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Resummation for Photon Isolation 



Hard photons are a fundamental probe of short-
distance physics, of interest both in the context of 
SM and BSM physics …


… but also pose experimental and theoretical 
challenges. 
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Figure 11: Di�erential cross sections measured as functions of ?T,W1 , ?T,W2 , <WW and | cos \⇤ |(CS) (black error
bars) compared with the predictions from D����� NLO, N������ NNLO and S����� MEPS@NLO (lines with
coloured bands). At the bottom of each plot, the ratio of the prediction to the data is shown. Uncertainty bars on the
data represent the total uncertainty, while uncertainty bands (bars) on the predictions represent perturbative scale
(statistical) uncertainties. Inset plots show the core of each distribution on a linear scale. For ?T,W1 , ?T,W2 and <WW

the last bin is only visible in the ratio inset and includes the overflow events.

model the back-to-back region reliably, agreeing well with the data over the full measured range in these
three observables. In the region of intermediate azimuthal separation of the photons (c � �qWW ⇡ 1,
0T,WW ⇡ 40 GeV, or q⇤

[
⇡ 0.5), N������ underestimates the data, while for a large decorrelation they agree

well, in contrast to the NLO predictions from D�����, which fail to accurately model the shape of these
distributions over the full measured range.

For scattering angles close to the limit | cos \⇤ |(CS)
! 1, the fixed-order predictions underestimate the

measured rate. This region is sensitive to uncorrelated photons, which can occur as a consequence of the
associated production of multiple jets. The NNLO prediction is a�ected by larger perturbative uncertainties
in this region; this is an indication of the (N)LO-accurate associated production of two jets (one jet)
becoming relevant. The multi-leg merged prediction from S����� provides a better description of the
measured cross section in this region.
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Challenges
• Fragmentation 


• Background from decays of energetic π0 and η, 
producing collimated photon pairs


• Isolate photon from hadronic radiation to 
suppress this background → large logs
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Intro: Sources of photons in proton collisions

• Emission from a parton
• Perturbative emission
• Non-perturbative fragmentation Di!�

pq p� = zpq

Dq!�(z, µ)

• Hadron decays, for example:

⇡0 ! 2�

• How do we separate photons from di↵erent origins?
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direct
fragmentation

non-perturbative & poorly known



Fixed-energy cone isolation

• Traditionally


• ATLAS sets                            with


• Fragmentation contributes to cross section


• All LHC measurements use fixed cone.
4

Isolation cone: Fixed energy cone

ET
hadrons < ET

iso = ✏�E
T
� + ET

threshold for r  R

Isolated Isolated if ET
g  ET

iso
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Isolation-cone

of radius R
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2 Introduction

An important category of physics probes at high-energy colliders are processes with elec-

troweak bosons in the final state. Among these, photons present special challenges: since

they are massless, they are abundant and are produced not only during the hard inter-

action, but can also arise as secondary emissions during jet fragmentation, hadronization

and hadron decay. The fragmentation process involves non-perturbative physics encoded in

photon fragmentation functions, originating from partons becoming collinear to the photon.
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• No energetic collinear radiation → no fragmentation


• big technical simplification for NNLO computations


• Experimentally not directly realizable. For a study of 
discretized version, see hep-ph/1003.1241

Smooth-cone isolation

5

for all  r < R

Isolation cone: Frixione cone hep-ph/9801442

ET
hadrons (r) < ET

iso (r) = ✏�E
T
�

✓
1 � cos r

1 � cosR

◆n

= ET
� �(✏� , n,R ; r) for r  R

• Suppresses � from hadronic decays and no Di!� 3 3
• Experimentally not realizable 7
• �(r = R) = ✏� and �(r = 0) = 0
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Frixione ‘98
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2 Introduction

An important category of physics probes at high-energy colliders are processes with elec-

troweak bosons in the final state. Among these, photons present special challenges: since

they are massless, they are abundant and are produced not only during the hard inter-

action, but can also arise as secondary emissions during jet fragmentation, hadronization

and hadron decay. The fragmentation process involves non-perturbative physics encoded in

photon fragmentation functions, originating from partons becoming collinear to the photon.

To reduce the contribution from secondary emissions, experiments impose isolation

requirements. To isolate a hard photon they put a cone of angular size R around it and

restrict the hadronic energy inside the cone to be lower than a certain cuto↵ E0. How

this cuto↵ is imposed depends on the isolation criterion. The simplest way is to impose a

constraint on the total hadronic energy Etot(R) inside the cone. At an e
+
e
� collider one

requires

fixed-cone isolation: E
cone

tot (R) < E0 = ✏�E� (2.1)

and the quantity R corresponds to the opening half-angle of the cone, i.e. a particle is inside

the cone if ✓ < R, where ✓ is the angle between the particle and the photon. At hadron

colliders, one instead imposes the constraint on the total transverse energy ET inside the

cone and defines E0 = ✏�E
�

T
.1 In the following, we will use the term energy to refer to either

the conventional or the transverse energy, depending on the collider under consideration.

At a hadron collider a particle is inside the cone if r < R with r =
p

(�⌘)2 + (��)2. Here,

�⌘ and �� are the pseudorapidity and azimuthal angle di↵erences between the photon and

the particle. Fixed-cone isolation is used in all experimental measurements by ATLAS [1–

3] and CMS [4–6], but with this isolation criterion the cross section computations need to

include the non-perturbative photon fragmentation functions to be collinear finite. The

photon fragmentation functions are poorly known and the presence of final-state collinear

divergences complicates the perturbative calculations.

Frixione [7] has introduced an alternative isolation criterion designed to eliminate ra-

diation collinear to the photon. Rather than restricting the radiation inside a fixed cone

of radius R, it imposes

smooth-cone isolation: E
cone

tot (r) < E0(r) = ✏�E�

✓
1 � cos r

1 � cos R

◆
n

(2.2)

1The transverse energy of a particle is defined as ET = E sin ✓b, where ✓b is its angle with respect to the

beam axis.
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NLO predictions
Publicly available fixed-cone NLO only from


• Jetphox (Catani et al. ’99), Diphox (Binoth et al. ’99) 


• no longer actively maintained


• MCFM since 2011


Fragmentation functions (and related code) are 25 years 
old, based on simple models.


Other NLO codes such as MG5_aMC@NLO restricted to 
smooth-cone isolation.


Have verified (thanks to Alex Huss!) that different codes 
produce compatible reference cross sections.
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NNLO predictions

• prompt photon Campbell et al. ’17, Chen et al. 19

• diphoton Catani et al. 11, Campbell et al. 16, 

Gehrmann et al. ‘20

• tri-photon Chawdhry et al. ’20, Kallweit et al. ‘20


but before last year only with smooth-cone isolation

• papers choose values of n and εγ that give similar 

NLO values as fixed-cone isolation

• unknown systematic uncertainty, unsatisfactory in 

view of the few % accuracy of measurements

Proposal to use fixed cone with smooth cone in the center 
``hybrid cone’’ but not completely satisfactory. Gehrmann et. 
al. ‘21

7



New: First fixed-cone NNLO results Chen, 
Gehrmann, Glover, Höfer, Huss, Schürmann ’22 
using antenna subtraction; extension to 
fragmentation: Gehrmann, Schürmann ’22.

8

Figure 1: Photon transverse momentum distributions for isolated photon production at

LO, NLO and NNLO for four di↵erent pseudorapidity bins. The prediction are compared

to 13TeV ATLAS data [13].

Figure 1 shows the isolated photon cross section for the four photon pseudorapidity

bins. For all bins the NNLO corrections are positive and increase the cross section by 5–

6% compared to the NLO cross section. These corrections are relatively constant over the

whole transverse momentum range. However, we observe an increase in the NNLO-to-NLO

K-factor for the first two pseudorapidity bins for very large transverse momenta where the

corrections increase to roughly 9% compared to the NLO predictions. In contrast, for the

forward pseudorapidity bins the K-factor is decreasing for large transverse momenta where

the di↵erence between the NLO and NNLO cross section is only a few percent.

The scale uncertainty at NLO is 18% for the first and second pseudorapidity bin and

increases to 24% for the more forward pseudorapidity bins. In all bins the scale uncertainty

is slightly increasing towards larger p�T . Including NNLO corrections significantly reduces

the scale uncertainty. Over most of the range in p�T and ⌘� the NNLO scale variation

amounts to (+1.5,�3.0)% and it only increases moderately for large photon transverse

– 10 –



Outline
Isolation requirement induces small parameters into cross 
section 


• higher-order corrections enhanced by powers of 
ln(εγ) and ln(R) 


• will illustrate at NLO that this can lead to a   
breakdown of the fixed-order expansion


Factorization of isolation effects for small R using SCET 
yields


• simple analytic understanding of isolation effects

• resummation of ln(εγ) and ln(R) using RG evolution

• relation between smooth- and fixed-cone in the limit 

of small εγ
9



Motivation: pathologies of NLO 
perturbation theory

10



For all cross section computations we will use


 


and for fixed-order results we set 


Fixed-cone results involve fragmentation functions 
and associated scale. For fixed-order, we set
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the cone if ✓ < R, where ✓ is the angle between the particle and the photon. At hadron

colliders, one instead imposes the constraint on the total transverse energy ET inside the

cone and defines E0 = ✏�E
�

T
.1 In the following, we will use the term energy to refer to either

the conventional or the transverse energy, depending on the collider under consideration.

At a hadron collider a particle is inside the cone if r < R with r =
p

(�⌘)2 + (��)2. Here,

�⌘ and �� are the pseudorapidity and azimuthal angle di↵erences between the photon and

the particle. Fixed-cone isolation is used in all experimental measurements by ATLAS [1–

3] and CMS [4–6], but with this isolation criterion the cross section computations need to

include the non-perturbative photon fragmentation functions to be collinear finite. The

1The transverse energy of a particle is defined as ET = E sin ✓b, where ✓b is its angle with respect to the

beam axis.
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Fixed-Order Pathologies (I)

• Should have: σ(isolated)  < σ(inclusive) but at NLO, the isolation 
dependent part of cross section is proportional to ln(R)


• Breakdown of FOPT for R ≲ 0.2! R = 0.2 is the default value for 
ATLAS diphoton analyses


• Same breakdown arises  for fixed-cone isolation Catani, 
Fontannaz, Guillet and Pilon in JHEP 05, 028 (2002)
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Fixed-Order Pathologies (II)

• σ(isolated)  should monotonically decrease as εγ is lowered

• NLO isolation effects are linear in εγ  for small εγ (soft quark…)


• coefficient enhanced by ln(R), unphysical for small R  

• ATLAS isolation corresponds to εγ  = 0.04 for
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Factorization and resummation

for small cone radius R
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Factorization
For small R all isolation effects can be factorized 
into a cone fragmentation function


Analogous to factorization of non-perturbative 
effects, but             includes perturbative part 
associated with isolation.
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Figure 1. Pictorial representation of the factorization theorems (3.1) and (6.1). The grey blob
represents the hard function, which describes the production of an energetic parton, which then
fragments into a photon plus additional radiation (blue region), as encoded by the cone fragmen-
tation function Fi!� in (3.1). For small isolation energy, this function factorizes further. The
energetic partons (blue lines) produced in the fragmentation are part of the jet function Ji!�+l

and must lie outside the isolation cone. These partons can then radiate soft partons (red) into
the isolation cone (green). This radiation is encoded in the functions U l, which depend on the
directions and color charges of the energetic partons.

3 Factorization for isolated photon production at small cone radius R

For small isolation cone radius R a factorization theorem for isolated photon production

was presented in [44]. It reads

d�(E0, R)

dE�

=
d�

dir

�+X

dE�

+
X

i=q,q̄,g

Z
dz

d�i+X

dEi

Fi!�(z, E� , E0, R) + O(R) , (3.1)

where the isolation-cone fragmentation function Fi!� describes the fragmentation of the

hard parton with energy Ei into a photon with energy E� = zEi plus accompanying

hadronic radiation which is restricted to have energy smaller than E0 inside the cone, see

Figure 1. The precise definition of this function is given below. The quantity �
dir

�+X
is

the perturbative cross section for producing a photon without imposing any isolation. The

direct part is not collinear safe by itself, but its divergences cancel against the fragmentation

part of the cross section. A more compact (and slightly more general) way of writing

formula (3.1) is

d�(✏� , R)

dE�

=
X

i=�,q,q̄,g

Z
dz

d�i+X

dEi

Fi!�(z, E� , E0, R) . (3.2)

Note that in this second form the sum over partons includes the photon. Throughout our

paper, we work at leading order in the electromagnetic coupling ↵ and neglect its running

so that we have

F�!� = �(1 � z) , (3.3)
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Ei Ej = zpEi

Eh

Ein + Eout

Ii!j Dj!�

E� = zhEj = zEi

Figure 3. Kinematics of the factorization (3.8) of the cone fragmentation function Fi!� into a
perturbative and non-perturbative part. The radiated partons in the perturbative part Ii!j can be
inside or outside the isolation cone, while the non-perturbative radiation in Dj!� is always inside.
The perturbative momentum fraction is zp = z/zh.

where we used that zp = z/zh, see Figure 3. While the non-perturbative partons are

always inside the cone, the perturbative ones scaling as (3.4) can be inside or outside. The

constraint only acts on the inside part Ein of their energy. The constraint on on the energy

inside the cone implies that zh > 1/(1+ ✏�). In the limit ✏� ! 0, the zh integration in (3.8)

no longer has any support. In this situation, the only contribution arises from j = �

D�!�(zh, µ) = �(1 � zh) , (3.10)

rendering the fragmentation purely perturbative up to power corrections in ✏� . The limit

of small isolation energy will be considered in detail below.

The scaling (3.7) and the structure of (3.8) make it clear why there is no non-

perturbative contribution for smooth-cone isolation (2.2). Since the non-perturbative par-

tons (3.7) are very close to the center of the isolation cone, they are not allowed to carry

any energy since E0(r) ! 0 for r ! 0. This enforces zh ! 1 and the integral over zh has

no support and the only contribution arises again from D�!� in (3.10). The smooth-cone

fragmentation function is purely perturbative up to corrections suppressed by ⇤QCD/E� .

The factorization formula (3.1) is only valid up to corrections suppressed by the cone

radius R, but has the advantage that it captures all dependence on photon isolation. As

such it is well suited to analyze the dependence of cross sections on isolation parameters

and can also be used to convert a result from one isolation criterion to another. We

may, for example, convert a result computed using Frixione isolation to a result in fixed-

cone isolation by evaluating the di↵erence of the relevant fragmentation functions. A

second advantage of the factorization (3.1) is that it separates the hard scale E� ⇠
p

ŝ

from the collinear scale E�R associated with the fragmentation. This enables us to use

renormalization-group (RG) evolution to resum logarithms of R, the ratio of the two scales,

as discussed in detail in the next sections.

4 Isolation fragmentation functions

We will now analyze the factorization discussed in Section 3 in more detail. Let us start

by evaluating the isolation fragmentation functions at O(↵s). At this order, the only
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smooth-cone isolation: E
T

cone(r) < E0(r) = ✏�E
T
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T

�

✓
1 � cos r

1 � cos R

◆
n

(1.3)

�(r) =

✓
1 � cos r

1 � cos R

◆
n

(1.4)

E
�

T
> E

min

T
= 125GeV |⌘� | < 2.37

↵s(MZ) = 0.119 ↵EM = 1/132.507
p

s = 13TeV NNPDF23 nlo as 0119 qed mc

µf = µr = 125GeV

µa = 125GeV

Fi!�(z, µ) =
X

j=�,q,q̄,g

Ii!j(E�R, E0R, µ) ⌦ Dj!�(µ) . (1.5)

2 Introduction

An important category of physics probes at high-energy colliders are processes with elec-

troweak bosons in the final state. Among these, photons present special challenges: since

they are massless, they are abundant and are produced not only during the hard inter-

action, but can also arise as secondary emissions during jet fragmentation, hadronization

and hadron decay. The fragmentation process involves non-perturbative physics encoded in

photon fragmentation functions, originating from partons becoming collinear to the photon.

To reduce the contribution from secondary emissions, experiments impose isolation

requirements. To isolate a hard photon they put a cone of angular size R around it and

restrict the hadronic energy inside the cone to be lower than a certain cuto↵ E0. How

this cuto↵ is imposed depends on the isolation criterion. The simplest way is to impose a

constraint on the total hadronic energy Etot(R) inside the cone. At an e
+
e
� collider one

requires

fixed-cone isolation: E
cone

tot (R) < E0 = ✏�E� (2.1)

and the quantity R corresponds to the opening half-angle of the cone, i.e. a particle is inside

the cone if ✓ < R, where ✓ is the angle between the particle and the photon. At hadron

colliders, one instead imposes the constraint on the total transverse energy ET inside the

cone and defines E0 = ✏�E
�

T
.1 In the following, we will use the term energy to refer to either

the conventional or the transverse energy, depending on the collider under consideration.

At a hadron collider a particle is inside the cone if r < R with r =
p

(�⌘)2 + (��)2. Here,

�⌘ and �� are the pseudorapidity and azimuthal angle di↵erences between the photon and

1The transverse energy of a particle is defined as ET = E sin ✓b, where ✓b is its angle with respect to the

beam axis.
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µ

<latexit sha1_base64="gzIttbuAQWu5tcUC+9hXzPpvU7M=">AAAAAHicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPQY9OIxonlAsoTZyWwyZB7LzKwQlnyCR/UiXv0iD/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300BNpv1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiOgiEq5ZYDsyy/ZM/M/rpja+DjMmk9RSSRa74pQjq9DsdTRgmhLLJ45gopk7F5ER1phYF1DJ5RAsf71KWpfVoFYN7muV+k2eSBFO4BTOIYArqMMdNKAJBIbwDK/w5invxXv3PhatBS+fOYY/8D5/AEbJjuc=</latexit>

DGLAP

<latexit sha1_base64="D4nGuU2EFbtclEQ64WS/5xqLA5s=">AAAAAHicdVDLSgMxFM3UV62vqks3wSK4kJLpu7v6AF24qGAfMB1KJk3b0GRmSDJKGfoZLtWNuPVrXPg3pg9BRQ9cOJxzL/fe44WcKY3Qh5VYWl5ZXUuupzY2t7Z30rt7TRVEktAGCXgg2x5WlDOfNjTTnLZDSbHwOG15o/Op37qjUrHAv9XjkLoCD3zWZwRrIzlxRwp4cXl9Wp900xmURaViNY8gyhaRXa5WDUGoVMnnoG3IFBmwQL2bfu/0AhIJ6mvCsVKOjULtxlhqRjidpDqRoiEmIzygjqE+FlS58ezkCTwySg/2A2nK13Cmfp+IsVBqLLwTT5hmgfVQ/ban4l+eE+l+xY2ZH0aa+mS+qx9xqAM4jQD2mKRE87EhmEhmzoVkiCUm2gSVMjl8PQv/J81c1i5k7ZtCpna2SCQJDsAhOAY2KIMauAJ10AAEBOABPIFn6956tF6s13lrwlrM7IMfsN4+Abhokf0=</latexit>

DGLAP

<latexit sha1_base64="D4nGuU2EFbtclEQ64WS/5xqLA5s=">AAAAAHicdVDLSgMxFM3UV62vqks3wSK4kJLpu7v6AF24qGAfMB1KJk3b0GRmSDJKGfoZLtWNuPVrXPg3pg9BRQ9cOJxzL/fe44WcKY3Qh5VYWl5ZXUuupzY2t7Z30rt7TRVEktAGCXgg2x5WlDOfNjTTnLZDSbHwOG15o/Op37qjUrHAv9XjkLoCD3zWZwRrIzlxRwp4cXl9Wp900xmURaViNY8gyhaRXa5WDUGoVMnnoG3IFBmwQL2bfu/0AhIJ6mvCsVKOjULtxlhqRjidpDqRoiEmIzygjqE+FlS58ezkCTwySg/2A2nK13Cmfp+IsVBqLLwTT5hmgfVQ/ban4l+eE+l+xY2ZH0aa+mS+qx9xqAM4jQD2mKRE87EhmEhmzoVkiCUm2gSVMjl8PQv/J81c1i5k7ZtCpna2SCQJDsAhOAY2KIMauAJ10AAEBOABPIFn6956tF6s13lrwlrM7IMfsN4+Abhokf0=</latexit>

<latexit sha1_base64="+YY9h7CVVKKuzFp3QxVa0vE4Ht8=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRYXEVCWoAsaKMjAwtBJ9SE0UOY7bWrWdyHZAVeinsDCAECtfwsbf4LYZoOVIlo7OOVf3+oQJo0o7zrdVWFvf2Nwqbpd2dvf2D+zyYUfFqcSkjWMWy16IFGFUkLammpFeIgniISPdcNyY+d0HIhWNxb2eJMTnaCjogGKkjRTYZe/OhCMUZJ7ksNW4mQZ2xak6c8BV4uakAnI0A/vLi2KcciI0Zkipvusk2s+Q1BQzMi15qSIJwmM0JH1DBeJE+dn89Ck8NUoEB7E0T2g4V39PZIgrNeGhSXKkR2rZm4n/ef1UD678jIok1UTgxaJByqCO4awHGFFJsGYTQxCW1NwK8QhJhLVpq2RKcJe/vEo651X3olpr1Sr167yOIjgGJ+AMuOAS1MEtaII2wOARPINX8GY9WS/Wu/WxiBasfOYI/IH1+QOAsJOF</latexit>

⇤QCD

<latexit sha1_base64="R4Mc/+Rc1w6vJtnxmyqXAPv1KYM=">AAACAnicbVDLSsNAFJ34rPUVdSVugkVwVRIp6rIoiMsK9gFNCDfTSTt0JgkzE6GE4MZfceNCEbd+hTv/xkmbhbYeGDiccy9zzwkSRqWy7W9jaXlldW29slHd3Nre2TX39jsyTgUmbRyzWPQCkITRiLQVVYz0EkGAB4x0g/F14XcfiJA0ju7VJCEeh2FEQ4pBack3D10OaoSBZTe5n1FXxZY7BM4h982aXbensBaJU5IaKtHyzS93EOOUk0hhBlL2HTtRXgZCUcxIXnVTSRLAYxiSvqYRcCK9bBoht060MrDCWOgXKWuq/t7IgEs54YGeLA6W814h/uf1UxVeehmNklSRCM8+ClNm6aBFH9aACoIVm2gCWFB9q4VHIAAr3VpVl+DMR14knbO6c15v3DVqzauyjgo6QsfoFDnoAjXRLWqhNsLoET2jV/RmPBkvxrvxMRtdMsqdA/QHxucPr0qXoA==</latexit>

Fi!�

<latexit sha1_base64="bMIVNU/a1FxqsakQXbO1rirIkV4=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyyCq5JIUZdFN7qrYB/QhDCZTtqxk0mYmQg1BH/FjQtF3Pof7vwbJ20X2npg4HDOvcy5J0gYlcq2v43S0vLK6lp5vbKxubW9Y+7utWWcCkxaOGax6AZIEkY5aSmqGOkmgqAoYKQTjK4Kv/NAhKQxv1PjhHgRGnAaUoyUlnzzwI2QGmLEspvcz6irYus+982qXbMnsBaJMyNVmKHpm19uP8ZpRLjCDEnZc+xEeRkSimJG8oqbSpIgPEID0tOUo4hIL5ukz61jrfStMBb6cWVN1N8bGYqkHEeBniyyynmvEP/zeqkKL7yM8iRVhOPpR2HKLH1jUYXVp4JgxcaaICyozmrhIRIIK11YRZfgzJ+8SNqnNeesVr+tVxuXszrKcAhHcAIOnEMDrqEJLcDwCM/wCm/Gk/FivBsf09GSMdvZhz8wPn8A106VfA==</latexit>

Ii!j

<latexit sha1_base64="yjEf+a9NAKXKvumdC7rbLSgQCRo=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyyCq5JIUZdFXbisYB/QhHAznbRjZ5IwMxFKCG78FTcuFHHrV7jzb5y0XWjrgYHDOfcy95wgYVQq2/42SkvLK6tr5fXKxubW9o65u9eWcSowaeGYxaIbgCSMRqSlqGKkmwgCPGCkE4yuCr/zQISkcXSnxgnxOAwiGlIMSku+eeByUEMMLLvO/ezeVbHlDoBzyH2zatfsCaxF4sxIFc3Q9M0vtx/jlJNIYQZS9hw7UV4GQlHMSF5xU0kSwCMYkJ6mEXAivWwSIbeOtdK3wljoFylrov7eyIBLOeaBniwOlvNeIf7n9VIVXngZjZJUkQhPPwpTZumgRR9WnwqCFRtrAlhQfauFhyAAK91aRZfgzEdeJO3TmnNWq9/Wq43LWR1ldIiO0Aly0DlqoBvURC2E0SN6Rq/ozXgyXox342M6WjJmO/voD4zPH62zl58=</latexit>

Dj!�

<latexit sha1_base64="5QjZ//oy+KHhCMqNHneR+//ZO1I=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF6XMSFGXRSm4rMU+oDMMmTTThiaZIckIZShu/BU3LhRx61e4829MHwttPXDhcM693HtPmDCqtON8W7mV1bX1jfxmYWt7Z3fP3j9oqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB0ObyZ++4FIRWNxr0cJ8TnqCxpRjLSRAvuoFnh9xDmCXqkBPUU5rAWOV4KNwC46ZWcKuEzcOSmCOeqB/eX1YpxyIjRmSKmu6yTaz5DUFDMyLnipIgnCQ9QnXUMF4kT52fSFMTw1Sg9GsTQlNJyqvycyxJUa8dB0cqQHatGbiP953VRHV35GRZJqIvBsUZQyqGM4yQP2qCRYs5EhCEtqboV4gCTC2qRWMCG4iy8vk9Z52b0oV+4qxer1PI48OAYn4Ay44BJUwS2ogybA4BE8g1fwZj1ZL9a79TFrzVnzmUPwB9bnDy4ylV4=</latexit>

E� R ⇠ E0 R
<latexit sha1_base64="DyARGsfpL8QycdvCWDkR5fommbE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMdSLx4r2A9oQtlsN+nS3U3Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJVyeZIrRDEp6ofog15UzSjmGG036qKBYhp71wcjf3e09UaZbIRzNNaSBwLFnECDZW6vktFsf+bFituXV3AbROvILUoEB7WP3yRwnJBJWGcKz1wHNTE+RYGUY4nVX8TNMUkwmO6cBSiQXVQb44d4YurDJCUaJsSYMW6u+JHAutpyK0nQKbsV715uJ/3iAz0W2QM5lmhkqyXBRlHJkEzX9HI6YoMXxqCSaK2VsRGWOFibEJVWwI3urL66R7Vfeu642HRq3ZKuIowxmcwyV4cANNuIc2dIDABJ7hFd6c1Hlx3p2PZWvJKWZO4Q+czx8oNY93</latexit>)

<latexit sha1_base64="c4TeTLbY2TfETA0IjcKkXbcOzno=">AAAB/XicbVDLSsNAFL3xWesrPnZuBosgCCWRoi6LblxWsA9oQphMpu3QmSTMTIQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5hyprTjfFtLyyura+uljfLm1vbOrr2331JJJgltkoQnshNiRTmLaVMzzWknlRSLkNN2OLyZ+O0HKhVL4ns9SqkvcD9mPUawNlJgH0aeYn2BgxyHyNMJYmedcWBXnKozBVokbkEqUKAR2F9elJBM0FgTjpXquk6q/RxLzQin47KXKZpiMsR92jU0xoIqP59eP0YnRolQL5GmYo2m6u+JHAulRiI0nQLrgZr3JuJ/XjfTvSs/Z3GaaRqT2aJexpH5chIFipikRPORIZhIZm5FZIAlJtoEVjYhuPMvL5LWedW9qNbuapX6dRFHCY7gGE7BhUuowy00oAkEHuEZXuHNerJerHfrY9a6ZBUzB/AH1ucP0c+U0g==</latexit>

d�ab!i+X

U l

<latexit sha1_base64="1YRsYGXiAbZjQD/952p2KeDS9zU=">AAAAAHicbVBPS8MwHE3nvzn/VQUvXoJD8CCjlYEeh148TrDbYC0lzbItLElLkgqj9uYn8ahexKtfw4PfxnTrQTcfBB7v/X78Xl6UMKq043xblZXVtfWN6mZta3tnd8/eP+ioOJWYeDhmsexFSBFGBfE01Yz0EkkQjxjpRpObwu8+EKloLO71NCEBRyNBhxQjbaTQPvIjnvkc6TFGLPPyPMwgg3lo152GMwNcJm5J6qBEO7S//EGMU06Exgwp1XedRAcZkppiRvKanyqSIDxBI9I3VCBOVJDN8ufw1CgDOIyleULDmfp7I0NcqSmPziNuhouwatEuxP+8fqqHV0FGRZJqIvD81jBlUMew6AMOqCRYs6khCEtq4kI8RhJhbVqrmR7cxV8vk85Fw2023LtmvXVdNlIFx+AEnAEXXIIWuAVt4AEMHsEzeAVv1pP1Yr1bH/PRilXuHII/sD5/ADBKl0E=</latexit>

Ji!l+�

<latexit sha1_base64="yQsiB7xu+5PbNypLsngUX1qONTg=">AAAAAHicbVDLSgMxFM3UV62vqks30SIIlTIjBV0W3YirCvYBnaHcSdM2NJkZkoxShvkIl36JS3Ujbl248G9M21lo64HA4Zx7uTnHjzhT2ra/rdzS8srqWn69sLG5tb1T3N1rqjCWhDZIyEPZ9kFRzgLa0Exz2o4kBeFz2vJHVxO/dU+lYmFwp8cR9QQMAtZnBLSRusWy64vEFaCHBHhyk6bdxD1krmSDoQYpwwfMcdkdgBCQdoslu2JPgReJk5ESylDvFr/cXkhiQQNNOCjVcexIewlIzQinacGNFY2AjGBAO4YGIKjykmmoFB8bpYf7oTQv0Hiq/t5IQCg1Fv6pL8zwJIGatyfif14n1v0LL2FBFGsakNmtfsyxDvGkJNxjkhLNx4YAkcx8F5MhSCDaVFkwPTjzqRdJ86ziVCvObbVUu8wayaMDdIROkIPOUQ1dozpqIIIe0TN6RW/Wk/VivVsfs9Gcle3soz+wPn8Aj6+gHQ==</latexit>

E� ⇠ ŝ

<latexit sha1_base64="trE+ssQbHN2S/l8JtCC5yae2KCU=">AAAAAHicbVBNS8NAEN3Ur1q/ouLJy2IRPEhJpKDHoggeK9gPaEKYbDft0t0k7G6EEnryl3hUL+LV3+HBf+O2zUFbHww83pthZl6Ycqa043xbpZXVtfWN8mZla3tnd8/eP2irJJOEtkjCE9kNQVHOYtrSTHPaTSUFEXLaCUc3U7/zSKViSfygxyn1BQxiFjEC2kiBfXQbeAMQArCnmMDeEHSuJoFddWrODHiZuAWpogLNwP7y+gnJBI014aBUz3VS7ecgNSOcTipepmgKZAQD2jM0BkGVn8/On+BTo/RxlEhTscYz9fdEDkKpsQjPQ2GaBeihWrSn4n9eL9PRlZ+zOM00jcl8V5RxrBM8jQP3maRE87EhQCQz52IyBAlEm9AqJgd38etl0r6oufWae1+vNq6LRMroGJ2gM+SiS9RAd6iJWoigHD2jV/RmPVkv1rv1MW8tWcXMIfoD6/MH2CeWeg==</latexit>

E�R

<latexit sha1_base64="lDIVPj9o9WpEbPjtzJMYAAjAI1M=">AAAAAHicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgB6DIniMYh6YhNA7mSRDZmaXmdlACPkLj+pFvPo3HvwbJ8keNLGgoajqprsrjAU31ve/vZXVtfWNzcxWdntnd28/d3BYNVGiKavQSES6HqJhgitWsdwKVo81QxkKVgsHN1O/NmTa8Eg92lHMWhJ7inc5Reukp9t2s4dSInlo5/J+wZ+BLJMgJXlIUW7nvpqdiCaSKUsFGtMI/Ni2xqgtp4JNss3EsBjpAHus4ahCyUxrPLt4Qk6d0iHdSLtSlszU3xNjlMaMZHgeStcs0fbNoj0V//Maie1etcZcxYllis53dRNBbESmCZAO14xaMXIEqebuXEL7qJFal1PW5RAsfr1MqheFoFgI7ov50nWaSAaO4QTOIIBLKMEdlKECFBQ8wyu8eUPvxXv3PuatK146cwR/4H3+ALqNkWQ=</latexit>

NGL

<latexit sha1_base64="9AaHQZopSoA7XA/LQuihqMtDx+Y=">AAAAAHicdVBNSwMxEM3Wr1q/qh69BIvgQZbdurT1VvSgB5EKtlbapWTTbBuaZJckK5Slv8KjehGv/hwP/huzbQUVfTDweG+GmXlBzKjSjvNh5RYWl5ZX8quFtfWNza3i9k5LRYnEpIkjFsl2gBRhVJCmppqRdiwJ4gEjt8HoLPNv74lUNBI3ehwTn6OBoCHFSBvpLu1KDq/OLye9YsmxT2qVsleBju04VbfsZqRc9Y496BolQwnM0egV37v9CCecCI0ZUqrjOrH2UyQ1xYxMCt1EkRjhERqQjqECcaL8dHrwBB4YpQ/DSJoSGk7V7xMp4kqNeXAUcNPMkR6q33Ym/uV1Eh3W/JSKONFE4NmuMGFQRzALAPapJFizsSEIS2rOhXiIJMLaxFQwOXw9C/8nrbLterZ77ZXqp/NE8mAP7IND4IIqqIML0ABNgAEHD+AJPFuJ9Wi9WK+z1pw1n9kFP2C9fQKQfJFb</latexit>

µ

<latexit sha1_base64="gzIttbuAQWu5tcUC+9hXzPpvU7M=">AAAAAHicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPQY9OIxonlAsoTZyWwyZB7LzKwQlnyCR/UiXv0iD/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300BNpv1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiOgiEq5ZYDsyy/ZM/M/rpja+DjMmk9RSSRa74pQjq9DsdTRgmhLLJ45gopk7F5ER1phYF1DJ5RAsf71KWpfVoFYN7muV+k2eSBFO4BTOIYArqMMdNKAJBIbwDK/w5invxXv3PhatBS+fOYY/8D5/AEbJjuc=</latexit>

E0R

<latexit sha1_base64="paTXY+MP4ccNY3ucmf1RAR0R9AU=">AAAAAHicbVBNSwMxEJ2tX7V+VT16CRbBg5RdKeixKILHKm5baJeSTbNtaJJdk6xQlv4Gj+pFvPqDPPhvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFaE+iXms2iHWlDNJfcMMp+1EUSxCTlvh6Hrqt56o0iyWD2ac0EDggWQRI9hYyb/puei+V664VXcGtEy8nFQgR6NX/ur2Y5IKKg3hWOuO5yYmyLAyjHA6KXVTTRNMRnhAO5ZKLKgOstmxE3RilT6KYmVLGjRTf09kWGg9FuFZKGyzwGaoF+2p+J/XSU10GWRMJqmhksx3RSlHJkbT51GfKUoMH1uCiWL2XESGWGFibEQlm4O3+PUyaZ5XvVrVu6tV6ld5IkU4gmM4BQ8uoA630AAfCDB4hld4cx6dF+fd+Zi3Fpx85hD+wPn8AZ5ljwM=</latexit>

DGLAP

<latexit sha1_base64="D4nGuU2EFbtclEQ64WS/5xqLA5s=">AAAAAHicdVDLSgMxFM3UV62vqks3wSK4kJLpu7v6AF24qGAfMB1KJk3b0GRmSDJKGfoZLtWNuPVrXPg3pg9BRQ9cOJxzL/fe44WcKY3Qh5VYWl5ZXUuupzY2t7Z30rt7TRVEktAGCXgg2x5WlDOfNjTTnLZDSbHwOG15o/Op37qjUrHAv9XjkLoCD3zWZwRrIzlxRwp4cXl9Wp900xmURaViNY8gyhaRXa5WDUGoVMnnoG3IFBmwQL2bfu/0AhIJ6mvCsVKOjULtxlhqRjidpDqRoiEmIzygjqE+FlS58ezkCTwySg/2A2nK13Cmfp+IsVBqLLwTT5hmgfVQ/ban4l+eE+l+xY2ZH0aa+mS+qx9xqAM4jQD2mKRE87EhmEhmzoVkiCUm2gSVMjl8PQv/J81c1i5k7ZtCpna2SCQJDsAhOAY2KIMauAJ10AAEBOABPIFn6956tF6s13lrwlrM7IMfsN4+Abhokf0=</latexit>

<latexit sha1_base64="R4Mc/+Rc1w6vJtnxmyqXAPv1KYM=">AAACAnicbVDLSsNAFJ34rPUVdSVugkVwVRIp6rIoiMsK9gFNCDfTSTt0JgkzE6GE4MZfceNCEbd+hTv/xkmbhbYeGDiccy9zzwkSRqWy7W9jaXlldW29slHd3Nre2TX39jsyTgUmbRyzWPQCkITRiLQVVYz0EkGAB4x0g/F14XcfiJA0ju7VJCEeh2FEQ4pBack3D10OaoSBZTe5n1FXxZY7BM4h982aXbensBaJU5IaKtHyzS93EOOUk0hhBlL2HTtRXgZCUcxIXnVTSRLAYxiSvqYRcCK9bBoht060MrDCWOgXKWuq/t7IgEs54YGeLA6W814h/uf1UxVeehmNklSRCM8+ClNm6aBFH9aACoIVm2gCWFB9q4VHIAAr3VpVl+DMR14knbO6c15v3DVqzauyjgo6QsfoFDnoAjXRLWqhNsLoET2jV/RmPBkvxrvxMRtdMsqdA/QHxucPr0qXoA==</latexit>

Fi!�

<latexit sha1_base64="DyARGsfpL8QycdvCWDkR5fommbE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMdSLx4r2A9oQtlsN+nS3U3Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJVyeZIrRDEp6ofog15UzSjmGG036qKBYhp71wcjf3e09UaZbIRzNNaSBwLFnECDZW6vktFsf+bFituXV3AbROvILUoEB7WP3yRwnJBJWGcKz1wHNTE+RYGUY4nVX8TNMUkwmO6cBSiQXVQb44d4YurDJCUaJsSYMW6u+JHAutpyK0nQKbsV715uJ/3iAz0W2QM5lmhkqyXBRlHJkEzX9HI6YoMXxqCSaK2VsRGWOFibEJVWwI3urL66R7Vfeu642HRq3ZKuIowxmcwyV4cANNuIc2dIDABJ7hFd6c1Hlx3p2PZWvJKWZO4Q+czx8oNY93</latexit>)

<latexit sha1_base64="c4TeTLbY2TfETA0IjcKkXbcOzno=">AAAB/XicbVDLSsNAFL3xWesrPnZuBosgCCWRoi6LblxWsA9oQphMpu3QmSTMTIQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5hyprTjfFtLyyura+uljfLm1vbOrr2331JJJgltkoQnshNiRTmLaVMzzWknlRSLkNN2OLyZ+O0HKhVL4ns9SqkvcD9mPUawNlJgH0aeYn2BgxyHyNMJYmedcWBXnKozBVokbkEqUKAR2F9elJBM0FgTjpXquk6q/RxLzQin47KXKZpiMsR92jU0xoIqP59eP0YnRolQL5GmYo2m6u+JHAulRiI0nQLrgZr3JuJ/XjfTvSs/Z3GaaRqT2aJexpH5chIFipikRPORIZhIZm5FZIAlJtoEVjYhuPMvL5LWedW9qNbuapX6dRFHCY7gGE7BhUuowy00oAkEHuEZXuHNerJerHfrY9a6ZBUzB/AH1ucP0c+U0g==</latexit>

d�ab!i+X

Figure 2. The scales arising in the the factorization theorems (3.1) and (6.1), together with
the type of RG evolution needed to resum the associated logarithms. On the left we show the
factorization when R is small and the isolation energy E0 is parametrically of the same size as the
photon energy E� . On the right we show the factorization for R ⌧ 1 and ✏� = E0/E� ⌧ 1. In this
limit non-perturbative fragmentation e↵ects are suppressed by ✏� .

Note that in this second form the sum over partons includes the photon. Throughout our

paper, we work at leading order in the electromagnetic coupling ↵ and neglect its running

so that we have

F�!� = �(1 � z) , (3.3)

which leads back to the original form (3.1) of the equation.

The fact that the photon cross section involves a fragmentation function which de-

scribes the conversion of a parton into a photon plus collinear partons is well known

[47–49], see [50] for a recent review. What is di↵erent in our case is the definition and

role of the fragmentation function. The standard fragmentation functions encode non-

perturbative e↵ects in photon production, while our function includes all physics associated

with photon-isolation and therefore also has a perturbative component. The function Fi!�

in (3.2) describes the fragmentation of the energetic parton i into a photon in the presence

of the isolation cone, up to corrections suppressed by powers of R. Since we expand in

small R, the isolation cone radius is set to zero when the partonic cross section d�i+X is

computed, which leads to infrared (IR) divergences which match the UV divergences of the

fragmentation function.

In SCET, the fragmentation function is obtained as a matrix element of collinear fields,

whose light-cone momentum components scale as

(n · p, n̄ · p, p?) ⇠ E�(R
2
, 1, R) , (3.4)

where n
µ is a reference vector along the direction of the fragmenting parton. The ?-

directions are perpendicular to the fragmenting parton, not the beam. In this section, we do

not consider the hierarchy between E� and E0, i.e. we treat E� ⇠ E0, corresponding to the

situation shown on the left-hand side of Figure 2. The limit of small E0 will be considered

later in Section 6 and will lead to an additional factorization of the fragmentation functions.

– 6 –

E� ⇠ ŝ

<latexit sha1_base64="trE+ssQbHN2S/l8JtCC5yae2KCU=">AAAAAHicbVBNS8NAEN3Ur1q/ouLJy2IRPEhJpKDHoggeK9gPaEKYbDft0t0k7G6EEnryl3hUL+LV3+HBf+O2zUFbHww83pthZl6Ycqa043xbpZXVtfWN8mZla3tnd8/eP2irJJOEtkjCE9kNQVHOYtrSTHPaTSUFEXLaCUc3U7/zSKViSfygxyn1BQxiFjEC2kiBfXQbeAMQArCnmMDeEHSuJoFddWrODHiZuAWpogLNwP7y+gnJBI014aBUz3VS7ecgNSOcTipepmgKZAQD2jM0BkGVn8/On+BTo/RxlEhTscYz9fdEDkKpsQjPQ2GaBeihWrSn4n9eL9PRlZ+zOM00jcl8V5RxrBM8jQP3maRE87EhQCQz52IyBAlEm9AqJgd38etl0r6oufWae1+vNq6LRMroGJ2gM+SiS9RAd6iJWoigHD2jV/RmPVkv1rv1MW8tWcXMIfoD6/MH2CeWeg==</latexit>

µ

<latexit sha1_base64="gzIttbuAQWu5tcUC+9hXzPpvU7M=">AAAAAHicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPQY9OIxonlAsoTZyWwyZB7LzKwQlnyCR/UiXv0iD/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300BNpv1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiOgiEq5ZYDsyy/ZM/M/rpja+DjMmk9RSSRa74pQjq9DsdTRgmhLLJ45gopk7F5ER1phYF1DJ5RAsf71KWpfVoFYN7muV+k2eSBFO4BTOIYArqMMdNKAJBIbwDK/w5invxXv3PhatBS+fOYY/8D5/AEbJjuc=</latexit>

DGLAP

<latexit sha1_base64="D4nGuU2EFbtclEQ64WS/5xqLA5s=">AAAAAHicdVDLSgMxFM3UV62vqks3wSK4kJLpu7v6AF24qGAfMB1KJk3b0GRmSDJKGfoZLtWNuPVrXPg3pg9BRQ9cOJxzL/fe44WcKY3Qh5VYWl5ZXUuupzY2t7Z30rt7TRVEktAGCXgg2x5WlDOfNjTTnLZDSbHwOG15o/Op37qjUrHAv9XjkLoCD3zWZwRrIzlxRwp4cXl9Wp900xmURaViNY8gyhaRXa5WDUGoVMnnoG3IFBmwQL2bfu/0AhIJ6mvCsVKOjULtxlhqRjidpDqRoiEmIzygjqE+FlS58ezkCTwySg/2A2nK13Cmfp+IsVBqLLwTT5hmgfVQ/ban4l+eE+l+xY2ZH0aa+mS+qx9xqAM4jQD2mKRE87EhmEhmzoVkiCUm2gSVMjl8PQv/J81c1i5k7ZtCpna2SCQJDsAhOAY2KIMauAJ10AAEBOABPIFn6956tF6s13lrwlrM7IMfsN4+Abhokf0=</latexit>

DGLAP

<latexit sha1_base64="D4nGuU2EFbtclEQ64WS/5xqLA5s=">AAAAAHicdVDLSgMxFM3UV62vqks3wSK4kJLpu7v6AF24qGAfMB1KJk3b0GRmSDJKGfoZLtWNuPVrXPg3pg9BRQ9cOJxzL/fe44WcKY3Qh5VYWl5ZXUuupzY2t7Z30rt7TRVEktAGCXgg2x5WlDOfNjTTnLZDSbHwOG15o/Op37qjUrHAv9XjkLoCD3zWZwRrIzlxRwp4cXl9Wp900xmURaViNY8gyhaRXa5WDUGoVMnnoG3IFBmwQL2bfu/0AhIJ6mvCsVKOjULtxlhqRjidpDqRoiEmIzygjqE+FlS58ezkCTwySg/2A2nK13Cmfp+IsVBqLLwTT5hmgfVQ/ban4l+eE+l+xY2ZH0aa+mS+qx9xqAM4jQD2mKRE87EhmEhmzoVkiCUm2gSVMjl8PQv/J81c1i5k7ZtCpna2SCQJDsAhOAY2KIMauAJ10AAEBOABPIFn6956tF6s13lrwlrM7IMfsN4+Abhokf0=</latexit>

<latexit sha1_base64="+YY9h7CVVKKuzFp3QxVa0vE4Ht8=">AAAB+nicbVC7TsMwFHXKq5RXCiOLRYXEVCWoAsaKMjAwtBJ9SE0UOY7bWrWdyHZAVeinsDCAECtfwsbf4LYZoOVIlo7OOVf3+oQJo0o7zrdVWFvf2Nwqbpd2dvf2D+zyYUfFqcSkjWMWy16IFGFUkLammpFeIgniISPdcNyY+d0HIhWNxb2eJMTnaCjogGKkjRTYZe/OhCMUZJ7ksNW4mQZ2xak6c8BV4uakAnI0A/vLi2KcciI0Zkipvusk2s+Q1BQzMi15qSIJwmM0JH1DBeJE+dn89Ck8NUoEB7E0T2g4V39PZIgrNeGhSXKkR2rZm4n/ef1UD678jIok1UTgxaJByqCO4awHGFFJsGYTQxCW1NwK8QhJhLVpq2RKcJe/vEo651X3olpr1Sr167yOIjgGJ+AMuOAS1MEtaII2wOARPINX8GY9WS/Wu/WxiBasfOYI/IH1+QOAsJOF</latexit>
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<latexit sha1_base64="R4Mc/+Rc1w6vJtnxmyqXAPv1KYM=">AAACAnicbVDLSsNAFJ34rPUVdSVugkVwVRIp6rIoiMsK9gFNCDfTSTt0JgkzE6GE4MZfceNCEbd+hTv/xkmbhbYeGDiccy9zzwkSRqWy7W9jaXlldW29slHd3Nre2TX39jsyTgUmbRyzWPQCkITRiLQVVYz0EkGAB4x0g/F14XcfiJA0ju7VJCEeh2FEQ4pBack3D10OaoSBZTe5n1FXxZY7BM4h982aXbensBaJU5IaKtHyzS93EOOUk0hhBlL2HTtRXgZCUcxIXnVTSRLAYxiSvqYRcCK9bBoht060MrDCWOgXKWuq/t7IgEs54YGeLA6W814h/uf1UxVeehmNklSRCM8+ClNm6aBFH9aACoIVm2gCWFB9q4VHIAAr3VpVl+DMR14knbO6c15v3DVqzauyjgo6QsfoFDnoAjXRLWqhNsLoET2jV/RmPBkvxrvxMRtdMsqdA/QHxucPr0qXoA==</latexit>

Fi!�

<latexit sha1_base64="bMIVNU/a1FxqsakQXbO1rirIkV4=">AAAB/XicbVDLSsNAFL2pr1pf8bFzEyyCq5JIUZdFN7qrYB/QhDCZTtqxk0mYmQg1BH/FjQtF3Pof7vwbJ20X2npg4HDOvcy5J0gYlcq2v43S0vLK6lp5vbKxubW9Y+7utWWcCkxaOGax6AZIEkY5aSmqGOkmgqAoYKQTjK4Kv/NAhKQxv1PjhHgRGnAaUoyUlnzzwI2QGmLEspvcz6irYus+982qXbMnsBaJMyNVmKHpm19uP8ZpRLjCDEnZc+xEeRkSimJG8oqbSpIgPEID0tOUo4hIL5ukz61jrfStMBb6cWVN1N8bGYqkHEeBniyyynmvEP/zeqkKL7yM8iRVhOPpR2HKLH1jUYXVp4JgxcaaICyozmrhIRIIK11YRZfgzJ+8SNqnNeesVr+tVxuXszrKcAhHcAIOnEMDrqEJLcDwCM/wCm/Gk/FivBsf09GSMdvZhz8wPn8A106VfA==</latexit>
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<latexit sha1_base64="yjEf+a9NAKXKvumdC7rbLSgQCRo=">AAACAnicbVDLSsNAFJ3UV62vqCtxEyyCq5JIUZdFXbisYB/QhHAznbRjZ5IwMxFKCG78FTcuFHHrV7jzb5y0XWjrgYHDOfcy95wgYVQq2/42SkvLK6tr5fXKxubW9o65u9eWcSowaeGYxaIbgCSMRqSlqGKkmwgCPGCkE4yuCr/zQISkcXSnxgnxOAwiGlIMSku+eeByUEMMLLvO/ezeVbHlDoBzyH2zatfsCaxF4sxIFc3Q9M0vtx/jlJNIYQZS9hw7UV4GQlHMSF5xU0kSwCMYkJ6mEXAivWwSIbeOtdK3wljoFylrov7eyIBLOeaBniwOlvNeIf7n9VIVXngZjZJUkQhPPwpTZumgRR9WnwqCFRtrAlhQfauFhyAAK91aRZfgzEdeJO3TmnNWq9/Wq43LWR1ldIiO0Aly0DlqoBvURC2E0SN6Rq/ozXgyXox342M6WjJmO/voD4zPH62zl58=</latexit>
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<latexit sha1_base64="5QjZ//oy+KHhCMqNHneR+//ZO1I=">AAACAnicbVDLSgMxFM3UV62vUVfiJlgEF6XMSFGXRSm4rMU+oDMMmTTThiaZIckIZShu/BU3LhRx61e4829MHwttPXDhcM693HtPmDCqtON8W7mV1bX1jfxmYWt7Z3fP3j9oqTiVmDRxzGLZCZEijArS1FQz0kkkQTxkpB0ObyZ++4FIRWNxr0cJ8TnqCxpRjLSRAvuoFnh9xDmCXqkBPUU5rAWOV4KNwC46ZWcKuEzcOSmCOeqB/eX1YpxyIjRmSKmu6yTaz5DUFDMyLnipIgnCQ9QnXUMF4kT52fSFMTw1Sg9GsTQlNJyqvycyxJUa8dB0cqQHatGbiP953VRHV35GRZJqIvBsUZQyqGM4yQP2qCRYs5EhCEtqboV4gCTC2qRWMCG4iy8vk9Z52b0oV+4qxer1PI48OAYn4Ay44BJUwS2ogybA4BE8g1fwZj1ZL9a79TFrzVnzmUPwB9bnDy4ylV4=</latexit>

E� R ⇠ E0 R
<latexit sha1_base64="DyARGsfpL8QycdvCWDkR5fommbE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMdSLx4r2A9oQtlsN+nS3U3Y3Qgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5YcqZNq777ZQ2Nre2d8q7lb39g8Oj6vFJVyeZIrRDEp6ofog15UzSjmGG036qKBYhp71wcjf3e09UaZbIRzNNaSBwLFnECDZW6vktFsf+bFituXV3AbROvILUoEB7WP3yRwnJBJWGcKz1wHNTE+RYGUY4nVX8TNMUkwmO6cBSiQXVQb44d4YurDJCUaJsSYMW6u+JHAutpyK0nQKbsV715uJ/3iAz0W2QM5lmhkqyXBRlHJkEzX9HI6YoMXxqCSaK2VsRGWOFibEJVWwI3urL66R7Vfeu642HRq3ZKuIowxmcwyV4cANNuIc2dIDABJ7hFd6c1Hlx3p2PZWvJKWZO4Q+czx8oNY93</latexit>)

<latexit sha1_base64="c4TeTLbY2TfETA0IjcKkXbcOzno=">AAAB/XicbVDLSsNAFL3xWesrPnZuBosgCCWRoi6LblxWsA9oQphMpu3QmSTMTIQair/ixoUibv0Pd/6N0zYLbT1w4XDOvdx7T5hyprTjfFtLyyura+uljfLm1vbOrr2331JJJgltkoQnshNiRTmLaVMzzWknlRSLkNN2OLyZ+O0HKhVL4ns9SqkvcD9mPUawNlJgH0aeYn2BgxyHyNMJYmedcWBXnKozBVokbkEqUKAR2F9elJBM0FgTjpXquk6q/RxLzQin47KXKZpiMsR92jU0xoIqP59eP0YnRolQL5GmYo2m6u+JHAulRiI0nQLrgZr3JuJ/XjfTvSs/Z3GaaRqT2aJexpH5chIFipikRPORIZhIZm5FZIAlJtoEVjYhuPMvL5LWedW9qNbuapX6dRFHCY7gGE7BhUuowy00oAkEHuEZXuHNerJerHfrY9a6ZBUzB/AH1ucP0c+U0g==</latexit>
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<latexit sha1_base64="1YRsYGXiAbZjQD/952p2KeDS9zU=">AAAAAHicbVBPS8MwHE3nvzn/VQUvXoJD8CCjlYEeh148TrDbYC0lzbItLElLkgqj9uYn8ahexKtfw4PfxnTrQTcfBB7v/X78Xl6UMKq043xblZXVtfWN6mZta3tnd8/eP+ioOJWYeDhmsexFSBFGBfE01Yz0EkkQjxjpRpObwu8+EKloLO71NCEBRyNBhxQjbaTQPvIjnvkc6TFGLPPyPMwgg3lo152GMwNcJm5J6qBEO7S//EGMU06Exgwp1XedRAcZkppiRvKanyqSIDxBI9I3VCBOVJDN8ufw1CgDOIyleULDmfp7I0NcqSmPziNuhouwatEuxP+8fqqHV0FGRZJqIvD81jBlUMew6AMOqCRYs6khCEtq4kI8RhJhbVqrmR7cxV8vk85Fw2023LtmvXVdNlIFx+AEnAEXXIIWuAVt4AEMHsEzeAVv1pP1Yr1bH/PRilXuHII/sD5/ADBKl0E=</latexit>
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<latexit sha1_base64="yQsiB7xu+5PbNypLsngUX1qONTg=">AAAAAHicbVDLSgMxFM3UV62vqks30SIIlTIjBV0W3YirCvYBnaHcSdM2NJkZkoxShvkIl36JS3Ujbl248G9M21lo64HA4Zx7uTnHjzhT2ra/rdzS8srqWn69sLG5tb1T3N1rqjCWhDZIyEPZ9kFRzgLa0Exz2o4kBeFz2vJHVxO/dU+lYmFwp8cR9QQMAtZnBLSRusWy64vEFaCHBHhyk6bdxD1krmSDoQYpwwfMcdkdgBCQdoslu2JPgReJk5ESylDvFr/cXkhiQQNNOCjVcexIewlIzQinacGNFY2AjGBAO4YGIKjykmmoFB8bpYf7oTQv0Hiq/t5IQCg1Fv6pL8zwJIGatyfif14n1v0LL2FBFGsakNmtfsyxDvGkJNxjkhLNx4YAkcx8F5MhSCDaVFkwPTjzqRdJ86ziVCvObbVUu8wayaMDdIROkIPOUQ1dozpqIIIe0TN6RW/Wk/VivVsfs9Gcle3soz+wPn8Aj6+gHQ==</latexit>
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<latexit sha1_base64="trE+ssQbHN2S/l8JtCC5yae2KCU=">AAAAAHicbVBNS8NAEN3Ur1q/ouLJy2IRPEhJpKDHoggeK9gPaEKYbDft0t0k7G6EEnryl3hUL+LV3+HBf+O2zUFbHww83pthZl6Ycqa043xbpZXVtfWN8mZla3tnd8/eP2irJJOEtkjCE9kNQVHOYtrSTHPaTSUFEXLaCUc3U7/zSKViSfygxyn1BQxiFjEC2kiBfXQbeAMQArCnmMDeEHSuJoFddWrODHiZuAWpogLNwP7y+gnJBI014aBUz3VS7ecgNSOcTipepmgKZAQD2jM0BkGVn8/On+BTo/RxlEhTscYz9fdEDkKpsQjPQ2GaBeihWrSn4n9eL9PRlZ+zOM00jcl8V5RxrBM8jQP3maRE87EhQCQz52IyBAlEm9AqJgd38etl0r6oufWae1+vNq6LRMroGJ2gM+SiS9RAd6iJWoigHD2jV/RmPVkv1rv1MW8tWcXMIfoD6/MH2CeWeg==</latexit>
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<latexit sha1_base64="lDIVPj9o9WpEbPjtzJMYAAjAI1M=">AAAAAHicbVDLSgNBEOz1GeMr6tHLYBA8SNiVgB6DIniMYh6YhNA7mSRDZmaXmdlACPkLj+pFvPo3HvwbJ8keNLGgoajqprsrjAU31ve/vZXVtfWNzcxWdntnd28/d3BYNVGiKavQSES6HqJhgitWsdwKVo81QxkKVgsHN1O/NmTa8Eg92lHMWhJ7inc5Reukp9t2s4dSInlo5/J+wZ+BLJMgJXlIUW7nvpqdiCaSKUsFGtMI/Ni2xqgtp4JNss3EsBjpAHus4ahCyUxrPLt4Qk6d0iHdSLtSlszU3xNjlMaMZHgeStcs0fbNoj0V//Maie1etcZcxYllis53dRNBbESmCZAO14xaMXIEqebuXEL7qJFal1PW5RAsfr1MqheFoFgI7ov50nWaSAaO4QTOIIBLKMEdlKECFBQ8wyu8eUPvxXv3PuatK146cwR/4H3+ALqNkWQ=</latexit>

NGL

<latexit sha1_base64="9AaHQZopSoA7XA/LQuihqMtDx+Y=">AAAAAHicdVBNSwMxEM3Wr1q/qh69BIvgQZbdurT1VvSgB5EKtlbapWTTbBuaZJckK5Slv8KjehGv/hwP/huzbQUVfTDweG+GmXlBzKjSjvNh5RYWl5ZX8quFtfWNza3i9k5LRYnEpIkjFsl2gBRhVJCmppqRdiwJ4gEjt8HoLPNv74lUNBI3ehwTn6OBoCHFSBvpLu1KDq/OLye9YsmxT2qVsleBju04VbfsZqRc9Y496BolQwnM0egV37v9CCecCI0ZUqrjOrH2UyQ1xYxMCt1EkRjhERqQjqECcaL8dHrwBB4YpQ/DSJoSGk7V7xMp4kqNeXAUcNPMkR6q33Ym/uV1Eh3W/JSKONFE4NmuMGFQRzALAPapJFizsSEIS2rOhXiIJMLaxFQwOXw9C/8nrbLterZ77ZXqp/NE8mAP7IND4IIqqIML0ABNgAEHD+AJPFuJ9Wi9WK+z1pw1n9kFP2C9fQKQfJFb</latexit>

µ

<latexit sha1_base64="gzIttbuAQWu5tcUC+9hXzPpvU7M=">AAAAAHicbVDLSgNBEOyNrxhfUY9eBoPgQcKuBPQY9OIxonlAsoTZyWwyZB7LzKwQlnyCR/UiXv0iD/6Nk2QPmljQUFR1090VJZwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEo1oU2iuNKdCBvKmaRNyyynnURTLCJO29H4dua3n6g2TMlHO0loKPBQspgRbJ300BNpv1zxq/4caJUEOalAjka//NUbKJIKKi3h2Jhu4Cc2zLC2jHA6LfVSQxNMxnhIu45KLKgJs/mpU3TmlAGKlXYlLZqrvycyLIyZiOgiEq5ZYDsyy/ZM/M/rpja+DjMmk9RSSRa74pQjq9DsdTRgmhLLJ45gopk7F5ER1phYF1DJ5RAsf71KWpfVoFYN7muV+k2eSBFO4BTOIYArqMMdNKAJBIbwDK/w5invxXv3PhatBS+fOYY/8D5/AEbJjuc=</latexit>
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<latexit sha1_base64="paTXY+MP4ccNY3ucmf1RAR0R9AU=">AAAAAHicbVBNSwMxEJ2tX7V+VT16CRbBg5RdKeixKILHKm5baJeSTbNtaJJdk6xQlv4Gj+pFvPqDPPhvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPmjpOFaE+iXms2iHWlDNJfcMMp+1EUSxCTlvh6Hrqt56o0iyWD2ac0EDggWQRI9hYyb/puei+V664VXcGtEy8nFQgR6NX/ur2Y5IKKg3hWOuO5yYmyLAyjHA6KXVTTRNMRnhAO5ZKLKgOstmxE3RilT6KYmVLGjRTf09kWGg9FuFZKGyzwGaoF+2p+J/XSU10GWRMJqmhksx3RSlHJkbT51GfKUoMH1uCiWL2XESGWGFibEQlm4O3+PUyaZ5XvVrVu6tV6ld5IkU4gmM4BQ8uoA630AAfCDB4hld4cx6dF+fd+Zi3Fpx85hD+wPn8AZ5ljwM=</latexit>
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d�ab!i+X

Figure 2. The scales arising in the the factorization theorems (3.1) and (6.1), together with
the type of RG evolution needed to resum the associated logarithms. On the left we show the
factorization when R is small and the isolation energy E0 is parametrically of the same size as the
photon energy E� . On the right we show the factorization for R ⌧ 1 and ✏� = E0/E� ⌧ 1. In this
limit non-perturbative fragmentation e↵ects are suppressed by ✏� .

Note that in this second form the sum over partons includes the photon. Throughout our

paper, we work at leading order in the electromagnetic coupling ↵ and neglect its running

so that we have

F�!� = �(1 � z) , (3.3)

which leads back to the original form (3.1) of the equation.

The fact that the photon cross section involves a fragmentation function which de-

scribes the conversion of a parton into a photon plus collinear partons is well known

[47–49], see [50] for a recent review. What is di↵erent in our case is the definition and

role of the fragmentation function. The standard fragmentation functions encode non-

perturbative e↵ects in photon production, while our function includes all physics associated

with photon-isolation and therefore also has a perturbative component. The function Fi!�

in (3.2) describes the fragmentation of the energetic parton i into a photon in the presence

of the isolation cone, up to corrections suppressed by powers of R. Since we expand in

small R, the isolation cone radius is set to zero when the partonic cross section d�i+X is

computed, which leads to infrared (IR) divergences which match the UV divergences of the

fragmentation function.

In SCET, the fragmentation function is obtained as a matrix element of collinear fields,

whose light-cone momentum components scale as

(n · p, n̄ · p, p?) ⇠ E�(R
2
, 1, R) , (3.4)

where n
µ is a reference vector along the direction of the fragmenting parton. The ?-

directions are perpendicular to the fragmenting parton, not the beam. In this section, we do

not consider the hierarchy between E� and E0, i.e. we treat E� ⇠ E0, corresponding to the

situation shown on the left-hand side of Figure 2. The limit of small E0 will be considered

later in Section 6 and will lead to an additional factorization of the fragmentation functions.
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NLO cone fragmentation functions

outside part is independent of isolation
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R we have
e
+
e
� collider: � = R ,

proton collider: � = R sin ✓� = R/ cosh(⌘�) .
(3.5)

The hadron-collider result follows from analyzing r < R with r
2 = (�⌘)2 + (��)2 near

the limit where the quark is collinear to the photon. To present results independent of the

collider, we will express them in terms of the quantities � and Q. For the product of the

two at a hadron collider, we have

Q� =
2E

T
�

z sin ✓�
R sin ✓� =

2E
T
�

z
R , (3.6)

while we get Q� = 2E�R/z at a lepton collider.

Due to (3.4) the leading-order fragmentation function can naturally be split into two

terms, depending on whether the quark in the final state is inside or outside the isolation

cone

Fq!�(z, E� , E0, R, µ) = F
in

q!�(z, E� , E0, R, µ) + F
out

q!�(z, R E� , µ) , (3.7)

where the outside part is independent of the isolation. The bare result for the outside part

reads

F
out

q!�(z, R E�) =
↵EM Q

2
q

2⇡

⇢
P (z)


1

✏
� ln

✓
�
2
Q

2

µ2
(1 � z)2z2

◆�
� z

�
, (3.8)

with the d = 4 splitting kernel

P (z) =
1 + (1 � z)2

z
(3.9)

and after expressing the bare electromagnetic coupling ↵0 through the MS result via ↵0 =

Z↵↵EM(µ2
e
�E/(4⇡))✏, where �E is the Euler-Mascheroni constant. The renormalized result

is then obtained by subtracting the divergence in (3.8). The inside part for smooth-cone

isolation (1.2) is given by

F
in

q!�(z, E� , E0, R, µ) =
↵EMQ

2
q

2⇡
P (z)

1

n
ln

✓
z ✏�

1 � z

◆
✓

✓
z �

1

1 + ✏�

◆
, (3.10)

where n is the exponent parameter of the smooth-cone isolation condition (1.2). The

function F
in
q!� is finite and independent of of the cone radius, while the outside part has

logarithmic R dependence tied to its divergence. As it should be, the total fragmentation

function has a divergence proportional to the splitting kernel. Due to the constraint on the

inside energy, the inside fragmentation function has only support for large enough z and

vanishes in the limit ✏� ! 0. Expanding around this limit, we find

F
in

q!�(z, E� , E0, R, µ) =
↵EMQ

2
q

2⇡

1

n
✏� �(1 � z) + O(✏2�) . (3.11)

The ✏� suppression is expected since the collinear quark becomes soft and soft quarks are

power suppressed.
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min

T
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µa = 125GeV

Fi!�(z, µ) =
X

j=�,q,q̄,g

Ii!j(E�R, E0R, µ) ⌦ Dj!�(µ) . (1.5)

F
out

q!�(z, R E�) =
↵EM Q

2
q

2⇡

⇢
�P (z) ln

✓
R

2(2E
�

T
)2

µ2
(1 � z)2

◆
� z

�
, (1.6)

2 Introduction

An important category of physics probes at high-energy colliders are processes with elec-

troweak bosons in the final state. Among these, photons present special challenges: since

they are massless, they are abundant and are produced not only during the hard inter-

action, but can also arise as secondary emissions during jet fragmentation, hadronization

and hadron decay. The fragmentation process involves non-perturbative physics encoded in

photon fragmentation functions, originating from partons becoming collinear to the photon.

To reduce the contribution from secondary emissions, experiments impose isolation

requirements. To isolate a hard photon they put a cone of angular size R around it and

restrict the hadronic energy inside the cone to be lower than a certain cuto↵ E0. How

this cuto↵ is imposed depends on the isolation criterion. The simplest way is to impose a

constraint on the total hadronic energy Etot(R) inside the cone. At an e
+
e
� collider one

requires

fixed-cone isolation: E
cone

tot (R) < E0 = ✏�E� (2.1)

and the quantity R corresponds to the opening half-angle of the cone, i.e. a particle is inside

the cone if ✓ < R, where ✓ is the angle between the particle and the photon. At hadron

colliders, one instead imposes the constraint on the total transverse energy ET inside the

cone and defines E0 = ✏�E
�

T
.1 In the following, we will use the term energy to refer to either

the conventional or the transverse energy, depending on the collider under consideration.

1The transverse energy of a particle is defined as ET = E sin ✓b, where ✓b is its angle with respect to the

beam axis.
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collider, we will express them in terms of the quantities � and Q. For the product of the

two at a hadron collider, we have
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while we get Q� = 2E�R/z at a lepton collider.

Due to (4.4) the leading-order fragmentation function can naturally be split into two

terms, depending on whether the quark in the final state is inside or outside the isolation

cone

Fq!�(z, E� , E0, R, µ) = F
in

q!�(z, E� , E0, R, µ) + F
out

q!�(z, R E� , µ) , (4.7)

where the outside part is independent of the isolation. The bare result for the outside part

reads

F
out

q!�(z, R E�) =
↵EM Q

2
q
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, (4.8)

with the d = 4 splitting kernel

P (z) =
1 + (1 � z)2

z
(4.9)

and after expressing the bare electromagnetic coupling ↵0 through the MS result via ↵0 =

Z↵↵EM(µ2
e
�E/(4⇡))✏, where �E is the Euler-Mascheroni constant. The renormalized result

is then obtained by subtracting the divergence in (4.8). The inside part for smooth-cone

isolation (2.2) is given by

F
in

q!�(z, E� , E0, R, µ) =
↵EMQ

2
q

2⇡
P (z)

1

n
ln

✓
z ✏�

1 � z

◆
✓

✓
z �

1

1 + ✏�

◆
. (4.10)

It is finite and independent of of the cone radius, while the outside part has logarithmic R

dependence tied to its divergence. As it should be, the total fragmentation function has a

divergence proportional to the splitting kernel. Due to the constraint on the inside energy,

the inside fragmentation function has only support for large enough z and vanishes in the

limit ✏� ! 0. Expanding around this limit, we find

F
in

q!�(z, E� , E0, R, µ) =
↵EMQ

2
q

2⇡

1

n
✏� �(1 � z) + O(✏2�) . (4.11)

The ✏� suppression is expected since the collinear quark becomes soft and soft quarks are

power suppressed.

Let us now consider inside fragmentation for fixed-cone isolation (2.1). This case

is more complicated because the isolation fragmentation also involves non-perturbative

fragmentation, see (3.8). At zeroth order in ↵s, there are two contributions. We can either

have a trivial perturbative part

Ii!j(z, R, E� , Ein, µ) = �ij �(1 � z) + O(↵s) (4.12)
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collider, we will express them in terms of the quantities � and Q. For the product of the
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P (z) =
1 + (1 � z)2

z
(4.9)

and after expressing the bare electromagnetic coupling ↵0 through the MS result via ↵0 =

Z↵↵EM(µ2
e
�E/(4⇡))✏, where �E is the Euler-Mascheroni constant. The renormalized result

is then obtained by subtracting the divergence in (4.8). The inside part for smooth-cone

isolation (2.2) is given by

F
in

q!�(z, E� , E0, R, µ) =
↵EMQ

2
q
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n
ln

✓
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It is finite and independent of of the cone radius, while the outside part has logarithmic R

dependence tied to its divergence. As it should be, the total fragmentation function has a

divergence proportional to the splitting kernel. Due to the constraint on the inside energy,

the inside fragmentation function has only support for large enough z and vanishes in the

limit ✏� ! 0. Expanding around this limit, we find

F
in

q!�(z, E� , E0, R, µ) =
↵EMQ

2
q

2⇡

1

n
✏� �(1 � z) + O(✏2�) . (4.11)

The ✏� suppression is expected since the collinear quark becomes soft and soft quarks are

power suppressed.

Let us now consider inside fragmentation for fixed-cone isolation (2.1). This case

is more complicated because the isolation fragmentation also involves non-perturbative

fragmentation, see (3.8). At zeroth order in ↵s, there are two contributions. We can either

have a trivial perturbative part

Ii!j(z, R, E� , Ein, µ) = �ij �(1 � z) + O(↵s) (4.12)
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Table 1. Kinematics and input parameters used for the cross section computations in this paper.
For our fixed-order computations in Section 4 we use the default scales µa = µf = µr = 125GeV,
where µr and µf are the renormalization and factorization scales, respectively, and µa is the scale
associated with the non-perturbative fragmentation function. For the resummed results, we use
µh = µf = µr = E

�
T , µj = R E

�
T and µ0 = R E0 as the default.

together with a non-perturbative fragmentation contribution, or we have photon production

from a quark or anti-quark in the perturbative part Ii!� followed by the trivial photon-to-

photon fragmentation D�!� = �(1 � z). Up to corrections of order ↵s, we can thus write

the inside part for fixed-cone isolation as

F
in

i!�(z, R, E� , E0, µ) =

2

4Di!�(z, µ) +
X

k=q,q̄

�ik I
in

k!�
(z, R, E� , µ)

3

5 ✓

✓
z �

1

1 + ✏�

◆
(4.13)

and for the perturbative part, we find

I
in

q!�(z, R, E� , µ) =
↵EM Q

2
q

2⇡
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P (z)


�

1

✏
+ ln

✓
�
2
Q

2

µ2
(1 � z)2z2

◆�
+ z

�
. (4.14)

Note that this is the opposite of F
out
q!� in (4.8). In the absence of the isolation energy

constraint in (4.13), the two contributions would exactly cancel since the perturbative

part of the fragmentation function becomes scaleless. This is sensible: without the energy

constraint, the isolation becomes trivial and the entire fragmentation reduces to the non-

perturbative fragmentation function Di!� . We also note that the anomalous dimension of

the fragmentation function is the same for smooth-cone and fixed-cone isolation. Since the

same anomalous dimension also drives the evolution of the hard part given by the partonic

amplitudes d�i+X in (3.1) it cannot depend on the isolation requirement.

The fragmentation function factorization is valid up to power corrections in R and

with the functions at hand, it is interesting to check numerically whether (3.1) describes

the isolation e↵ects in the NLO photon production cross section at the experimentally

used value R = 0.4. To this end, we consider proton proton collisions at
p

s = 13TeV

and compute the cross section for isolated photons with E
�

T
> E

min

T
= 125 GeV. For our

numerical studies of photon isolation e↵ects, we will use the kinematic setup and input

parameters listed in Table 1 throughout the paper.

To study the dependence on isolation parameters, we consider smooth-cone isolation

(2.2) and compute the di↵erence to a reference cross section

�� = � (✏� , n, R) � �(✏ref� , n
ref

, R
ref) . (4.15)
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2 Introduction

An important category of physics probes at high-energy colliders are processes with elec-

troweak bosons in the final state. Among these, photons present special challenges: since

they are massless, they are abundant and are produced not only during the hard inter-

action, but can also arise as secondary emissions during jet fragmentation, hadronization

and hadron decay. The fragmentation process involves non-perturbative physics encoded in

photon fragmentation functions, originating from partons becoming collinear to the photon.

To reduce the contribution from secondary emissions, experiments impose isolation

requirements. To isolate a hard photon they put a cone of angular size R around it and

restrict the hadronic energy inside the cone to be lower than a certain cuto↵ E0. How

this cuto↵ is imposed depends on the isolation criterion. The simplest way is to impose a

constraint on the total hadronic energy Etot(R) inside the cone. At an e
+
e
� collider one

requires

fixed-cone isolation: E
cone

tot (R) < E0 = ✏�E� (2.1)

and the quantity R corresponds to the opening half-angle of the cone, i.e. a particle is inside

the cone if ✓ < R, where ✓ is the angle between the particle and the photon. At hadron

colliders, one instead imposes the constraint on the total transverse energy ET inside the
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Figure 4. Dependence of �� on the cone radius R. The lines labeled ��
NLO are the di↵erence of

the full NLO cross sections. For the lines labeled ��
g/ in the right plot gluons inside the isolation

cones were vetoed. The dots represent �� = �i⌦�Fi!� computed with the fragmentation function
according to (3.16), which is independent of ✏� for ✏� = ✏
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numerical studies of photon isolation e↵ects, we will use the kinematic setup and input

parameters listed in Table 1 throughout the paper.

To study the dependence on isolation parameters, we consider smooth-cone isolation

(1.2) and compute the di↵erence to a reference cross section

�� = � (✏� , n, R) � �(✏ref� , n
ref

, R
ref) . (3.15)

In the di↵erence �� the direct photon part in (2.1) drops out so that it is given by a

convolution of the partonic cross section with the fragmentation function. At this order,

the fragmenting parton is either a quark or anti-quark so that we have

�� =
X

i=q,q̄

Z 1

E
min
T

dEi

Z
1

zmin

dz
d�i+X

dEi

�Fi!� , (3.16)

where

�Fi!� = Fi!� (z, R, ✏� , n) � Fi!�

⇣
z, R

ref
, ✏

ref

� , n
ref

⌘
(3.17)

and zmin = E
min

T
/Ei.

To be able to convert the values for �� into results for the full cross section, we

computed some reference cross section values with MCFM [52] for the kinematics listed

in Table 1. The LO cross section is of course independent of the isolation requirement and

corresponds to

�
LO = 229�20

+22
pb , (3.18)

where the upper and lower values correspond to the change in cross section after increasing

and lowering µf = µr from the default value by a factor 2, respectively. The NLO cross

section values depend on isolation and we obtain

�
NLO

���
no isolation

= 495�51

+68
pb ,
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Smooth- vs fixed-cone isolation

• For fixed cone also inside part of            has ln(R) 
contribution, which is εγ dependent.


• For εγ → 0 inside part vanishes and one recovers 
smooth-cone R-dep!
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Figure 7. Radius dependence for fixed-cone isolation for di↵erent ✏� with R
ref = 0.4. The lines

show the full NLO cross sections, the dots correspond the the result obtained using the cone
fragmentation functions. In contrast to the smooth-cone result shown in Figure ??, the result
depends on ✏� .

� [pb] fixed cone n = 1 n = 2

✏� = 0.02 414.56 ± 0.34 413.31 ± 0.36 410.41 ± 0.37

✏� = 0.1 420.58 ± 0.38 422.05 ± 0.40 416.57 ± 0.39

✏� = 0.2 429.35 ± 0.32 429.10 ± 0.41 421.71 ± 0.40

Table 2. Cross-section at R = 0.4 for di↵erent photon isolation criteria. The cross section values
correspond to the kinematics and input specified in Table ?? with µf = µr = 125 GeV. For this
scale choice, the direct part of the cross section is �

dir
⇡ 308 pb.

sections values for di↵erent isolation criteria in Table ??. We observe that the cross section

di↵erences indeed decrease for small ✏� . Interestingly, the n = 1 cross section is fairly close

to the fixed-cone cross section over a fairly wide range of ✏� values.

Having illustrated the parameter dependence of the isolation cross section in di↵erent

examples and demonstrated that power suppressed e↵ects in R are small, we now turn to

the all-order resummation of ln(R) terms.

5 Resummation of ln(R) terms

Working with the form (??) of the factorization theorem, the renormalized fragmentation

functions fulfills the usual DGLAP evolution equation

d

d ln µ
Fi!�(z, µ) =

X

j=�,q,q̄,g

Pi!j ⌦ Fj!�

⌘

X

j=�,q,q̄,g

Z
1

z

dz
0

z0
Pi!j

⇣
z

z0

⌘
Fj!�(z

0
, µ) , (5.1)

where we suppress the dependence on the fragmentation function on the additional argu-

ments E� , E0, R and further parameters such as n. As is conventional, we use here the
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Note that this is the opposite of F
out
q!� in (??). In the absence of the isolation energy

constraint in (??), the two contributions would exactly cancel since the perturbative part

of the fragmentation function becomes scaleless. This is sensible: without the energy

constraint, the isolation becomes trivial and the entire fragmentation reduces to the non-

perturbative fragmentation function Di!� . We also note that the anomalous dimension of

the fragmentation function is the same for smooth-cone and fixed-cone isolation. Since the

same anomalous dimension also drives the evolution of the hard part given by the partonic

amplitudes d�i+X in (??) it cannot depend on the isolation requirement.

The fragmentation function factorization is valid up to power corrections in R and

with the functions at hand, it is interesting to check numerically whether (??) describes

the isolation e↵ects in the NLO photon production cross section at the experimentally

used value R = 0.4. To this end, we consider proton proton collisions at
p

s = 13TeV

and compute the cross section for isolated photons with E
�

T
> E

min

T
= 125 GeV. For our

numerical studies of photon isolation e↵ects, we will use the kinematic setup and input

parameters listed in Table ?? throughout the paper.

To study the dependence on isolation parameters, we consider smooth-cone isolation

(??) and compute the di↵erence to a reference cross section
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ref

, R
ref) . (4.15)

In the di↵erence �� the direct photon part in (??) drops out so that it is given by a

convolution of the partonic cross section with the fragmentation function. At this order,

the fragmenting parton is either a quark or anti-quark so that we have

�� =
X

i=q,q̄

Z 1

E
min
T

dEi

Z
1

zmin

dz
d�i+X

dEi

�Fi!� , (4.16)

where

�Fi!� = Fi!� (z, R, ✏� , n) � Fi!�

⇣
z, R

ref
, ✏

ref

� , n
ref

⌘
(4.17)
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Figure 1. Pictorial representation of the factorization theorems (3.1) and (6.1). The grey blob
represents the hard function, which describes the production of an energetic parton, which then
fragments into a photon plus additional radiation (blue region), as encoded by the cone fragmen-
tation function Fi!� in (3.1). For small isolation energy, this function factorizes further. The
energetic partons (blue lines) produced in the fragmentation are part of the jet function Ji!�+l

and must lie outside the isolation cone. These partons can then radiate soft partons (red) into
the isolation cone (green). This radiation is encoded in the functions U l, which depend on the
directions and color charges of the energetic partons.

3 Factorization for isolated photon production at small cone radius R

For small isolation cone radius R a factorization theorem for isolated photon production

was presented in [44]. It reads

d�(E0, R)

dE�

=
d�

dir

�+X

dE�

+
X

i=q,q̄,g

Z
dz

d�i+X

dEi

Fi!�(z, E� , E0, R) + O(R) , (3.1)

where the isolation-cone fragmentation function Fi!� describes the fragmentation of the

hard parton with energy Ei into a photon with energy E� = zEi plus accompanying

hadronic radiation which is restricted to have energy smaller than E0 inside the cone, see

Figure 1. The precise definition of this function is given below. The quantity �
dir

�+X
is

the perturbative cross section for producing a photon without imposing any isolation. The

direct part is not collinear safe by itself, but its divergences cancel against the fragmentation

part of the cross section. A more compact (and slightly more general) way of writing

formula (3.1) is

d�(✏� , R)

dE�

=
X

i=�,q,q̄,g

Z
dz

d�i+X

dEi

Fi!�(z, E� , E0, R) . (3.2)

Note that in this second form the sum over partons includes the photon. Throughout our

paper, we work at leading order in the electromagnetic coupling ↵ and neglect its running

so that we have

F�!� = �(1 � z) , (3.3)
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• More generally: for small εγ the inside part at NLO 
becomes small 


• Non-perturbative fragmentation suppressed by εγ 


• and at NLO the following properties hold


• ln(R) dependence only from outside part


• All isolation prescriptions become identical!


• but at NNLO differences from out-in terms!
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Resummation of ln(R) terms

•           fullfills same DGLAP 
evolution equation as standard 
fragmentation function


• Solve DGLAP equation 
numerically to resum ln(R) 
enhanced higher-order 
contributions


• Implemented evolution in 
moment space, interface to 
tree-level generator
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d�ab!i+X

Figure 2. The scales arising in the the factorization theorems (3.1) and (6.1), together with
the type of RG evolution needed to resum the associated logarithms. On the left we show the
factorization when R is small and the isolation energy E0 is parametrically of the same size as the
photon energy E� . On the right we show the factorization for R ⌧ 1 and ✏� = E0/E� ⌧ 1. In this
limit non-perturbative fragmentation e↵ects are suppressed by ✏� .

direct part is not collinear safe by itself, but its divergences cancel against the fragmentation

part of the cross section. A more compact (and slightly more general) way of writing

formula (3.1) is

d�(✏� , R)

dE�

=
X

i=�,q,q̄,g

Z
dz

d�i+X

dEi

Fi!�(z, E� , E0, R) . (3.2)

Note that in this second form the sum over partons includes the photon. Throughout our

paper, we work at leading order in the electromagnetic coupling ↵ and neglect its running

so that we have

F�!� = �(1 � z) , (3.3)

which leads back to the original form (3.1) of the equation.

The fact that the photon cross section involves a fragmentation function which de-

scribes the conversion of a parton into a photon plus collinear partons is well known

[47–49], see [50] for a recent review. What is di↵erent in our case is the definition and

role of the fragmentation function. The standard fragmentation functions encode non-

perturbative e↵ects in photon production, while our function includes all physics associated

with photon-isolation and therefore also has a perturbative component. The function Fi!�

in (3.2) describes the fragmentation of the energetic parton i into a photon in the presence

of the isolation cone, up to corrections suppressed by powers of R. Since we expand in

small R, the isolation cone radius is set to zero when the partonic cross section d�i+X is

computed, which leads to infrared (IR) divergences which match the UV divergences of the

fragmentation function.

In SCET, the fragmentation function is obtained as a matrix element of collinear fields,
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Figure 1. Pictorial representation of the factorization theorems (3.1) and (6.1). The grey blob
represents the hard function, which describes the production of an energetic parton, which then
fragments into a photon plus additional radiation (blue region), as encoded by the cone fragmen-
tation function Fi!� in (3.1). For small isolation energy, this function factorizes further. The
energetic partons (blue lines) produced in the fragmentation are part of the jet function Ji!�+l

and must lie outside the isolation cone. These partons can then radiate soft partons (red) into
the isolation cone (green). This radiation is encoded in the functions U l, which depend on the
directions and color charges of the energetic partons.

3 Factorization for isolated photon production at small cone radius R

For small isolation cone radius R a factorization theorem for isolated photon production

was presented in [44]. It reads

d�(E0, R)

dE�

=
d�

dir

�+X

dE�

+
X

i=q,q̄,g

Z
dz

d�i+X

dEi

Fi!�(z, E� , E0, R) + O(R) , (3.1)

where the isolation-cone fragmentation function Fi!� describes the fragmentation of the

hard parton with energy Ei into a photon with energy E� = zEi plus accompanying

hadronic radiation which is restricted to have energy smaller than E0 inside the cone, see

Figure 1. The precise definition of this function is given below. The quantity �
dir

�+X
is

the perturbative cross section for producing a photon without imposing any isolation. The

direct part is not collinear safe by itself, but its divergences cancel against the fragmentation

part of the cross section. A more compact (and slightly more general) way of writing

formula (3.1) is

d�(✏� , R)

dE�

=
X

i=�,q,q̄,g

Z
dz

d�i+X

dEi

Fi!�(z, E� , E0, R) . (3.2)

Note that in this second form the sum over partons includes the photon. Throughout our

paper, we work at leading order in the electromagnetic coupling ↵ and neglect its running

so that we have

F�!� = �(1 � z) , (3.3)
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ln(R) resummation

• Plot shows difference to reference NLO cross section


• Resummation cures pathological fixed-order behavior!
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Figure 9. E↵ect of ln(R) resummation, plotted as the di↵erence to the fixed-order cross section at
Rref = 0.4. Shown are the resummed result (red) and its fixed-order expansion (dashed) obtained
by setting µj = µh. We also show the full fixed-order result (black) evaluated with µr = µf = µh,
which also includes terms which are power suppressed in R. Above the orange dot-dashed line, the
cross section with isolation becomes larger than the inclusive cross section, which is unphysical.

overshoots the inclusive result for R < 0.2 shows that the fixed-order expansion breaks

down for small R, as was observed earlier in [22]. Resummation cures this problem. Of

course, this unitarity bound has to be taken with a grain of salt, since the inclusive cross

section depends on the non-perturbative fragmentation functions, which are poorly known.

6 Factorization for small isolation energy E0

If the isolation energy E0 is much smaller than the photon energy E� , a scale hierarchy

arises in the fragmentation function Fi!� . In the limit of small ✏� = E0/E� , energetic

partons can no longer enter the isolation cone, however, energetic partons outside the cone

can radiate back into the cone. This structure is at the heart of a second factorization,

which is depicted in Figure 1,

Fi!�(z, R E� , R E0, µ) =
1X

l=1

hJi!�+l({n}, R E� , z, µ) ⌦ U l ({n}, R E0, µ)i , (6.1)

and is valid in the limit of small ✏� . The fragmentation function factorizes into jet func-

tions Ji!�+l describing the energetic partons accompanying the photon and functions U l

describing the low-energy radiation into the cone. This radiation is sensitive to the di-

rections {n} = {n1, . . . , nl} and color charges of the l energetic partons. The symbol ⌦

denotes the integral over the directions of the hard partons and the photon. The same

symbol was used in Section 5 to denote the Mellin convolution; the context makes it clear

what the symbol indicates. The notation h. . . i indicates the color sum, which can be taken

after computing the emissions. In addition to directions of the l energetic partons, the
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Factorization and resummation 

for small isolation energy E0 

Figure 1. Pictorial representation of the factorization theorems (3.1) and (6.1). The grey blob
represents the hard function, which describes the production of an energetic parton, which then
fragments into a photon plus additional radiation (blue region), as encoded by the cone fragmen-
tation function Fi!� in (3.1). For small isolation energy, this function factorizes further. The
energetic partons (blue lines) produced in the fragmentation are part of the jet function Ji!�+l

and must lie outside the isolation cone. These partons can then radiate soft partons (red) into
the isolation cone (green). This radiation is encoded in the functions U l, which depend on the
directions and color charges of the energetic partons.

3 Factorization for isolated photon production at small cone radius R

For small isolation cone radius R a factorization theorem for isolated photon production

was presented in [44]. It reads

d�(E0, R)

dE�

=
d�

dir

�+X

dE�

+
X

i=q,q̄,g

Z
dz

d�i+X

dEi

Fi!�(z, E� , E0, R) + O(R) , (3.1)

where the isolation-cone fragmentation function Fi!� describes the fragmentation of the

hard parton with energy Ei into a photon with energy E� = zEi plus accompanying

hadronic radiation which is restricted to have energy smaller than E0 inside the cone, see

Figure 1. The precise definition of this function is given below. The quantity �
dir

�+X
is

the perturbative cross section for producing a photon without imposing any isolation. The

direct part is not collinear safe by itself, but its divergences cancel against the fragmentation

part of the cross section. A more compact (and slightly more general) way of writing

formula (3.1) is

d�(✏� , R)

dE�

=
X

i=�,q,q̄,g

Z
dz

d�i+X

dEi

Fi!�(z, E� , E0, R) . (3.2)

Note that in this second form the sum over partons includes the photon. Throughout our

paper, we work at leading order in the electromagnetic coupling ↵ and neglect its running

so that we have

F�!� = �(1 � z) , (3.3)
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For fixed-cone isolation, the energy inside the 
cone is always much smaller than the photon 
energy, e.g. 


For ATLAS E0  ≳ 5 GeV


• Only soft radiation inside cone


• large non-global logarithms, associated 
with the energy ratio εγ


• perturbation theory at low scale RE0


• fragmentation is suppressed
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1 Formulae for the talk

E
T

cone(R) < E0 = ✏�E
T

� (1.1)

2 Introduction

An important category of physics probes at high-energy colliders are processes with elec-

troweak bosons in the final state. Among these, photons present special challenges: since

they are massless, they are abundant and are produced not only during the hard inter-

action, but can also arise as secondary emissions during jet fragmentation, hadronization

and hadron decay. The fragmentation process involves non-perturbative physics encoded in

photon fragmentation functions, originating from partons becoming collinear to the photon.
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Factorization of      .

• Resum both ln(εγ) and ln(R).


• Lowest scale is  R E0 ≳ 1 GeV for ATLAS !
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Figure 1. Pictorial representation of the factorization theorems (3.1) and (6.1). The grey blob
represents the hard function, which describes the production of an energetic parton, which then
fragments into a photon plus additional radiation (blue region), as encoded by the cone fragmen-
tation function Fi!� in (3.1). For small isolation energy, this function factorizes further. The
energetic partons (blue lines) produced in the fragmentation are part of the jet function Ji!�+l

and must lie outside the isolation cone. These partons can then radiate soft partons (red) into
the isolation cone (green). This radiation is encoded in the functions U l, which depend on the
directions and color charges of the energetic partons.

3 Factorization for isolated photon production at small cone radius R

For small isolation cone radius R a factorization theorem for isolated photon production

was presented in [44]. It reads

d�(E0, R)

dE�

=
d�

dir

�+X

dE�

+
X

i=q,q̄,g

Z
dz

d�i+X

dEi

Fi!�(z, E� , E0, R) + O(R) , (3.1)

where the isolation-cone fragmentation function Fi!� describes the fragmentation of the

hard parton with energy Ei into a photon with energy E� = zEi plus accompanying

hadronic radiation which is restricted to have energy smaller than E0 inside the cone, see

Figure 1. The precise definition of this function is given below. The quantity �
dir

�+X
is

the perturbative cross section for producing a photon without imposing any isolation. The

direct part is not collinear safe by itself, but its divergences cancel against the fragmentation

part of the cross section. A more compact (and slightly more general) way of writing

formula (3.1) is

d�(✏� , R)

dE�

=
X

i=�,q,q̄,g

Z
dz

d�i+X

dEi

Fi!�(z, E� , E0, R) . (3.2)

Note that in this second form the sum over partons includes the photon. Throughout our

paper, we work at leading order in the electromagnetic coupling ↵ and neglect its running

so that we have

F�!� = �(1 � z) , (3.3)
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d�ab!i+X

Figure 2. The scales arising in the the factorization theorems (2.1) and (5.1), together with
the type of RG evolution needed to resum the associated logarithms. On the left we show the
factorization when R is small and the isolation energy E0 is parametrically of the same size as the
photon energy E� . On the right we show the factorization for R ⌧ 1 and ✏� = E0/E� ⌧ 1. In this
limit non-perturbative fragmentation e↵ects are suppressed by ✏� .

hadronic radiation which is restricted to have energy smaller than E0 inside the cone, see

Figure 1. The precise definition of this function is given below. The quantity �
dir

�+X
is

the perturbative cross section for producing a photon without imposing any isolation. The

direct part is not collinear safe by itself, but its divergences cancel against the fragmentation

part of the cross section. A more compact (and slightly more general) way of writing

formula (2.1) is

d�(✏� , R)

dE�

=
X

i=�,q,q̄,g

Z
dz

d�i+X

dEi

Fi!�(z, E� , E0, R) . (2.2)

Note that in this second form the sum over partons includes the photon. Throughout our

paper, we work at leading order in the electromagnetic coupling ↵ and neglect its running

so that we have

F�!� = �(1 � z) , (2.3)

which leads back to the original form (2.1) of the equation.

The fact that the photon cross section involves a fragmentation function which de-

scribes the conversion of a parton into a photon plus collinear partons is well known

[47–49], see [50] for a recent review. What is di↵erent in our case is the definition and

role of the fragmentation function. The standard fragmentation functions encode non-

perturbative e↵ects in photon production, while our function includes all physics associated

with photon-isolation and therefore also has a perturbative component. The function Fi!�

in (2.2) describes the fragmentation of the energetic parton i into a photon in the presence

of the isolation cone, up to corrections suppressed by powers of R. Since we expand in

small R, the isolation cone radius is set to zero when the partonic cross section d�i+X is

computed, which leads to infrared (IR) divergences which match the UV divergences of the

fragmentation function.
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Figure 1. Pictorial representation of the factorization theorems (3.1) and (6.1). The grey blob
represents the hard function, which describes the production of an energetic parton, which then
fragments into a photon plus additional radiation (blue region), as encoded by the cone fragmen-
tation function Fi!� in (3.1). For small isolation energy, this function factorizes further. The
energetic partons (blue lines) produced in the fragmentation are part of the jet function Ji!�+l

and must lie outside the isolation cone. These partons can then radiate soft partons (red) into
the isolation cone (green). This radiation is encoded in the functions U l, which depend on the
directions and color charges of the energetic partons.

3 Factorization for isolated photon production at small cone radius R
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d�(E0, R)

dE�

=
d�

dir

�+X

dE�

+
X
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Z
dz

d�i+X

dEi

Fi!�(z, E� , E0, R) + O(R) , (3.1)
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Figure 9. E↵ect of ln(R) resummation, plotted as the di↵erence to the fixed-order cross section at
Rref = 0.4. Shown are the resummed result (red) and its fixed-order expansion (dashed) obtained
by setting µj = µh. We also show the full fixed-order result (black) evaluated with µr = µf = µh,
which also includes terms which are power suppressed in R. Above the orange dot-dashed line, the
cross section with isolation becomes larger than the inclusive cross section, which is unphysical.

section without resummation. As expected resummation lowers the cross section since it

dampens the logarithmic growth of the NLO result. We also show the di↵erence between

the inclusive photon cross section and the reference cross section obtained from (3.20) as

an orange, dash-dotted line in the figure. To be physical, the isolated cross section has to

be smaller than the inclusive cross section. The fact that the isolated NLO cross section

overshoots the inclusive result for R < 0.2 shows that the fixed-order expansion breaks

down for small R, as was observed earlier in [22]. Resummation cures this problem. Of

course, this unitarity bound has to be taken with a grain of salt, since the inclusive cross

section depends on the non-perturbative fragmentation functions, which are poorly known.

5 Factorization for small isolation energy E0

If the isolation energy E0 is much smaller than the photon energy E� , a scale hierarchy

arises in the fragmentation function Fi!� . In the limit of small ✏� = E0/E� , energetic

partons can no longer enter the isolation cone, however, energetic partons outside the cone

can radiate back into the cone. This structure is at the heart of a second factorization,

which is depicted in Figure 1,

Fi!�(z, R E� , R E0, µ) =
1X

l=1

hJi!�+l({n}, R E� , z, µ) ⌦ U l ({n}, R E0, µ)i , (5.1)

and is valid in the limit of small ✏� . The fragmentation function factorizes into jet func-

tions Ji!�+l describing the energetic partons accompanying the photon and functions U l

describing the low-energy radiation into the cone. This radiation is sensitive to the di-

rections {n} = {n1, . . . , nl} and color charges of the l energetic partons. The symbol ⌦

– 19 –
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• Isolation cone is prime example of non-global observable


• Complicated pattern of higher-order terms, not captured by standard 
resummation methods. Even leading NGLs  (αs L)n  do not simply 
exponentiate! Dasgupta, Salam ’02


• Use ngl-resum to resum leading NGLs Balsiger, Becher, Ferroglia ’20 
after boosting to frame where cone is hemisphere


• see Nicolas Schalch’s talk for progress on resummation of subleading 
NGLs. 

28

Non-global logarithms (NGLs)

inout

nq

n̄

e⇥

Figure 10. Kinematics and example diagrams arising in the the parton shower computation of
ULL

q (e⇥, t). We use the rescaling invariance (7.1) and Lorentz invariance of the shower to evaluate
the function in a frame where n̄ and n� are back-to-back and the isolation cone covers the entire
right hemisphere. The left diagram shows an example of a two-loop global contribution, the right
one a non-global one.

7 shows the size of the power suppressed e↵ects at NLO. For ✏� = 0.02, the R depen-

dence at NLO is indeed very close to the one for smooth-cone isolation. We also provided

NLO cross section values in Table 2 to indicate the size of the remaining di↵erences. Of

course, to make optimal use of the formula (6.20), one would only use it to convert the

NNLO corrections and separately compute the NLO fixed-cone results so that the power

suppressed corrections to the formula are also suppressed by ↵
2
s. Numerically, the value of

�� obtained from (6.20) is quite small. Computing it for our standard setup detailed in

Table 1 for n = 1 and ✏� = ✏
ref
� , we obtain

�� = �1.3 pb . (6.21)

7 Resummation of ln(✏�) terms

To resum the leading logarithms of ✏� we solve the RG equations and run the jet function

from the jet scale µj ⇠ QR down to the scale µ0 ⇠ Q0R = Q✏�R, where we combine it

with the coft functions. To perform the resummation we will use the parton-shower code

NGL resum [46]. This code was developed to numerically perform the RG evolution and

the angular integrals over the directions of the additional partons that are emitted during

the evolution. It is not possible to apply the code directly to our problem, since we work in

the limit R ! 0, where the size of the isolation region goes to zero and the MC integration

over the angles would become highly ine�cient, as additional emissions would be enhanced

by logarithms of �. To use the code, we use the fact that the coft function is not depending

on � and Q0 individually, but only on the product. This is explicit in the one-loop result

(6.17), but can be proven formally by noting that the coft function is invariant under the

rescaling

� !
�

�
, Q0 ! � Q0 , n̄ ! � n̄ , n� !

n�

�
, ni !

ni

�
. (7.1)

To see this, note that the Wilson lines in (5.7) are invariant under rescalings of the light-

cone vectors and the rescaling also leaves the constraints on the energy and the angular

variables (6.1) and (6.2) invariant. Setting � = �, the invariance implies that we can run
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• NGLs much larger than global logs. Two-loop coefficient

29
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Figure 11. The left plot shows the coft function U
LL
q (e⇥, t). The right plot shows the convolution of

the jet and coft function, more precisely the convolution with the plus distribution shown in (7.7).
The orange dots correspond to the results of the parton shower; the dotted line is the fourth-order
polynomial in t fitted to these results.

The variable t ⌘ t(µj , µ0) encodes the dependence on the low scale. Since U
LL
q (0, t) = 1,

we can drop the plus-prescription and evaluate

Z
1

0

de⇥
e⇥

U
LL

q (e⇥, t) ⇡ �
⇡
2

2
t � 31.5t

2 + 105. t
3
� 535. t

4
. (7.7)

where the result on the right-hand side was obtained by fitting a fourth order polynomial

to the numerical parton shower results, obtained by sampling the e⇥ integral with 25 ⇥

105 values and running 500 showers at each value. The results of the parton shower are

compared to the fit results in the right panel of Figure 11 and agree quite well up to values

of t relevant for phenomenological applications. Up to running e↵ects, the di↵erent powers

of t correspond to the successive terms in the expansion in ↵s since

t =
↵s

4⇡
ln

µj

µ0

+ O(↵2

s). (7.8)

The leading term in the expansion in t can be obtained analytically by integrating the

logarithmic term in our result (6.17). In addition to performing the resummation, our

parton shower also computes this term and the numerical value agrees with the analytic

result to an accuracy better than a permille. The term linear in t is captured by NNLO

fixed-order computations of photon production. NNLO is necessary since �i+X , the cross

section to produce the fragmenting parton, is ↵s suppressed. Our parton shower also

computes the coe�cient of the t
2 term, with an accuracy of order of a few per cent.

The remaining two terms were determined by fitting to the shower results. Taking the

exponential of the one-loop contribution yields the “global” logarithms. Adopting this

terminology, the two-loop term is split into

� 31.5 = �43.7 (“non-global”) + 12.2 (“global”) (7.9)
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the shower for � = 1, where the opening angle is ⇡/2 after rescaling the energy to Q0�.

The shower computes the leading-logarithmic (LL) evolution

U
LL

q

⇣
e⇥, R E0, µ0

⌘
=

1X

m=2

D
U2m({n̄, nq, n}, µj , µ0) ⌦̂1

E
, (7.2)

where the evolution matrix

U({n̄, nq, n}, µj , µ0) = P exp

Z
µj

µ0

dµ

µ
�H({n}, µ)

�
, (7.3)

produces additional partons along the directions {n} and the symbol ⌦̂ indicates the in-

tegral over their directions. For LL resummation the exponent of the evolution matrix

reduces to
Z

µj

µ0

dµ

µ
�H =

Z
↵s(µj)

↵s(µ0)

d↵

�(↵)

↵

4⇡
�(1) =

1

2�0

ln
↵s(µ0)

↵s(µj)
�(1)

⌘ t�(1)
. (7.4)

The “evolution time” t measures the separation of the scales µj and µ0. The relevant

one-loop anomalous dimension �(1) can be found in [41] (by now also the two-loop result is

known [63]) and the solution of the evolution equation is detailed in [44, 46]. The shower

starts with a quark along the direction n̄ which fragments into a photon and a quark along

the nq direction with angular separation e⇥q. We use that the shower is Lorentz invariant

to choose a frame where

n
µ

� = (1, 0, 0, 1) , n̄
µ = (1, 0, 0, �1) , n

µ

q = (1, sin ✓�q, 0, cos ✓�q) , (7.5)

so that e⇥ = cot(✓�q/2) for our choice � = 1. The shower then generates successive emissions

outside the isolation cone (or hemisphere for � = 1) , until one emission is inside the cone

after which it terminates. The resulting function U
LL
q (e⇥, t) is plotted on the left hand side

of Figure 11. One thing that is obvious in the one-loop result (6.17) and in the plot is that

the function is trivial for e⇥ = 0, where U
LL
q (e⇥, t) = 1 independently of t. For e⇥ = 0, the

outgoing quark lies along the direction n̄ of the fragmenting quark. In this configuration,

the radiation of the two exactly cancels. One can view the fragmenting quark in the initial

state as an anti-quark in the final state to make the cancellation manifest. The most

radiation arises for e⇥ = 1, which corresponds to a configuration where the quark is at the

edge of the isolation cone.

One can interpolate the function U
LL
q (e⇥, t) and then evaluate the angular convolution

with the jet function (6.8), but it is more e�cient to also Monte-Carlo integrate over e⇥
and directly compute the convolution (6.8) inside the parton shower code. To do so, we

we first use U
LL
q (0, t) = 1 to compute the �-function terms and obtain

Z
1

0

de⇥
D
Jq!�+q

⇣
e⇥, R E� , z, µj

⌘
U
LL

q (e⇥, t)
E

=
Q

2

i
↵EM

2⇡

h
� P (z) ln

 
�
2
Q

2

µ2

j

(z � 1)2z2
!

� z + 2P (z)

Z
1

0

de⇥


1
e⇥

�

+

U
LL

q (e⇥, t)
i
. (7.6)
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Figure 11. The left plot shows the coft function U
LL
q (e⇥, t). The right plot shows the convolution of

the jet and coft function, more precisely the convolution with the plus distribution shown in (7.7).
The orange dots correspond to the results of the parton shower; the dotted line is the fourth-order
polynomial in t fitted to these results.

The variable t ⌘ t(µj , µ0) encodes the dependence on the low scale. Since U
LL
q (0, t) = 1,

we can drop the plus-prescription and evaluate
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e⇥

U
LL
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2
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3
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where the result on the right-hand side was obtained by fitting a fourth order polynomial

to the numerical parton shower results, obtained by sampling the e⇥ integral with 25 ⇥

105 values and running 500 showers at each value. The results of the parton shower are

compared to the fit results in the right panel of Figure 11 and agree quite well up to values

of t relevant for phenomenological applications. Up to running e↵ects, the di↵erent powers

of t correspond to the successive terms in the expansion in ↵s since

t =
↵s

4⇡
ln

µj

µ0

+ O(↵2

s). (7.8)

The leading term in the expansion in t can be obtained analytically by integrating the

logarithmic term in our result (6.17). In addition to performing the resummation, our

parton shower also computes this term and the numerical value agrees with the analytic

result to an accuracy better than a permille. The term linear in t is captured by NNLO

fixed-order computations of photon production. NNLO is necessary since �i+X , the cross

section to produce the fragmenting parton, is ↵s suppressed. Our parton shower also

computes the coe�cient of the t
2 term, with an accuracy of order of a few per cent.

The remaining two terms were determined by fitting to the shower results. Taking the

exponential of the one-loop contribution yields the “global” logarithms. Adopting this

terminology, the two-loop term is split into

� 31.5 = �43.7 (“non-global”) + 12.2 (“global”) (7.9)
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Resummation of ln(R) and ln(εγ)

• For the full cross section, add direct part

• Note: both resummations lower the cross section!
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Figure 12. E↵ect of the resummation of ln(R) and ln(✏�) terms for R = 0.2 (upper plot) and
R = 0.4 (lower plot). The solid black curve shows the result without resummation, the dashed
curve includes the resummation of ln(R) terms. The red curve resums both types of logarithms.
Only the fragmentation contribution is shown, to obtain the full cross section the direct photon
production contribution with �

dir
⇡ 290 pb has to be added. (The direct cross section is somewhat

lower than the one given in Section 3 because we use dynamic scales rather than fixed ones, see
Table 1.)

isolation energy E0 = ✏�E� , these fragmentation function factorize further into jet functions

Ji!�+l describing the l energetic partons outside the isolation cone boundary, and Wilson

line matrix elements U l encoding the soft radiation emitted from these partons into the

cone. Our factorization theorem separates the di↵erent scales present in the cross section:

the hard scale µh ⇠ E� , the jet scale µj ⇠ RE� and the isolation energy scale µ0 ⇠ RE0.

Using RG methods, we have resummed the leading logarithms of R and the non-global

logarithms of ✏� . The renormalization group also lets us evaluate each contribution at its

natural scale.
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⇡ 290 pb has to be added. (The direct cross section is somewhat

lower than the one given in Section 3 because we use dynamic scales rather than fixed ones, see
Table 1.)

isolation energy E0 = ✏�E� , these fragmentation function factorize further into jet functions

Ji!�+l describing the l energetic partons outside the isolation cone boundary, and Wilson

line matrix elements U l encoding the soft radiation emitted from these partons into the

cone. Our factorization theorem separates the di↵erent scales present in the cross section:

the hard scale µh ⇠ E� , the jet scale µj ⇠ RE� and the isolation energy scale µ0 ⇠ RE0.

Using RG methods, we have resummed the leading logarithms of R and the non-global

logarithms of ✏� . The renormalization group also lets us evaluate each contribution at its

natural scale.
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From factorization theorem, we can derive a relation 
between smooth- and fixed-cone isolation


 in the limit R → 0 and εγ → 0 :


Can be used to convert NNLO smooth-cone into 
fixed-cone results. For standard setup and 
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and identifies Q0 = 2✏�E� . Note that the one recovers the fixed-cone isolation for n = 0. If

the coft gluon is outside the cone its energy is unrestricted leading to a scaleless integral.

The squared amplitude is from the emissions from the Wilson line along the direction nq of

the outgoing quark and the Wilson line along the n̄ direction which represents the emission

from the remaining hard partons in the event. Performing the integrations for smooth-cone

isolation, expressing the bare coupling g through the MS coupling, and defining U (1)

q =
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q 1 , we obtain
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(7.17)

The renormalized one-loop function is obtained by dropping the divergent part of this

result. For µ ⇠ Q�, the result contains a large logarithm ln(Q0/Q) = ln(✏�). The rest of

the terms enter at NLL.

Given the simple form of the coft function (7.17), we can analytically evaluate the

convolution with the leading jet function in (7.12). Note that U
(1)

q vanishes for e⇥ = 0. For

this reason, only the plus-distribution part in (7.12) contributes. Evaluating the angular

integral, we obtain
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This convolution of the jet and coft function corresponds exactly to the situation depicted

in Figure 1.

The result (7.18) has a very important application. Consider two cross sections com-

puted at small ✏� but with the same cone radius R. The di↵erence (4.16) is proportional to

the di↵erence of fragmentation functions. Since the fragmentation contribution as a whole

is suppressed by O(↵s), we only need the fragmentation function di↵erence to O(↵s) to

evaluate ��. In the limit of small ✏� the fragmentation functions factorize into jet and

coft functions and only the coft functions are sensitive to the isolation requirements. Since

the jet functions are independent of the isolation criterion, the only contribution to the

di↵erence of cross sections

�� = �fixedcone(R, ✏�) � �smoothcone(R, ✏
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� , n) , (7.19)

arises from (7.18) and takes the extremely simple form
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This formula holds at NNLO up to corrections suppressed by powers of R or ✏� . As we

have shown in the earlier sections, even at R = 0.4, power suppressed e↵ects are numer-

ically small and experimental measurements use small values of ✏� . For reference, Figure
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Figure 10. Kinematics and example diagrams arising in the the parton shower computation of
ULL

q (e⇥, t). We use the rescaling invariance (8.1) and Lorentz invariance of the shower to evaluate
the function in a frame where n̄ and n� or back-to-back and the isolation cone covers the entire
right hemisphere. The left diagram shows an example of a two-loop global contribution, the right
one a non-global one.

7 shows the size of the power suppressed e↵ects at NLO. For ✏� = 0.02, the R depen-

dence at NLO is indeed very close to the one for smooth-cone isolation. We also provided

NLO cross section values in Table 2 to indicate the size of the remaining di↵erences. Of

course, to make optimal use of the formula (7.20), one would only use it to convert the

NNLO corrections and separately compute the NLO fixed-cone results so that the power

suppressed corrections to the formula are also suppressed by ↵
2
s. Numerically, the value of

�� obtained from (7.20) is quite small. Computing it for our standard setup detailed in

Table 1 for n = 1 and ✏� = ✏
ref
� , we obtain

�� = �1.3 pb . (7.21)

8 Resummation of ln(✏�) terms

To resum the leading logarithms of ✏� we solve the RG equations and run the jet function

from the jet scale µj ⇠ QR down to the scale µ0 ⇠ Q0R = Q✏�R, where we combine it

with the coft functions. To perform the resummation we will use the parton-shower code

NGL resum [46]. This code was developed to numerically perform the RG evolution and

the angular integrals over the directions of the additional partons that are emitted during

the evolution. It is not possible to apply the code directly to our problem, since we work in

the limit R ! 0, where the size of the isolation region goes to zero and the MC integration

over the angles would become highly ine�cient, as additional emissions would be enhanced

by logarithms of �. To use the code, we use the fact that the coft function is not depending

on � and Q0 individually, but only on the product. This is explicit in the one-loop result

(7.17), but can be proven formally by noting that the coft function is invariant under the

rescaling

� !
�

�
, Q0 ! � Q0 , n̄ ! � n̄ , n� !

n�

�
, ni !

ni

�
. (8.1)

To see this, note that the Wilson lines in (6.7) are invariant under rescalings of the light-

cone vectors and the rescaling also leaves the constrain on the energy and the angular

variables (7.1) and (7.2) invariant. Setting � = �, the invariance implies that we can run

– 26 –

inout

nq

n̄

e⇥

Figure 10. Kinematics and example diagrams arising in the the parton shower computation of
ULL

q (e⇥, t). We use the rescaling invariance (8.1) and Lorentz invariance of the shower to evaluate
the function in a frame where n̄ and n� or back-to-back and the isolation cone covers the entire
right hemisphere. The left diagram shows an example of a two-loop global contribution, the right
one a non-global one.
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variables (7.1) and (7.2) invariant. Setting � = �, the invariance implies that we can run

– 26 –



Conclusions & Outlook
• Have performed a detailed analysis of QCD effects 

associated with photon isolation

• Factorization of isolation effects for small R


• Lowest scale is R E0 ≳ 1 GeV


• First resummation of both ln(εγ) and ln(R) effects

• numerically relevant for ATLAS isolation, crucial for 

R = 0.2

• With some effort, could extend accuracy of  

resummations by one order and match to NNLO

• Formalism provides analytical understanding of isolation


• Study parameter dependence, convert between 
isolation schemes, …
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