit is for dark pho-
ton masses of order 0.1 eV is set by the ALPS exper-
iment at ‘ ≥ 3 ◊ 10≠7. For this dark photon mass
mAÕ ≥ 0.1Êp, the mAÕ/ÊAÕ term does not represent
a large suppression. In this case of order 10 dSPDC
events are produced in a day in a 1 cm crystal with
a Watt of pump power with the assumptions above.
This implies that a relatively small dSPDC experi-
ment with an aggressive control on backgrounds could
be used to push the current limits on dark photons.

Improving the limits from solar cooling, for which
‘mAÕ/ÊAÕ is constrained to be smaller, would repre-
sent an interesting challenge. Achieving ten events in
a year of running requires a Watt of power in a waveg-
uide greater than 10 meters (or a shorter waveguide
with higher stored power, perhaps using a Fabri-Perot
setup). Interestingly, in terms of system size, this
is still smaller than the ALPS-II experiment which
would reach 100 meters in length and an e�ecting
power of a hundred kW. This is because LSW se-
tups require both production and detection, with lim-
its scaling as ‘4.

B. Axion dSPDC Rate

A similar rate expression can be obtained for axion-
dSPDC

�(axion)
dSPDC ≥

Ppg2
a““ÊsL

ÊaxionnpnsAe�
(38)

where the di�erent scaling with the frequency of the
dark field is due to the di�erent structure of the
dSPDC interaction (recall that ‰(2) carries a mass
dimension of ≠2 while the axion photon coupling’s
dimension is ≠1). Optimal SPDC (dSPDC) rates are
acieved in waveguides in which the e�ective area is of
order the squared wavelength of the pump and signal
light. Assuming a (linear) birefringent material that
can achieve dSPDC phase matching for an axion the
number of signal event scales as

N (axion)
events ≥ 40

3
ga“

10≠6 GeV≠1

42 3
Pp

Watt

4 3
L

m

4 3
tint
year

4
.
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Dark Photon (mAÕ = 0.1 eV) Axion-like particle (ma = 0.1 eV)
Current lab limit ‘ < 3 ◊ 10≠7 ga“ < 10≠6 GeV≠1

Example dSPDC setup Pp = 1 W Pp = 1 kW
L = 1 cm L = 10 m

� = 10/day � = 10/day
Current Solar limit ‘ < 10≠10 ga“ < 10≠10 GeV≠1

Example dSPDC setup Pp = 1 W Pp = 100 kW
L = 10 m L = 100 m

� = 10/year � = 10/year

Table I: Current lab-based and Solar-based based limits on the couplings of dark photns and axion-like particles with a
benchmark mass of 0.1 eV. For each limit we show the parameters of an example dSPDC in a waveguide and the rate it
would produce for couplings that would produce the specified benchmark rate with the corresponding coupling. The
pump power is an e�ective power which can include an enhancement by an optical cavity setup. For dark photon rates
we assume a nonlinearity of the same order found in KTP crystals.

This rate suggests a dSPDC setup is promising in set-
ting new lab-based limits on ALPs. For example, a
10 meter birefringent single mode fiber with kW of
pump power will generate of order 10 events per day
for couplings of order 10≠7 GeV≠1. To probe beyond
the CAST limits in ga“ may be possible and requires
a larger setup, but not exceeding the scale, say, of
ALPS-II. In a 100 meter length and an e�ective pump
power of 100 kW, a few dSPDC signal events are ex-
pected in a year.

Maintaining a low background, would of course be
crutial. We note, however, that optical fibers are rou-
tinely used over much greater distances, maintaining
coherence (e.g. [5]), and an optimal setup should be
identified.

C. Backgrounds to dSPDC

There are several factors that should be considered
for the purpose of reducing backgrounds to SPDC:

• Crystal Length and Signal bandwidth: In addi-
tion to the growth of the signal rate, the signal
bandwidth in many setups will decrease with L.
If this is achieved the signal to background ra-
tio in a narrow band around the dSPDC phase
matching solutions will scale as L2.

• Timing: The dSPDC signal consists of a single
photon whereas SPDC backgrounds will consist
of two coincident photons. Backgrounds can be
reduced using fast detectors and rejecting coin-
cidence events.

• Optical material: As pointed out in Section IV,
linear birefringent materials can be used to
reduce SPDC backgrounds to axion searches.
Nonlinear materials with a ‰(2) tensor which
couples purely to longitudinal polarizations may
be used to enhance dark photon dSPDC events
without enhancing SPDC. This technique to re-
duce SPDC may also be used in axion searches.

• Detector noise and optical impurities: Sources
of background which may be a limiting factor

for dSPDC searches include detector noise, as
well as scattering of pump photons o� of impu-
rities in the optical elements and surfaces. The
Skipper CCD, one example of a detector tech-
nology with low noise, will be discussed in the
next section.

An optimal dSPDC based search for dark particles
will likely consider these factors, and is left for future
investigation.

VI. EXPERIMENTAL PROOF OF CONCEPT

In this section we present an experimental SPDC
angular imaging measurement with high resolution
employing a Skipper CCD and a BBO nonlinear crys-
tal. In this setup and for the chosen frequencies,
dSPDC phase matching is not achievable at any emis-
sion angle. Instead, this experiment serves as a proof
of concept for the high resolution imaging technique.

Imaging the dSPDC requires the detection of single
photons with low noise and with high spatial and/or
energy resolution. A technology that can achieve this
is the Skipper CCD which is capable of measuring
the charge stored in each pixel with single electron
resolution [17], ranging from very few electrons (0,
1, 2, . . . ) up to more than a thousand (1000, 1001,
1002, . . . ) [40]. This unique feature combined with
the high spatial resolution typical of a CCD detector
makes this technology very promising for the detec-
tion of small optical signals with a very high spatial
resolution.

A. Description of the experimental setup

With the aim of comparing the developed phase
space model against real data, the system depicted
in Figure 9 was set up. A source of entangled pho-
tons that employs SPDC, which is part of a com-
mercial system3, was used. Two type I nonlinear

3
https://www.qutools.com/qued/

As always probing 
axion is a challenge.
(Similar in scale to ALPS2)


Dark photon is easier.

*Assumes  ~ KTPχ(2)

*

PRX Quantum 2 (2021) 3, 030340 



Unusual requirements
Axion: 


• A long medium. Enhance effective (length)x(power) with resonators? 


• Highly bi-refringent. 


• As linear as possible.


• Low dark count (e.g Skipper few pixels of Skipper CCD).


Dark Photon: 


• A long medium. Ditto.


• Nonlinear coupling to longitudinal mode!


• Bi-refriengence helps to phase match.

e.g: https://doi.org/10.1007/s00340-019-7273-1

Thanks to Niel Sinclair for discussions.

or photonic crystal fiber
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Photonic systems, and other quantum devices are a new tool to 
search for new physics.


Dark SPDC searches for missing energy/momentum


Also Dark matter searches 


Also give us an opportunity to model build! (and build).


Thank you Lawrence and Hitoshi for the impact!  
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Figure 1: A schematic sketch of the SPDC proscess (top) and the dark SPDC process (bottom).
The frequency of the signal photon in dSPDC will differ from the standard case due to the different
dispersion relations of the produced dark state as compared to the idler photon.

detection of, say, the signal photon one can infer the presence and properties of the idler [6]. The
process of SPDC can be described by an effective Hamiltonian (see e.g. [6, 7])

HSPDC =

Z
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d
3
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jklEjEkEl

⌘
, (1)

where we have used an index notation for the electric field Ej ⌘ ~E to more easily represent the
contraction with the second order susceptibility tensor �

(2)
jkl in the nonlinear optics crystal. The

susceptibility tensor, and the indices of refraction for pump, signal and idler photons, np, ns and
ni determine the differential and total rates of di-photon production. The fully differential rate
includes correlations among the energy, momenta, and polarizations of the photon pairs. For
particle physicists who are accustomed to working in the vacuum, the conversion (or decay) of a
single pump photon into a photon pair would normally be deemed both kinematically inaccessible
and disallowed by charge conjugation. For these readers we stress that SPDC is kinematically
possible thanks to the nontrivial dispersion of photons and that charge conjugation is broken by
the presence of a crystal without an anti-crystal. In addition, a second order susceptibility �

(2) is
only present in crystal structures that violate parity.

In this work we propose to search for dark SPDC (dSPDC), in which the idler photon is replaced
by a new light state, such as an axion or dark photons.

Axions : The axion, or axion-like particle (we will use the two terms interchangeably), is a light
pseuodscalar field �a

1. Its interaction with photons are described by the Hamiltonian (for a review
see [?])

Haxion =

Z

crystal
d
3
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~E · ~B
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where we have deliberately taken the spatial integral only over the volume of an optical crystal,
even though it also extends outside the crystal. The reason is that our dSPDC process will be
kinematically possible, phase matching will be attainable, only within a bi-refringent crystal in
which ns > np. It is interesting to note the similarity of the two Hamiltonians in Equations (1)
and (2). Both Hamiltonain are non-linear. Both interaction can couple a pump photon to a signal
photon and a third light field, either an idler or an axion. The presence of the B-field in the axion
hamiltonian simply means a particular relationship between the pump and signal polarization
(indeed, the magnetic field is absent from Equation (1) only by convention). We will show that
an axion can be searched for using dSPDC in a material that is bi-refringent, but purely optically
linear.

Dark Photons: The dark photon [?] is a new massive U(1) gauge boson which can be written
as a vector potential A

0
µ which leads to dark electric and magnetic fields ~E

0 and ~B
0. The dark

1Since creation and annihilation operators are about to make an appearance, we will be calling the axion field
�a instead of the traditional a.
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The hierarchy of scales, δxatoms ≪ λlight , has several implications:


Collective (coherent) back reaction:


• Amplitude for forward scattering off an atom may be small, O(α).


• Amplitude for forward scattering off of the medium can be O(1).


The effect of the medium can be described as mean field(s) in a derivative 
expansion:

Polarization and magnetization densities P⃗ and M⃗.
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The hierarchy of scales, δxatoms ≪ λlight , has several implications:


Collective (coherent) back reaction:


• Amplitude for forward scattering off an atom may be small, O(α).


• Amplitude for forward scattering off of the medium can be O(1).


The effect of the medium can be described as mean field(s) in a derivative 
expansion:

Polarization and magnetization densities P⃗ and M⃗.
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Figure 1: A schematic sketch of the SPDC proscess (top) and the dark SPDC process (bottom).
The frequency of the signal photon in dSPDC will differ from the standard case due to the different
dispersion relations of the produced dark state as compared to the idler photon.

detection of, say, the signal photon one can infer the presence and properties of the idler [6]. The
process of SPDC can be described by an effective Hamiltonian (see e.g. [6, 7])

HSPDC =

Z

crystal
d
3
~x

⇣
�
(2)
jklEjEkEl

⌘
, (1)

where we have used an index notation for the electric field Ej ⌘ ~E to more easily represent the
contraction with the second order susceptibility tensor �

(2)
jkl in the nonlinear optics crystal. The

susceptibility tensor, and the indices of refraction for pump, signal and idler photons, np, ns and
ni determine the differential and total rates of di-photon production. The fully differential rate
includes correlations among the energy, momenta, and polarizations of the photon pairs. For
particle physicists who are accustomed to working in the vacuum, the conversion (or decay) of a
single pump photon into a photon pair would normally be deemed both kinematically inaccessible
and disallowed by charge conjugation. For these readers we stress that SPDC is kinematically
possible thanks to the nontrivial dispersion of photons and that charge conjugation is broken by
the presence of a crystal without an anti-crystal. In addition, a second order susceptibility �

(2) is
only present in crystal structures that violate parity.

In this work we propose to search for dark SPDC (dSPDC), in which the idler photon is replaced
by a new light state, such as an axion or dark photons.

Axions : The axion, or axion-like particle (we will use the two terms interchangeably), is a light
pseuodscalar field �a

1. Its interaction with photons are described by the Hamiltonian (for a review
see [?])

Haxion =

Z

crystal
d
3
~x
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ga� �a

~E · ~B

⌘
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where we have deliberately taken the spatial integral only over the volume of an optical crystal,
even though it also extends outside the crystal. The reason is that our dSPDC process will be
kinematically possible, phase matching will be attainable, only within a bi-refringent crystal in
which ns > np. It is interesting to note the similarity of the two Hamiltonians in Equations (1)
and (2). Both Hamiltonain are non-linear. Both interaction can couple a pump photon to a signal
photon and a third light field, either an idler or an axion. The presence of the B-field in the axion
hamiltonian simply means a particular relationship between the pump and signal polarization
(indeed, the magnetic field is absent from Equation (1) only by convention). We will show that
an axion can be searched for using dSPDC in a material that is bi-refringent, but purely optically
linear.

Dark Photons: The dark photon [?] is a new massive U(1) gauge boson which can be written
as a vector potential A

0
µ which leads to dark electric and magnetic fields ~E

0 and ~B
0. The dark

1Since creation and annihilation operators are about to make an appearance, we will be calling the axion field
�a instead of the traditional a.
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Figure 1: A schematic sketch of the SPDC proscess (top) and the dark SPDC process (bottom).
The frequency of the signal photon in dSPDC will differ from the standard case due to the different
dispersion relations of the produced dark state as compared to the idler photon.

detection of, say, the signal photon one can infer the presence and properties of the idler [6]. The
process of SPDC can be described by an effective Hamiltonian (see e.g. [6, 7])

HSPDC =

Z

crystal
d
3
~x

⇣
�
(2)
jklEjEkEl

⌘
, (1)

where we have used an index notation for the electric field Ej ⌘ ~E to more easily represent the
contraction with the second order susceptibility tensor �

(2)
jkl in the nonlinear optics crystal. The

susceptibility tensor, and the indices of refraction for pump, signal and idler photons, np, ns and
ni determine the differential and total rates of di-photon production. The fully differential rate
includes correlations among the energy, momenta, and polarizations of the photon pairs. For
particle physicists who are accustomed to working in the vacuum, the conversion (or decay) of a
single pump photon into a photon pair would normally be deemed both kinematically inaccessible
and disallowed by charge conjugation. For these readers we stress that SPDC is kinematically
possible thanks to the nontrivial dispersion of photons and that charge conjugation is broken by
the presence of a crystal without an anti-crystal. In addition, a second order susceptibility �

(2) is
only present in crystal structures that violate parity.

In this work we propose to search for dark SPDC (dSPDC), in which the idler photon is replaced
by a new light state, such as an axion or dark photons.

Axions : The axion, or axion-like particle (we will use the two terms interchangeably), is a light
pseuodscalar field �a

1. Its interaction with photons are described by the Hamiltonian (for a review
see [?])

Haxion =

Z

crystal
d
3
~x

⇣
ga� �a

~E · ~B

⌘
(2)

where we have deliberately taken the spatial integral only over the volume of an optical crystal,
even though it also extends outside the crystal. The reason is that our dSPDC process will be
kinematically possible, phase matching will be attainable, only within a bi-refringent crystal in
which ns > np. It is interesting to note the similarity of the two Hamiltonians in Equations (1)
and (2). Both Hamiltonain are non-linear. Both interaction can couple a pump photon to a signal
photon and a third light field, either an idler or an axion. The presence of the B-field in the axion
hamiltonian simply means a particular relationship between the pump and signal polarization
(indeed, the magnetic field is absent from Equation (1) only by convention). We will show that
an axion can be searched for using dSPDC in a material that is bi-refringent, but purely optically
linear.

Dark Photons: The dark photon [?] is a new massive U(1) gauge boson which can be written
as a vector potential A

0
µ which leads to dark electric and magnetic fields ~E

0 and ~B
0. The dark

1Since creation and annihilation operators are about to make an appearance, we will be calling the axion field
�a instead of the traditional a.

2

incoming light induces emission

dipoles in medium react



Mode Expansions:

photon mixes with the photon through a kinetic mixing term ✏F
µ⌫

F
0
µ⌫ , or

H = HSPDC + Hmix Hmix =

Z
d
3
~x ✏

⇣
~E · ~E

0 + ~B · ~B
0
⌘

(3)

with ✏ a small dimensionless parameter which can be generated at high scales. In this case, the
dark SPDC can proceed in a nonlinear medium via the interactions in equations (1) and (3).
Because of the nonlinearity, standard SPDC will provide a background to its dark counterpart.
However, the dark and standard SPDC will exhibit phase matching at a different signal photon
frequencies, and/or different angles, because the dark photon adheres to a different dispersion
relation, !

2
A0 = k

2
A0 + m

2
A0 . As in the axion case, dSPDC will be kinematically accesible so long

as ns > np.
In this paper we will sketch the basic concepts of the idea and present signal rate estimates in

ideal cases of perfect optical elements. A more detailed study of backgrounds is the subject of future
study. The calculations in nonlinear optics resemble those in particle physics, both employing
quantum field theory or second quantized fields. However, the common tools of perturbative
calculations in HEP, Feynman diagrams and rules, commonly assune both Lorentz and translation
symmetries are unbroken. In optical systems Lorentz invriance is broken by the medium (primarily
by indices of refraction) and translation symmetry is violated by the finite extent of optical elements
and possibly by periodic poling2. We will thus adopt the terminology and language of nonlinear
optics, but draw the parallels to HEP calculations as we go along.

The paper is structured as follows. . .

2 Review of Colinear SPDC

In this section we will review the standard SPDC process in nonlinear optics systems and the
calculation for its rate. This will serve as an introduction for readers with a particle physics
background and as preparation for understanding the dSPDC process. SPDC may also be an
important background for its dark counterpart. There are many derivations of the expected rates
in SPDC in many setups [7, 8, 9, 10, 11, 12]. We will focus on the case the calculation of transitions
among single modes and in the collinear geometry. We will consider both waveguided systems, in
which source brightness is enhanced, and bulk crystal setups. We will follow [8] for a calculation
for waveguide systems, and [10] for bulk crystals.

The electric field can be quantized in a mode expansion3,

~E(~x, t) =
X

~k,�

r
!k

2n2
~"~k,�

h
a~k,�u~k(~x)e�i!t

� a
†
~k,�

u
⇤
~k
(~x)e+i!t

i
(4)

where a
†
~k,�

and a~k,� are the creation and annihilation operators for a photon with momentum ~k

and polarization �. The wave number and frequency satisfy the dispersion relation,

! =
|~k|

n
, (5)

where the index of refraction n is implicitly also dependent on frequency and polarization. Here we
ignore corrections to the dispersion relation due to the confinement of photons in a waceguide or a
fiber, but those can be added trivially. The transverse polarization vectors satisfy ~"~k,� · ~k = 0 and
are normalized to one. The mode functions u~k satisfy the equation of motion (r2 + n

2
!
2)u~k = 0.

Here we took a single mode function u~k, but a sum over a complete basis un,~k is needed in some
cases, as we shall see. We will now consider optical setups in which SPDC occurs in a waveguide
and the beams do not disperse. We will contrast this with bulk crystal setups with beam dispersion
in a forthcoming subsection.

2Time translation can also be violated in systems with pulsed pump lasers. We will not consider such systems
in this paper for simplicity.

3It is not uncommon in the literature to normalize the field by `
�1/2
Q where `Q is a quantization volume which

is large and encloses the crystal. The transition rate however is independent of `Q, as it must be. In the fomalism
here this arises due to a cancellations between the matrix element and density of states. Anticipating this, we will
set `Q to 1 to reduce clutter.

3

Colinear case:

3 Nonlinear Axion-Optics and Colinear Dark SPDC

We now move on to searches for axion-like-particles (ALPs). The interaction in Equation (2) is
non-linear and can lead to a dark SPDC process, in which an axion is emitted in place of the idler
photon in the standard case. We will thus follow the rate calculation of the previous section and
calculate the transition rate of a single confined pump mode into a single confined signal mode plus
an axion, which cannot be guided restricted to a particular mode. Within nonlinear optics, this is
an unusual case in which the pump and the signal can be guided, say in a single-mode fiber, but the
axion, which plays the role of idler is behaving more closely to a bulk crystal case. An important
question is whether the rate enhancement by the crystal length in waveguided SPDC occurs also
in dark SPDC. We will show in this section that the rate is indeed enhanced and grows linearly
with the crystal length. We will do so crudely in the text, and defer a more rigorous calculation
to the Appendix.

The Hamiltonian density from Equation (2) is,

Haxion = ga� �a

⇣
~Ep · ~Bs + ~Bp · ~Es

⌘
, (23)

where we now labeled the electromagnetic fields with p and s for pump and signal photons. The
mode expansion for the magnetic field is similar to Equation (4) for the electric one

~B(~x, t) =
X

~k,�

r
1

2n2!k

~k ⇥ ~"~k,�

h
a~k,�u~k(~x)e�i!t

� a
†
~k,�

u
⇤
~k
(~x)e+i!t

i
(24)

where we again make use of a single transverse and waveguided mode for the pump and the signal.
In practice this means that the axion hamiltonian couples, say, a horizontally polarized pump
photon to a vertically polarized signal photon.

The axion field can also be expanded in modes

�a(xµ) =
X

n

X

~ka

1
p

2!

⇣
b~ku

a
n,~k

(~x)ei!t + b
†
n,~k

u
a
n,~k

⇤(~x)(e�i!t
⌘

. (25)

with the axion satisfying a dispersion relation for a free massive field

!
2
a = |~ka|

2 + m
2
a . (26)

Because the axion field is not confined or collected, we will need to sum over a complete basis of
modes, and we thus include a summation over n, a mode quantum number, in Equation (25). To
write the Hamiltonian is a form similar to Equation (8), we will parametrize the mode functions
as

u
(a)

n,~k
= U

(a)
n,ka

(~r, z)eikaz (27)

where, as opposed to Equation (6) for the waveguided case, here we allow U
(a)
n,ka

to vary with z,
though it will vary slowly on the scale of k

�1
a . We can then re-write the axion Hamiltonian as

Haxion =
X

ks

X

ka,n

�
a
e↵

r
!p!s

n2
pn

2
s!a

Z
dz d

2
r U

(p)
U

(s)⇤
U

(a)
n

⇤
(z) e

i�kz

�
e
i�!t

akpa
†
ks

b
†
n,ka

(28)

where now �k ⌘ kp � ks � ka and the effective coupling is

�
a
e↵ ⌘ ga� ~✏p ·

⇣
~✏s ⇥ (~kp � ~ks)

⌘
. (29)

We see, as expected, that the effective coupling �
a
e↵ is a triple-product which is no-vanishing only if

the polarization of the pump and the signal photons are orthogonal. This allows to use polarization
as a tool to identify signal events.

There are several important differences of Equation (28) to its standard counterpart Equa-
tion (8). First, the dispersion relation which enters �k is that of the axion in one and the idler
photon in the other. The frequency of an photon idler !i, in units of c = 1, will alway be smaller
that its momentum ki since indices of refraction are larger than (and not close to) one. The axion’s
frequency, by contrast, will be larger or equal to its momentum; equal in the massless limit and
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Figure 1: A schematic sketch of the SPDC proscess (top) and the dark SPDC process (bottom).
The frequency of the signal photon in dSPDC will differ from the standard case due to the different
dispersion relations of the produced dark state as compared to the idler photon.

detection of, say, the signal photon one can infer the presence and properties of the idler [6]. The
process of SPDC can be described by an effective Hamiltonian (see e.g. [6, 7])

HSPDC =

Z

crystal
d
3
~x

⇣
�
(2)
jklEjEkEl

⌘
, (1)

where we have used an index notation for the electric field Ej ⌘ ~E to more easily represent the
contraction with the second order susceptibility tensor �

(2)
jkl in the nonlinear optics crystal. The

susceptibility tensor, and the indices of refraction for pump, signal and idler photons, np, ns and
ni determine the differential and total rates of di-photon production. The fully differential rate
includes correlations among the energy, momenta, and polarizations of the photon pairs. For
particle physicists who are accustomed to working in the vacuum, the conversion (or decay) of a
single pump photon into a photon pair would normally be deemed both kinematically inaccessible
and disallowed by charge conjugation. For these readers we stress that SPDC is kinematically
possible thanks to the nontrivial dispersion of photons and that charge conjugation is broken by
the presence of a crystal without an anti-crystal. In addition, a second order susceptibility �

(2) is
only present in crystal structures that violate parity.

In this work we propose to search for dark SPDC (dSPDC), in which the idler photon is replaced
by a new light state, such as an axion or dark photons.

Axions : The axion, or axion-like particle (we will use the two terms interchangeably), is a light
pseuodscalar field �a

1. Its interaction with photons are described by the Hamiltonian (for a review
see [?])

Haxion =

Z

crystal
d
3
~x

⇣
ga� �a

~E · ~B

⌘
(2)

where we have deliberately taken the spatial integral only over the volume of an optical crystal,
even though it also extends outside the crystal. The reason is that our dSPDC process will be
kinematically possible, phase matching will be attainable, only within a bi-refringent crystal in
which ns > np. It is interesting to note the similarity of the two Hamiltonians in Equations (1)
and (2). Both Hamiltonain are non-linear. Both interaction can couple a pump photon to a signal
photon and a third light field, either an idler or an axion. The presence of the B-field in the axion
hamiltonian simply means a particular relationship between the pump and signal polarization
(indeed, the magnetic field is absent from Equation (1) only by convention). We will show that
an axion can be searched for using dSPDC in a material that is bi-refringent, but purely optically
linear.

Dark Photons: The dark photon [?] is a new massive U(1) gauge boson which can be written
as a vector potential A

0
µ which leads to dark electric and magnetic fields ~E

0 and ~B
0. The dark

1Since creation and annihilation operators are about to make an appearance, we will be calling the axion field
�a instead of the traditional a.

2

In particle physics we use plane waves, uk(x) = ei(kx-ωt). Not in optics.

3.4 The Axion-optics Hamiltonian
The axion-photon interaction in Equation (8) is non-linear and can lead to a dark SPDC process,
in which an axion is emitted in place of the idler photon in the standard case. We can thus proceed
as in the previous subsection and go to the Fock basis using a mode expansion. The Hamiltonian
density from Equation (8) is,

Haxion = ga� �a

⇣
~Ep · ~Bs + ~Bp · ~Es

⌘
, (27)

where we now labeled the electromagnetic fields with p and s for pump and signal photons. The
mode expansion for the magnetic field is similar to Equation (10) for the electric one

~B(~x, t) =
X

~k,�

r
1

2n2!k

~k ⇥ ~"~k,�

h
a~k,�u~k(~x)e�i!t

� a
†
~k,�

u
⇤
~k
(~x)e+i!t

i
(28)

where we again make use of a single waveguided mode for the pump and for the signal. In practice
this means that the axion hamiltonian couples, say, a horizontally polarized pump photon to a
vertically polarized signal photon.

The axion field can also be expanded in modes

�a(xµ) =
X

j

X

~ka

1
p

2!a

⇣
bj,~ku

a
j,~k

(~x)ei!at + b
†
j,~k

u
a
j,~k

⇤(~x)(e�i!at
⌘

. (29)

with the axion satisfying a dispersion relation for a free massive field

!
2
a = |~ka|

2 + m
2
a . (30)

Because the axion field is not confined or collected, the axion mode is a bulk mode, as discussed in
Section 3.1. In addition, we cannot assume that only a single mode of the axion will couple. The
Gaussian beam in Equation 14 is just a single mode whereas we would need to sum over a complete
basis of modes. This will be done in Section 5.3.2. For now, we have represented the complete set
as a summation over a mode quantum number j in Equation (29). To write the Hamiltonian in a
form similar to Equation (16), we will parametrize the mode functions as

u
(a)

j,~k
= U

(a)
j,ka

(~r, z)eikaz (31)

where, as opposed to Equation (12) for the waveguided case, here the mode function U
(a)
n,ka

varies
with z, though it will vary slowly on the scale of k

�1
a . The axion Hamiltonian can be written as

one for colinear dSPDC

H
axion
dSPDC =

X

ks

X

ka,j

�
a
e↵

r
!p!s!a

8n2
pn

2
s

Z
dz d

2
r U

(p)
U

(s)⇤
U

(a)
j

⇤
(z) e

i�kz

�

| {z }
⌘ I(a)

j

e
i�!t

akpa
†
ks

b
†
j,ka

(32)

where now �k ⌘ kp � ks � ka. The mode integral I
(a)
j now carries a mode index j, and unlike

the waveguided SPDC counterpart does not factorize in general to a transverse and longitudinal
pieces. The effective coupling is simple to evaluate in the colinear configuration using the pump
and signal dispersion relation kp,s = np,s!p,s

�
a
e↵ ⌘

ga�

!a
(ns � np) sin �pol (33)

where �pol is the azimuthal angle between the pump and signal polarizations. We see, as expected,
that the effective coupling �

a
e↵ is maximized if the polarization of the pump and the signal photons

are orthogonal. This allows to use polarization as a tool to identify signal events. Interestingly, in
the limit of no birefringence, the effective coupling vanishes in the colinear limit due to a destructive
interference between the two terms in Equation (27).

The overlap integrals I
(a)
j will obviously depend on the basis one chooses for the axion modes,

however the overall rate for dSPDC should not depend on the choice of basis. We will make specific
choices for this expansion in Section 5 when the rates will be evaluated.
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uj,k(~x) = Uj,k(~r, z)e
ikzUseful to define:



Modes: Bulk vs Waveguide
Two options in general (with gaussian examples):
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A.U.

Figure 3: A gaussian beam profile, |u
(bulk)

|, shown in arbitrary units. The most intense region of a
Gaussian beam with waist size W takes up a confocal length b = W

2
k in the longitudinal direction.

A gaussian beam can have a sizable overlap with a waveguide mode, overlaid as a dashed box,
within a volume of order W

2
b.

We note that a bulk mode can have a significant overlap with a waveguide mode living in the
same space. The overlap is maximal if the bulk and waveguide modes have a similar width W ,
as sketched in Figure 3 by a dashed box. In that case the overlap is in a region of volume set by
W

2
b. This will be important when estimating the rate of conversion of waveguide electromagnetic

modes to ' modes, which are invariably bulk modes.
We are now ready to write the Hamiltonian in a form that is commen in quantum and nonlinear

optics. We begin with the SM SPDC case in a wave guide and proceed to bulk SPDC, and dSPDC
in turn.

3.2 The Hamiltonian for SPDC in a Waveguide
The nonlinear optics Hamiltonian that leads to SPDC, Equation (3), can be rewritten here as

HSPDC =

Z

crystal
d
3
~x

⇣
�

(2)
EpEsEi

⌘
, (15)

where we have dropped the spatial vector indices and label the three electric fields as those of the
pump, the signal, and the idler. Substituting Equations (10) and (12) in Equation (15), assuming
a monochromatic pump at frequency !p, we get a colinear SPDC Hamiltonian

H
(WG)
SPDC =

X

ks,ki

�
(2)
e↵

r
!p!s!i

8n2
pn

2
sn

2
i

| {z }
eff. coupling

Z
d
2
r U

(p)
U

(s)⇤
U

(i)⇤
�

| {z }
transverse overlap

"Z L/2

�L/2
dze

i�kz

#
e
i�!t

| {z }
phase matching

akpa
†
ks

a
†
ki

| {z }
operators

+h.c. ,

(16)
where we have labeled the various factors for reference below. We now discuss each of these factors
in the Hamiltonian going from right to left, defining some notation as we go along:

Creation and annihilation operators: The Hamiltonian includes the interaction akpa
†
ks

a
†
ki

which annihilates a single pump photon and creates a signal-idler photon pair. This is analogous
to a decay in particle physics. In the discussion so far we have kept the quantum description of
the pump field in order to make this analogy. In practice however, it is simple to take a classical
limit for the pump, as we will do below by assuming a coherent state of the pump laser.

Phase matching: The next factor is a phase which oscillates at a frequency given by the fre-
quency mismatch �! ⌘ !p � !s � !i. This implies that the matrix element will average to zero
unless energy is conserved in the process

!p = !s + !i . (17)

To the left of this is the spatial integral over the crystal length of a phase set by the momentum
mismatch �k ⌘ kp � ks � ki,

Z L/2

�L/2
dz e

i�kz = L sinc

✓
�kL

2

◆
(18)

7

where a
†
~k,�

and a~k,� are the creation and annihilation operators for a photon with momentum ~k

and polarization �. The wave number and frequency satisfy the dispersion relation,

! =
|~k|

n
, (11)

where the index of refraction n is implicitly also dependent on frequency and polarization. The
transverse polarization vectors satisfy ~"~k,� ·~k = 0 and are normalized to one. The mode functions u~k

satisfy the equation of motion (r2 + n
2
!

2)u~k = 0. Here we took a single mode function u~k, but in
some cases a sum over a complete basis uj,~k will be needed, as we shall see later. Since we focus
on colinear (d)SPDC in this paper, we will consider light traveling in the z direction and name
transverse directions as ~r ⌘ (x, y) for simplicity.

In this paper we will deal with two types of modes, with different boundary conditions.

Waveguide modes: In a waveguide electromagnetic waves are confined to a finite region and
hence do not disperse. In this case u~k takes a separable form, which we take z-momentum eigen-
states4 times a single traverse mode

u
(waveguide)
~k

= U(~r)eikz (12)

where U is the waveguide or fiber mode under consideration, normalized to unity. We choose use
a gaussian profile in what follows for convenience,

U(~r) =

r
2

⇡W 2
e
� r2

W2 . (13)

This choice, which closely resemble the gaussian bulk mode described below, will allow us to derive
some results analytically, but other mode shapes would yield qualitatively similar results. The
mode intensity is sketched in figure 2.
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Figure 2: A sketch of a waveguide mode, |u
(waveguide)

| confined to a transverse region of size W ,
shown in arbitrary units.

Bulk modes: We now turn to bulk modes, which propagate in a homogeneous and infinite
(or large) medium. As opposed to modes in a waveguide, electromagnetic waves disperse in the
transverse direction. Gaussian beams, which are solutions to the electromagnetic wave equations in
free space, are a useful and common choice for the mode functions in a bulk setting. The Gaussian
mode functions can be written in the form

u
(bulk)
~k

=

r
2

⇡

W

q(z)
e
� r2

q(z)+ikz (14)

where q(z) = W
2 + 2iz/k. The gaussian beam is structurally similar to our choice of waveguide

modes, but, in contrast , the width of the gaussian is not a constant in z, accounting for dispersion.
The gaussian beam is narrowest at z = 0, where its waist radius is W . From there it will spread
from that point by

p
2 at the z = ±zR, where zR = W

2
k/2 is the Rayleigh range. Of course,

a beam cannot be focused much tighter than the wavelength. Its brightest region extends in the
longitudinal direction over a range of b = 2zR, also known as the confocal parameter5. This is
shown schematically in Figure 3.

4In a waveguide the dispersion relation may get corrections from the condiments of the modes in a finite region.
Particle physicists may find this familiar, drawing parallels to KK masses (see e.g. [?]). Here we will absorb any
such modification into an effective index of refraction.

5We note that for a waveguide mode W refers to the width of a beam along the whole waveguide, but in the
dispersive bulk case it refers to the width at the narrowest region. Using the same symbol will be convenient later.
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Waveguide mode Bulk mode (disperses)

where a
†
~k,�

and a~k,� are the creation and annihilation operators for a photon with momentum ~k

and polarization �. The wave number and frequency satisfy the dispersion relation,

! =
|~k|

n
, (11)

where the index of refraction n is implicitly also dependent on frequency and polarization. The
transverse polarization vectors satisfy ~"~k,� ·~k = 0 and are normalized to one. The mode functions u~k

satisfy the equation of motion (r2 + n
2
!

2)u~k = 0. Here we took a single mode function u~k, but in
some cases a sum over a complete basis uj,~k will be needed, as we shall see later. Since we focus
on colinear (d)SPDC in this paper, we will consider light traveling in the z direction and name
transverse directions as ~r ⌘ (x, y) for simplicity.

In this paper we will deal with two types of modes, with different boundary conditions.

Waveguide modes: In a waveguide electromagnetic waves are confined to a finite region and
hence do not disperse. In this case u~k takes a separable form, which we take z-momentum eigen-
states4 times a single traverse mode

u
(waveguide)
~k

= U(~r)eikz (12)

where U is the waveguide or fiber mode under consideration, normalized to unity. We choose use
a gaussian profile in what follows for convenience,

U(~r) =

r
2

⇡W 2
e
� r2

W2 . (13)

This choice, which closely resemble the gaussian bulk mode described below, will allow us to derive
some results analytically, but other mode shapes would yield qualitatively similar results. The
mode intensity is sketched in figure 2.
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Figure 2: A sketch of a waveguide mode, |u
(waveguide)

| confined to a transverse region of size W ,
shown in arbitrary units.

Bulk modes: We now turn to bulk modes, which propagate in a homogeneous and infinite
(or large) medium. As opposed to modes in a waveguide, electromagnetic waves disperse in the
transverse direction. Gaussian beams, which are solutions to the electromagnetic wave equations in
free space, are a useful and common choice for the mode functions in a bulk setting. The Gaussian
mode functions can be written in the form

u
(bulk)
~k

=

r
2

⇡

W

q(z)
e
� r2

q(z)+ikz (14)

where q(z) = W
2 + 2iz/k. The gaussian beam is structurally similar to our choice of waveguide

modes, but, in contrast , the width of the gaussian is not a constant in z, accounting for dispersion.
The gaussian beam is narrowest at z = 0, where its waist radius is W . From there it will spread
from that point by

p
2 at the z = ±zR, where zR = W

2
k/2 is the Rayleigh range. Of course,

a beam cannot be focused much tighter than the wavelength. Its brightest region extends in the
longitudinal direction over a range of b = 2zR, also known as the confocal parameter5. This is
shown schematically in Figure 3.

4In a waveguide the dispersion relation may get corrections from the condiments of the modes in a finite region.
Particle physicists may find this familiar, drawing parallels to KK masses (see e.g. [?]). Here we will absorb any
such modification into an effective index of refraction.

5We note that for a waveguide mode W refers to the width of a beam along the whole waveguide, but in the
dispersive bulk case it refers to the width at the narrowest region. Using the same symbol will be convenient later.
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where a
†
~k,�

and a~k,� are the creation and annihilation operators for a photon with momentum ~k

and polarization �. The wave number and frequency satisfy the dispersion relation,

! =
|~k|

n
, (11)

where the index of refraction n is implicitly also dependent on frequency and polarization. The
transverse polarization vectors satisfy ~"~k,� ·~k = 0 and are normalized to one. The mode functions u~k

satisfy the equation of motion (r2 + n
2
!

2)u~k = 0. Here we took a single mode function u~k, but in
some cases a sum over a complete basis uj,~k will be needed, as we shall see later. Since we focus
on colinear (d)SPDC in this paper, we will consider light traveling in the z direction and name
transverse directions as ~r ⌘ (x, y) for simplicity.

In this paper we will deal with two types of modes, with different boundary conditions.

Waveguide modes: In a waveguide electromagnetic waves are confined to a finite region and
hence do not disperse. In this case u~k takes a separable form, which we take z-momentum eigen-
states4 times a single traverse mode

u
(waveguide)
~k

= U(~r)eikz (12)

where U is the waveguide or fiber mode under consideration, normalized to unity. We choose use
a gaussian profile in what follows for convenience,

U(~r) =

r
2

⇡W 2
e
� r2

W2 . (13)

This choice, which closely resemble the gaussian bulk mode described below, will allow us to derive
some results analytically, but other mode shapes would yield qualitatively similar results. The
mode intensity is sketched in figure 2.
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Figure 2: A sketch of a waveguide mode, |u
(waveguide)

| confined to a transverse region of size W ,
shown in arbitrary units.

Bulk modes: We now turn to bulk modes, which propagate in a homogeneous and infinite
(or large) medium. As opposed to modes in a waveguide, electromagnetic waves disperse in the
transverse direction. Gaussian beams, which are solutions to the electromagnetic wave equations in
free space, are a useful and common choice for the mode functions in a bulk setting. The Gaussian
mode functions can be written in the form

u
(bulk)
~k

=

r
2

⇡

W

q(z)
e
� r2

q(z)+ikz (14)

where q(z) = W
2 + 2iz/k. The gaussian beam is structurally similar to our choice of waveguide

modes, but, in contrast , the width of the gaussian is not a constant in z, accounting for dispersion.
The gaussian beam is narrowest at z = 0, where its waist radius is W . From there it will spread
from that point by

p
2 at the z = ±zR, where zR = W

2
k/2 is the Rayleigh range. Of course,

a beam cannot be focused much tighter than the wavelength. Its brightest region extends in the
longitudinal direction over a range of b = 2zR, also known as the confocal parameter5. This is
shown schematically in Figure 3.

4In a waveguide the dispersion relation may get corrections from the condiments of the modes in a finite region.
Particle physicists may find this familiar, drawing parallels to KK masses (see e.g. [?]). Here we will absorb any
such modification into an effective index of refraction.

5We note that for a waveguide mode W refers to the width of a beam along the whole waveguide, but in the
dispersive bulk case it refers to the width at the narrowest region. Using the same symbol will be convenient later.
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where a
†
~k,�

and a~k,� are the creation and annihilation operators for a photon with momentum ~k

and polarization �. The wave number and frequency satisfy the dispersion relation,

! =
|~k|

n
, (11)

where the index of refraction n is implicitly also dependent on frequency and polarization. The
transverse polarization vectors satisfy ~"~k,� ·~k = 0 and are normalized to one. The mode functions u~k

satisfy the equation of motion (r2 + n
2
!

2)u~k = 0. Here we took a single mode function u~k, but in
some cases a sum over a complete basis uj,~k will be needed, as we shall see later. Since we focus
on colinear (d)SPDC in this paper, we will consider light traveling in the z direction and name
transverse directions as ~r ⌘ (x, y) for simplicity.

In this paper we will deal with two types of modes, with different boundary conditions.

Waveguide modes: In a waveguide electromagnetic waves are confined to a finite region and
hence do not disperse. In this case u~k takes a separable form, which we take z-momentum eigen-
states4 times a single traverse mode

u
(waveguide)
~k

= U(~r)eikz (12)

where U is the waveguide or fiber mode under consideration, normalized to unity. We choose use
a gaussian profile in what follows for convenience,

U(~r) =

r
2

⇡W 2
e
� r2

W2 . (13)

This choice, which closely resemble the gaussian bulk mode described below, will allow us to derive
some results analytically, but other mode shapes would yield qualitatively similar results. The
mode intensity is sketched in figure 2.
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Bulk modes: We now turn to bulk modes, which propagate in a homogeneous and infinite
(or large) medium. As opposed to modes in a waveguide, electromagnetic waves disperse in the
transverse direction. Gaussian beams, which are solutions to the electromagnetic wave equations in
free space, are a useful and common choice for the mode functions in a bulk setting. The Gaussian
mode functions can be written in the form

u
(bulk)
~k

=

r
2

⇡

W

q(z)
e
� r2

q(z)+ikz (14)

where q(z) = W
2 + 2iz/k. The gaussian beam is structurally similar to our choice of waveguide

modes, but, in contrast , the width of the gaussian is not a constant in z, accounting for dispersion.
The gaussian beam is narrowest at z = 0, where its waist radius is W . From there it will spread
from that point by

p
2 at the z = ±zR, where zR = W

2
k/2 is the Rayleigh range. Of course,

a beam cannot be focused much tighter than the wavelength. Its brightest region extends in the
longitudinal direction over a range of b = 2zR, also known as the confocal parameter5. This is
shown schematically in Figure 3.

4In a waveguide the dispersion relation may get corrections from the condiments of the modes in a finite region.
Particle physicists may find this familiar, drawing parallels to KK masses (see e.g. [?]). Here we will absorb any
such modification into an effective index of refraction.

5We note that for a waveguide mode W refers to the width of a beam along the whole waveguide, but in the
dispersive bulk case it refers to the width at the narrowest region. Using the same symbol will be convenient later.
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A.U.

Figure 3: A gaussian beam profile, |u
(bulk)

|, shown in arbitrary units. The most intense region of a
Gaussian beam with waist size W takes up a confocal length b = W

2
k in the longitudinal direction.

A gaussian beam can have a sizable overlap with a waveguide mode, overlaid as a dashed box,
within a volume of order W

2
b.

We note that a bulk mode can have a significant overlap with a waveguide mode living in the
same space. The overlap is maximal if the bulk and waveguide modes have a similar width W ,
as sketched in Figure 3 by a dashed box. In that case the overlap is in a region of volume set by
W

2
b. This will be important when estimating the rate of conversion of waveguide electromagnetic

modes to ' modes, which are invariably bulk modes.
We are now ready to write the Hamiltonian in a form that is commen in quantum and nonlinear

optics. We begin with the SM SPDC case in a wave guide and proceed to bulk SPDC, and dSPDC
in turn.

3.2 The Hamiltonian for SPDC in a Waveguide
The nonlinear optics Hamiltonian that leads to SPDC, Equation (3), can be rewritten here as

HSPDC =

Z

crystal
d
3
~x

⇣
�

(2)
EpEsEi

⌘
, (15)

where we have dropped the spatial vector indices and label the three electric fields as those of the
pump, the signal, and the idler. Substituting Equations (10) and (12) in Equation (15), assuming
a monochromatic pump at frequency !p, we get a colinear SPDC Hamiltonian

H
(WG)
SPDC =

X

ks,ki

�
(2)
e↵

r
!p!s!i

8n2
pn

2
sn

2
i

| {z }
eff. coupling

Z
d
2
r U

(p)
U

(s)⇤
U

(i)⇤
�

| {z }
transverse overlap

"Z L/2

�L/2
dze

i�kz

#
e
i�!t

| {z }
phase matching

akpa
†
ks

a
†
ki

| {z }
operators

+h.c. ,

(16)
where we have labeled the various factors for reference below. We now discuss each of these factors
in the Hamiltonian going from right to left, defining some notation as we go along:

Creation and annihilation operators: The Hamiltonian includes the interaction akpa
†
ks

a
†
ki

which annihilates a single pump photon and creates a signal-idler photon pair. This is analogous
to a decay in particle physics. In the discussion so far we have kept the quantum description of
the pump field in order to make this analogy. In practice however, it is simple to take a classical
limit for the pump, as we will do below by assuming a coherent state of the pump laser.

Phase matching: The next factor is a phase which oscillates at a frequency given by the fre-
quency mismatch �! ⌘ !p � !s � !i. This implies that the matrix element will average to zero
unless energy is conserved in the process

!p = !s + !i . (17)

To the left of this is the spatial integral over the crystal length of a phase set by the momentum
mismatch �k ⌘ kp � ks � ki,

Z L/2

�L/2
dz e

i�kz = L sinc

✓
�kL

2

◆
(18)
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(                            )

where a
†
~k,�

and a~k,� are the creation and annihilation operators for a photon with momentum ~k

and polarization �. The wave number and frequency satisfy the dispersion relation,

! =
|~k|

n
, (11)

where the index of refraction n is implicitly also dependent on frequency and polarization. The
transverse polarization vectors satisfy ~"~k,� ·~k = 0 and are normalized to one. The mode functions u~k

satisfy the equation of motion (r2 + n
2
!

2)u~k = 0. Here we took a single mode function u~k, but in
some cases a sum over a complete basis uj,~k will be needed, as we shall see later. Since we focus
on colinear (d)SPDC in this paper, we will consider light traveling in the z direction and name
transverse directions as ~r ⌘ (x, y) for simplicity.

In this paper we will deal with two types of modes, with different boundary conditions.

Waveguide modes: In a waveguide electromagnetic waves are confined to a finite region and
hence do not disperse. In this case u~k takes a separable form, which we take z-momentum eigen-
states4 times a single traverse mode

u
(waveguide)
~k

= U(~r)eikz (12)

where U is the waveguide or fiber mode under consideration, normalized to unity. We choose use
a gaussian profile in what follows for convenience,

U(~r) =

r
2

⇡W 2
e
� r2

W2 . (13)

This choice, which closely resemble the gaussian bulk mode described below, will allow us to derive
some results analytically, but other mode shapes would yield qualitatively similar results. The
mode intensity is sketched in figure 2.
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Figure 2: A sketch of a waveguide mode, |u
(waveguide)

| confined to a transverse region of size W ,
shown in arbitrary units.

Bulk modes: We now turn to bulk modes, which propagate in a homogeneous and infinite
(or large) medium. As opposed to modes in a waveguide, electromagnetic waves disperse in the
transverse direction. Gaussian beams, which are solutions to the electromagnetic wave equations in
free space, are a useful and common choice for the mode functions in a bulk setting. The Gaussian
mode functions can be written in the form

u
(bulk)
~k

=

r
2

⇡

W

q(z)
e
� r2

q(z)+ikz (14)

where q(z) = W
2 + 2iz/k. The gaussian beam is structurally similar to our choice of waveguide

modes, but, in contrast , the width of the gaussian is not a constant in z, accounting for dispersion.
The gaussian beam is narrowest at z = 0, where its waist radius is W . From there it will spread
from that point by

p
2 at the z = ±zR, where zR = W

2
k/2 is the Rayleigh range. Of course,

a beam cannot be focused much tighter than the wavelength. Its brightest region extends in the
longitudinal direction over a range of b = 2zR, also known as the confocal parameter5. This is
shown schematically in Figure 3.

4In a waveguide the dispersion relation may get corrections from the condiments of the modes in a finite region.
Particle physicists may find this familiar, drawing parallels to KK masses (see e.g. [?]). Here we will absorb any
such modification into an effective index of refraction.

5We note that for a waveguide mode W refers to the width of a beam along the whole waveguide, but in the
dispersive bulk case it refers to the width at the narrowest region. Using the same symbol will be convenient later.
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Rate: Bulk vs Waveguide
In SPDC there is a big difference in mode overlap (and hence rate) b/w waveguide 
and bulk:


Though dSPDC can happen in a waveguide, the dark particle is not confined.            

Does dSPDC behave like waveguide or bulk? 
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A.U.

Figure 3: A gaussian beam profile, |u
(bulk)

|, shown in arbitrary units. The most intense region of a
Gaussian beam with waist size W takes up a confocal length b = W

2
k in the longitudinal direction.

A gaussian beam can have a sizable overlap with a waveguide mode, overlaid as a dashed box,
within a volume of order W

2
b.

We note that a bulk mode can have a significant overlap with a waveguide mode living in the
same space. The overlap is maximal if the bulk and waveguide modes have a similar width W ,
as sketched in Figure 3 by a dashed box. In that case the overlap is in a region of volume set by
W

2
b. This will be important when estimating the rate of conversion of waveguide electromagnetic

modes to ' modes, which are invariably bulk modes.
We are now ready to write the Hamiltonian in a form that is commen in quantum and nonlinear

optics. We begin with the SM SPDC case in a wave guide and proceed to bulk SPDC, and dSPDC
in turn.

3.2 The Hamiltonian for SPDC in a Waveguide
The nonlinear optics Hamiltonian that leads to SPDC, Equation (3), can be rewritten here as

HSPDC =

Z

crystal
d
3
~x

⇣
�

(2)
EpEsEi

⌘
, (15)

where we have dropped the spatial vector indices and label the three electric fields as those of the
pump, the signal, and the idler. Substituting Equations (10) and (12) in Equation (15), assuming
a monochromatic pump at frequency !p, we get a colinear SPDC Hamiltonian

H
(WG)
SPDC =

X

ks,ki

�
(2)
e↵

r
!p!s!i

8n2
pn

2
sn

2
i

| {z }
eff. coupling

Z
d
2
r U

(p)
U

(s)⇤
U

(i)⇤
�

| {z }
transverse overlap

"Z L/2

�L/2
dze

i�kz

#
e
i�!t

| {z }
phase matching

akpa
†
ks

a
†
ki

| {z }
operators

+h.c. ,

(16)
where we have labeled the various factors for reference below. We now discuss each of these factors
in the Hamiltonian going from right to left, defining some notation as we go along:

Creation and annihilation operators: The Hamiltonian includes the interaction akpa
†
ks

a
†
ki

which annihilates a single pump photon and creates a signal-idler photon pair. This is analogous
to a decay in particle physics. In the discussion so far we have kept the quantum description of
the pump field in order to make this analogy. In practice however, it is simple to take a classical
limit for the pump, as we will do below by assuming a coherent state of the pump laser.

Phase matching: The next factor is a phase which oscillates at a frequency given by the fre-
quency mismatch �! ⌘ !p � !s � !i. This implies that the matrix element will average to zero
unless energy is conserved in the process

!p = !s + !i . (17)

To the left of this is the spatial integral over the crystal length of a phase set by the momentum
mismatch �k ⌘ kp � ks � ki,

Z L/2

�L/2
dz e

i�kz = L sinc

✓
�kL

2

◆
(18)
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where a
†
~k,�

and a~k,� are the creation and annihilation operators for a photon with momentum ~k

and polarization �. The wave number and frequency satisfy the dispersion relation,

! =
|~k|

n
, (11)

where the index of refraction n is implicitly also dependent on frequency and polarization. The
transverse polarization vectors satisfy ~"~k,� ·~k = 0 and are normalized to one. The mode functions u~k

satisfy the equation of motion (r2 + n
2
!

2)u~k = 0. Here we took a single mode function u~k, but in
some cases a sum over a complete basis uj,~k will be needed, as we shall see later. Since we focus
on colinear (d)SPDC in this paper, we will consider light traveling in the z direction and name
transverse directions as ~r ⌘ (x, y) for simplicity.

In this paper we will deal with two types of modes, with different boundary conditions.

Waveguide modes: In a waveguide electromagnetic waves are confined to a finite region and
hence do not disperse. In this case u~k takes a separable form, which we take z-momentum eigen-
states4 times a single traverse mode

u
(waveguide)
~k

= U(~r)eikz (12)

where U is the waveguide or fiber mode under consideration, normalized to unity. We choose use
a gaussian profile in what follows for convenience,

U(~r) =

r
2

⇡W 2
e
� r2

W2 . (13)

This choice, which closely resemble the gaussian bulk mode described below, will allow us to derive
some results analytically, but other mode shapes would yield qualitatively similar results. The
mode intensity is sketched in figure 2.
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Figure 2: A sketch of a waveguide mode, |u
(waveguide)

| confined to a transverse region of size W ,
shown in arbitrary units.

Bulk modes: We now turn to bulk modes, which propagate in a homogeneous and infinite
(or large) medium. As opposed to modes in a waveguide, electromagnetic waves disperse in the
transverse direction. Gaussian beams, which are solutions to the electromagnetic wave equations in
free space, are a useful and common choice for the mode functions in a bulk setting. The Gaussian
mode functions can be written in the form

u
(bulk)
~k

=

r
2

⇡

W

q(z)
e
� r2

q(z)+ikz (14)

where q(z) = W
2 + 2iz/k. The gaussian beam is structurally similar to our choice of waveguide

modes, but, in contrast , the width of the gaussian is not a constant in z, accounting for dispersion.
The gaussian beam is narrowest at z = 0, where its waist radius is W . From there it will spread
from that point by

p
2 at the z = ±zR, where zR = W

2
k/2 is the Rayleigh range. Of course,

a beam cannot be focused much tighter than the wavelength. Its brightest region extends in the
longitudinal direction over a range of b = 2zR, also known as the confocal parameter5. This is
shown schematically in Figure 3.

4In a waveguide the dispersion relation may get corrections from the condiments of the modes in a finite region.
Particle physicists may find this familiar, drawing parallels to KK masses (see e.g. [?]). Here we will absorb any
such modification into an effective index of refraction.

5We note that for a waveguide mode W refers to the width of a beam along the whole waveguide, but in the
dispersive bulk case it refers to the width at the narrowest region. Using the same symbol will be convenient later.
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Waveguide mode

bulk mode 


disperses

Mode overlap grows with L


(diff. rate with L2)


Rate grows with L

Mode overlap and rate 
do not grow with L



Rate: Bulk vs Waveguide
dSPDC can still occur along the whole crystal:


Proof in two ways:


• An “almost orthonormal” anzatz.                                                                     

Good for intuition.                            


• An exact calculation w/ full Laguerre-

Gauss basis confirms growth of the rate 

with L.          [Following Bennink 2010] 
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Figure 6: Dispersing Gaussian modes of the axion or dark photon fields can be emitted along
the full length of a waveguided pump mode. This set of Gaussian modes provides an “almost”
orthonormal basis-set and an ansatz we use to approximate the dSPDC rate. This estimate gives
an intuitive explanation as to why the rate dSPDC in a waveguide grows linearly with the crystal
length L. The results are reproduced more rigorously using a complete and orthogonal Laguerre-
Gauss basis in the next subsection.

5.3.1 An Approximate Calculation

To estimate the rate we make an anzatz for a set of axion states that have a high overlap with the
waveguided pump and signal wave functions. We choose a set of dispersive Gaussian beams whose
center lie along the crystal length, as shown schematically in Figure 7. We pick the states to have
a beam waist W' to be roughly equal to the pump and signal beam widths, W' ⇠ Wp,s ⌘ W . We
choose the foci of the different states in the set to be spaced b' apart, where b' = W

2
k' is the

axions state’s confocal length. Namely

u
'

j,~k
=

r
2

⇡

W

q(z � jb')
e
� r2

q(z�jb')+ik'z with j = �
L

2b'
, . . . ,

L

2b'
(55)

with q'(z) = W
2 + izk', and assuming for simplicity that L/b' is an integer. The number of

Gaussians in the set is L/W
2
k' ⌘ NL. This choice of ' modes allows for small overlap between

the states in the set, making this basis that is “almost orthonormal”. This choice also allows for a
sizable overlap with the waveguided modes of the pump and signal photons. Hence we expect this
basis set to be “sufficiently complete” to capture an order one fraction of the dSPDC rate.

Having identified this set of states we can employ another rough approximation which we have
used before and is shown in Figure 4. Namely, we assume that each Gaussian beam is dominated
by its most intense region, a cylinder of width W and length b' = W

2
k'. By construction, these

more intense regions cover the total length L of the crystal, without overlap. We have thus reduced
the calculation to the sum of NL rates, each of which is a short waveguide of length b'. The mode
overlap for each rate is similar to the bulk case of Equation (26),

X

j

���I(dSPDC)
j

���
2

⇠ NL
b
2
'

W 2
sinc2

✓
�k b'

2

◆
=

L

W 2
b' sinc2

✓
�k b'

2

◆
(56)

and hence, using the master formula for the differential rate in Equation (51)

d�dSPDC

d!s
⇠

Pp�
(2)
'

2
!s!

2
'

2⇡npns
L sinc2

✓
�k b'

2

◆
. (57)

The bandwidth of the dSPDC signal can now be studied. The momentum mismatch In the limit
in which the ' confocal length is long compared to the other scales in the problem the momentum
mismatch can deviate by b

�1
' from �k = 0. If however, the wave guide is narrow such that b' is

HERE
In the limit that the sinc function is narrow, the total rate is approximately

�dSPDC ⇠
Pp�

(2)
'

2
!s!

2
'L

2⇡npns(!' � nsk')W 2
(58)

where the parentheses in the denominator come from a Jacobian factor (@�k/@!s)�1. Two im-
portant points are learnt-
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dSPDC Rate does grow with L!

[in preparation (RH)]
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