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SCET has been around for over 20 years …


… but power corrections beyond tree level have only been 
calculated in the last few years … why?

• manifest decoupling of soft/ultrasoft fields fails at NLP (but can be extended 
to NLP using radiative functions)


• “bare” factorization breaks down because of radiative corrections due to 
appearance of spurious divergences (requires refactorization)

[Z.L. Liu et. al. (2020), M. Beneke et. al. (2020,2022)]

[I. Moult et. al. (2019)]
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Ex:

divergent divergent

[Z.L. Liu and M. Neubert (2020), Z.L. Liu et. al. (2021)]

• Rate naturally factorizes from SCET mode expansion, but individual terms are 
divergent (“bare factorization”)

SCETI SCETI SCETII

(through b loops)
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• singular terms cancel between the second two terms - gives refactorized rate with 
individually finite terms


• more complex refactorization conditions for other processes 

• no universal construction .. will be more complicated for processes with more 

operators

The SCET rate is finite, and terms can be rearranged to also make individual contributions 
finite (“refactorization”):

[G. Bell et. al. (2022)]
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An alternative framework: 

Drop the mode expansion altogether

• usual EFT - integrate out physics above cutoff, leave IR unchanged


• usual SCET: integrate out physics above cutoff, factorize IR into soft+collinear 
(others?) modes (~method of regions) 

[R. Goerke and ML (2018)]

Making SCET more like a “traditional” EFT (4-fermi, HQET, SMEFT, …) gives a new 
perspective on issues which arise from the mode expansion:


• What you get: factorization, resummation (RGE, rapidity) through successive matching 
and running (ex: integrate out hard at high scale, collinear at intermediate scale, 
remaining theory just has soft degrees of freedom remaining)


• What you DON’T get:  factorization into modes (i.e.                          ) where J and S 
arise from separate collinear/soft graphs)


• factorization formulas in terms of SCALES not MODES look different, but still gives 
resummed cross sections/rates. “Refactorization” doesn’t arise, since these terms 
were never factorized in the first place.


• greatly simplifies power corrections, issues of factorization at NLP
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…

• no power corrections mixing modes in the Lagrangian - power corrections only 
arise from expansion of external current

• Integrating out physics at                requires us to define “sectors”: states in a given 
sector have small invariant mass; invariant mass between sectors is large. Sectors 
contain all degrees of freedom below the cutoff.


• Each sector is above the cutoff of all the others - decouple except for hard external 
current 

The EFT:

2 sectors:
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ex: Deep Inelastic Scattering as
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ex: Drell-Yan at small
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The complication: Double-Counting (aka 0-bin)

• some degrees of freedom have momenta that fall below the cutoff of more than 
one sector - these get double counted


• matrix elements in SCET are only well-defined if double counting between 
modes/sectors has been removed


• particularly acute in this framework: without subtraction, loop graphs are not 
well-defined (IR-dependent UV divergences)

[A. Manohar and I. 
Stewart (2007), A. Idilibi 
and T. Mehen (2007), C. 
Lee and G. Sterman 
(2007)]
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The complication: Double-Counting (aka 0-bin)

• some degrees of freedom have momenta that fall below the cutoff of more than 
one sector - these get double counted


• matrix elements in SCET are only well-defined if double counting between 
modes/sectors has been removed


• particularly acute in this framework: without subtraction, loop graphs are not 
well-defined (IR-dependent UV divergences)


• rapidity and endpoint divergences arise from double counting - must cancel 
when consistently implemented

[A. Manohar and I. 
Stewart (2007), A. Idilibi 
and T. Mehen (2007), C. 
Lee and G. Sterman 
(2007)]

Note: this has to happen in a consistent EFT, otherwise 
IR degrees of freedom aren’t correctly described
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“Overlap Subtraction” Prescription:

• in the regime                             , the same gluon in QCD is double counted in 
the EFT


• as in 0-bin, expand “wrong sector” graph in               limit and subtract


• to work consistently to NLP, must expand overlap to NLP - crucial for 
cancellations of endpoint divergences at NLP


• scheme dependence of subtraction gives rapidity renormalization group 
equations [M. Inglis-Whalen, A. Spourdalakis and ML, 2020]
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terms suppressed by a single power of 1 ≠ x in the cross
section relative to the leading terms. In [11], it was shown
that the overlap subtraction procedure introduced to cor-
rectly reproduce the infrared behavior of QCD in Drell-
Yan (DY) scattering led automatically to the cancella-
tion of rapidity divergences in the EFT, but that at NLP
the cancellations typically involved linear combinations
of multiple operators, including power suppressed sub-
tractions of the leading order operator. In the DY process
the corresponding divergences were rapidity divergences,
which require an additional regulator [14, 27–30]. Here
we show that the same overlap subtraction also ensures
that the DIS rate obtained from SCET is free of endpoint
divergences, but in this case the divergences are regu-
lated in dimensional regularization. Again, the required
cancellation occurs between separate operators, giving a
nontrivial relation between the anomalous dimension of
the leading and subleading operators which is demon-
strated to hold at one loop. We defer an all-orders proof
to a future work.

In Sec. II, we review the scattering operators in SCET
for DIS topology up to O

!
1/Q

2"
. We present the one-

loop matrix elements of the product of operators required
for inclusive DIS rate at NLP in Sec. III and show how
the overlap procedure removes the endpoint singularities.
In Sec. IV we show that this cancellation of endpoint di-
vergence holds at all scales and thus puts constraints on
the anomalous dimension of subleading operators. Fi-
nally we present our conclusions in Sec. V.

II. CURRENT TO O(1/Q
2
)

The incoming state in DIS consists of low invariant
mass partons, p

2
I ≥ �2

QCD, while the outgoing state con-
sists of partons with invariant mass p

2
F ≥ Q

2(1 ≠ x),
with pI · pF ≥ Q

2. Thus, near x = 1 they are described
by di�erent sectors in SCET which we denote by the
lightlike vectors n

µ and n̄
µ, where n

2 = n̄
2 = 0 and

n · n̄ = 2. Partons in the incoming state are described
by the n̄-sector, and particles in the outgoing state by
the n-sector. Particles in the n-sector have momenta
pn ·n π Q, while pn · n̄ can be of order Q (and vice-versa
for the n̄-sector). For simplicity, we work in a reference
frame where q

µ has no components perpendicular to n

and n̄: q
µ = n̄ · q

nµ

2 + n · q
n̄µ

2 .
For simplicity we consider a single quark flavour Â.

DIS is then mediated by the quark electromagnetic cur-
rent

J
µ = Â̄“

µ
Â. (1)

At the hard scale µ ≥ Q, degrees of freedom with in-
variant mass of order Q are integrated out of the theory,
and QCD matrix elements are expanded in inverse pow-
ers of Q and matched onto SCET. In the formalism used
here [20], each low invariant mass sector of the theory is
described by a di�erent copy of QCD, with interactions

between sectors occurring via Wilson lines in the external
current.

Using the operator basis defined in [11, 20, 31], the
current in the EFT is

J µ(x) =
ÿ

i

1
Q[i] C

(i)
2 (µ) O

(i)µ
2 (x, µ) (2)

where the C
(i)
2 ’s are Wilson coe�cients and the O

(i)
2 ’s

are operators in the EFT. Operators in SCET are conve-
niently expressed in terms of the gauge invariant building
blocks [32]

‰̄n(x) = Â̄n(x)W n(x)Pn̄

‰n̄(x) = Pn̄W
†
n̄(x)Ân̄(x)

Bµ1···µN
n (x) = W

†
n(x)iDµ1

n (x) · · · iD
µN
n (x)W n(x)

B†µ1···µN
n̄ (x) = (≠1)N

W
†
n̄(x)iΩ≠Dµ1

n̄ (x) · · · i
Ω≠
D

µN
n̄ (x)Wn̄(x)

(3)
where iD

µ
n(x) = iˆ

µ + gA
µ
n(x) and i

Ω≠
D

µ
n̄(x) = i

Ω≠
ˆ

µ ≠
gA

µ
n̄(x) are the usual covariant derivatives in each sector,

and Pn = /n/̄n/4, Pn̄ = /̄n/n/4 are projection operators
acting on the four-component spinors Â. The outgoing
Wilson lines in the n̄-sector and the incoming Wilson
lines in the n-sector are defined respectively as

W
†
n̄(x) = P exp

3
igs

⁄ Œ

0
ds n · A

a
n̄(x + ns)T a

e
≠s0+

4

W n(x) = P exp
3

igs

⁄ 0

≠Œ
ds n̄ · A

a
n(x + n̄s)T a

e
s0+

4

(4)
Note that the subscript on a Wilson line corresponds to
the sector with which it interacts rather than its direc-
tion.

The operators in the e�ective theory for DIS topol-
ogy have already been derived in [20] up to O(1/Q) us-
ing spinor-helicity techniques, and related operators rel-
evant for Drell-Yan scattering and dijet production up to
O(1/Q

2) in [11, 31]. Since we will not be using the he-
licity basis, it is instructive to write down the expanded
amplitude and the corresponding SCET operators up to
O(1/Q

2) in terms of the usual Dirac matrices.

FIG. 1: One-gluon matrix element of J
µ in QCD.

The DIS amplitude to produce an additional gluon in
the final state in Fig. 1 is reproduced in SCET by di�er-
ent operators depending on whether the outgoing quark
and gluon are in the n- or n̄-sector. For DIS near x = 1
the appropriate assignment is the n-sector for both final

Match QCD to SCET

Expand QCD amplitude in powers of

Example: DIS as 
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terms suppressed by a single power of 1 ≠ x in the cross
section relative to the leading terms. In [11], it was shown
that the overlap subtraction procedure introduced to cor-
rectly reproduce the infrared behavior of QCD in Drell-
Yan (DY) scattering led automatically to the cancella-
tion of rapidity divergences in the EFT, but that at NLP
the cancellations typically involved linear combinations
of multiple operators, including power suppressed sub-
tractions of the leading order operator. In the DY process
the corresponding divergences were rapidity divergences,
which require an additional regulator [14, 27–30]. Here
we show that the same overlap subtraction also ensures
that the DIS rate obtained from SCET is free of endpoint
divergences, but in this case the divergences are regu-
lated in dimensional regularization. Again, the required
cancellation occurs between separate operators, giving a
nontrivial relation between the anomalous dimension of
the leading and subleading operators which is demon-
strated to hold at one loop. We defer an all-orders proof
to a future work.

In Sec. II, we review the scattering operators in SCET
for DIS topology up to O

!
1/Q

2"
. We present the one-

loop matrix elements of the product of operators required
for inclusive DIS rate at NLP in Sec. III and show how
the overlap procedure removes the endpoint singularities.
In Sec. IV we show that this cancellation of endpoint di-
vergence holds at all scales and thus puts constraints on
the anomalous dimension of subleading operators. Fi-
nally we present our conclusions in Sec. V.

II. CURRENT TO O(1/Q
2
)

The incoming state in DIS consists of low invariant
mass partons, p

2
I ≥ �2

QCD, while the outgoing state con-
sists of partons with invariant mass p

2
F ≥ Q

2(1 ≠ x),
with pI · pF ≥ Q

2. Thus, near x = 1 they are described
by di�erent sectors in SCET which we denote by the
lightlike vectors n

µ and n̄
µ, where n

2 = n̄
2 = 0 and

n · n̄ = 2. Partons in the incoming state are described
by the n̄-sector, and particles in the outgoing state by
the n-sector. Particles in the n-sector have momenta
pn ·n π Q, while pn · n̄ can be of order Q (and vice-versa
for the n̄-sector). For simplicity, we work in a reference
frame where q

µ has no components perpendicular to n

and n̄: q
µ = n̄ · q

nµ

2 + n · q
n̄µ

2 .
For simplicity we consider a single quark flavour Â.

DIS is then mediated by the quark electromagnetic cur-
rent

J
µ = Â̄“

µ
Â. (1)

At the hard scale µ ≥ Q, degrees of freedom with in-
variant mass of order Q are integrated out of the theory,
and QCD matrix elements are expanded in inverse pow-
ers of Q and matched onto SCET. In the formalism used
here [20], each low invariant mass sector of the theory is
described by a di�erent copy of QCD, with interactions

between sectors occurring via Wilson lines in the external
current.

Using the operator basis defined in [11, 20, 31], the
current in the EFT is

J µ(x) =
ÿ

i

1
Q[i] C

(i)
2 (µ) O

(i)µ
2 (x, µ) (2)

where the C
(i)
2 ’s are Wilson coe�cients and the O

(i)
2 ’s

are operators in the EFT. Operators in SCET are conve-
niently expressed in terms of the gauge invariant building
blocks [32]

‰̄n(x) = Â̄n(x)W n(x)Pn̄

‰n̄(x) = Pn̄W
†
n̄(x)Ân̄(x)

Bµ1···µN
n (x) = W

†
n(x)iDµ1

n (x) · · · iD
µN
n (x)W n(x)

B†µ1···µN
n̄ (x) = (≠1)N

W
†
n̄(x)iΩ≠Dµ1

n̄ (x) · · · i
Ω≠
D

µN
n̄ (x)Wn̄(x)

(3)
where iD

µ
n(x) = iˆ

µ + gA
µ
n(x) and i

Ω≠
D

µ
n̄(x) = i

Ω≠
ˆ

µ ≠
gA

µ
n̄(x) are the usual covariant derivatives in each sector,

and Pn = /n/̄n/4, Pn̄ = /̄n/n/4 are projection operators
acting on the four-component spinors Â. The outgoing
Wilson lines in the n̄-sector and the incoming Wilson
lines in the n-sector are defined respectively as

W
†
n̄(x) = P exp

3
igs

⁄ Œ

0
ds n · A

a
n̄(x + ns)T a

e
≠s0+

4

W n(x) = P exp
3

igs

⁄ 0

≠Œ
ds n̄ · A

a
n(x + n̄s)T a

e
s0+

4

(4)
Note that the subscript on a Wilson line corresponds to
the sector with which it interacts rather than its direc-
tion.

The operators in the e�ective theory for DIS topol-
ogy have already been derived in [20] up to O(1/Q) us-
ing spinor-helicity techniques, and related operators rel-
evant for Drell-Yan scattering and dijet production up to
O(1/Q

2) in [11, 31]. Since we will not be using the he-
licity basis, it is instructive to write down the expanded
amplitude and the corresponding SCET operators up to
O(1/Q

2) in terms of the usual Dirac matrices.

FIG. 1: One-gluon matrix element of J
µ in QCD.

The DIS amplitude to produce an additional gluon in
the final state in Fig. 1 is reproduced in SCET by di�er-
ent operators depending on whether the outgoing quark
and gluon are in the n- or n̄-sector. For DIS near x = 1
the appropriate assignment is the n-sector for both final

3

state particles. Expanding the QCD amplitude in powers
of the small quantities n̄·p1

Q , n·p2
Q and n·k

Q then gives

iAµ = ≠ gsT
a
ū(p2)

5
2p

–
2 + “

–/k

2p2 · k
Pn̄“

µ
Pn̄ ≠ Pn̄“

µ
Pn̄

n̄
–

n̄ · k

+ 1
Q

3
�–—(k)“‹

—

/̄n

2 “
µ
Pn̄ + Pn̄“

µ /n

2 “
‹
— �–—(k)

4

+ 1
Q2 Pn̄“

µ
Pn̄“

‹
— “

‹
“ k

—�–“(k)
3

1 + n̄ · p2
n̄ · k

4

≠ 1
Q2 “

‹
—

/̄n

2 “
µ /n

2 “
‹
“ k

—�–“(k)
3

1 + n̄ · k

n̄ · p2

46

◊ u(p1)Áú
–(k) + . . .

(5)
where �–—(k) = g

–— ≠ n̄–k—

n̄·k , and we have chosen to
work in a reference frame in which the total perpendicular
momentum in both the n- and n̄-sectors vanishes (this is
in contrast with Drell-Yan production [11], where such a
choice is not generally possible).

The LP terms in Eq. (5) are reproduced by the SCET
operator

O
(0)µ
2 (x) = ‰̄n(x)“µ

‰n̄(x) (6)

while the 1/Q term is given by the operator

O
(1A)µ
2 (x, t̂) = ≠ ‰̄n(x)B–

n(x + n̄t)

◊
3

“
‹
–

/̄n

2 “
µ + “

µ /n

2 “
‹
–

4
‰n̄(x)

(7)

(note that the relative sign between the two terms is op-
posite to that in DY). Here we have introduced the con-
tinuous shift parameter t̂ © (n̄·q)t for shift in the n-sector
and t̂ © (n·q)t for shift in the n̄-sector which parametrizes
the separation of fields along the light-cones. Finally the
1/Q

2 terms are reproduced by the two operators

O
(2A1)µ
2 (x, t̂) =2fii◊(t̂)

¢ ‰̄n(x)B–—
n (x + n̄t)“µ

“
‹
– “

‹
— ‰n̄(x)

O
(2A2)µ
2 (x, t̂) = ≠ 2fii◊(t̂)

¢ ‰̄n(x + n̄t)B–—
n (x)“‹

–

/̄n

2 “
µ /n

2 “
‹
— ‰n̄(x)

(8)
where we have defined the convolutions in t̂ by

f(t̂) ¢ g(t̂) =
⁄

dx dy

2fi
f(x)g(y) ”(t̂ ≠ x ≠ y). (9)

The QCD amplitude with the final state quark in the n-
sector and the gluon in the n̄-sector is reproduced by the

operators

O
(1B)µ
2 (x, t̂) = ≠ ‰̄n(x)

3
“

‹
–

/n

2 “
µ + “

µ /̄n

2 “
‹
–

4

◊ B†–
n̄ (x ≠ nt)‰n̄(x)

O
(2B1)µ
2 (x, t̂) =2fii◊(t̂)

¢ ‰̄n(x)“‹
– “

‹
— “

µB†–—
n̄ (x ≠ nt)‰n̄(x)

O
(2B2)µ
2 (x, t̂) = ≠ 2fii◊(t̂)

¢ ‰̄n(x)“‹
–

/n

2 “
µ /̄n

2 “
‹
— B†–—

n̄ (x)‰n̄(x ≠ nt)
(10)

while with the final state quark in the n̄-sector and the
gluon in the n-sector is reproduced by the operators

O
(1C1)µ
2 (x, t̂) =2fii◊(t̂)

¢ B–ccÕ

n (x)‰̄c
n̄(x ≠ nt)“‹

–
/n

2 “
µ
‰

cÕ

n̄ (x)

O
(1C2)µ
2 (x, t̂) =2fii◊(t̂)

¢ B–ccÕ

n (x)‰̄c
n̄(x)“µ /n

2 “
‹
– ‰

cÕ

n̄ (x ≠ nt).
(11)

Since these configurations are not relevant to DIS near
the endpoint, these operators don’t contribute to our re-
sults, but we include the relevant operators here for com-
pleteness.

With the above operator definitions, all matching co-
e�cients are C

(i)
2 (t̂) = ”(t̂) + O(gs). Following [33], we

will be working with the Fourier-transformed operators

O
(i)
2 (x, u) =

⁄
dt̂

2fi
e

≠iut̂
O

(i)
2 (x, t̂ )

C
(i)
2 (x, u) =

⁄
dt̂ e

iut̂
C

(i)
2 (x, t̂ ).

(12)

The matching coe�cients of the Fourier transformed op-
erators are then C

(i)
2 (u) = 1 + O(–s).

III. MATCHING ONTO THE PDF’S

The inclusive DIS rate is determined by matrix ele-
ments of the discontinuity of the T-product of electro-
magnetic currents in SCET,

T
µ‹ = Disc 1

2fi

⁄
d

d
x e

≠iq·x
T

#
J µ†(x)J ‹(0)

$
. (13)

At a scale µ ≥ Q
Ô

1 ≠ x, the n-collinear sector is inte-
grated out of the theory, and T

µ‹ is matched onto the
bilocal quark distribution operator „(x)

T
µ‹ æ

⁄
dw

w
C

µ‹(w)„(≠q
+

/w) + . . . (14)

3

state particles. Expanding the QCD amplitude in powers
of the small quantities n̄·p1

Q , n·p2
Q and n·k

Q then gives

iAµ = ≠ gsT
a
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ū(p2)

5
2p

–
2 + “

–/k

2p2 · k
Pn̄“

µ
Pn̄ ≠ Pn̄“

µ
Pn̄

n̄
–

n̄ · k

+ 1
Q

3
�–—(k)“‹

—

/̄n

2 “
µ
Pn̄ + Pn̄“

µ /n

2 “
‹
— �–—(k)

4

+ 1
Q2 Pn̄“

µ
Pn̄“

‹
— “

‹
“ k

—�–“(k)
3

1 + n̄ · p2
n̄ · k

4

≠ 1
Q2 “

‹
—

/̄n

2 “
µ /n

2 “
‹
“ k

—�–“(k)
3

1 + n̄ · k

n̄ · p2

46

◊ u(p1)Áú
–(k) + . . .

(5)
where �–—(k) = g

–— ≠ n̄–k—

n̄·k , and we have chosen to
work in a reference frame in which the total perpendicular
momentum in both the n- and n̄-sectors vanishes (this is
in contrast with Drell-Yan production [11], where such a
choice is not generally possible).

The LP terms in Eq. (5) are reproduced by the SCET
operator

O
(0)µ
2 (x) = ‰̄n(x)“µ

‰n̄(x) (6)

while the 1/Q term is given by the operator

O
(1A)µ
2 (x, t̂) = ≠ ‰̄n(x)B–

n(x + n̄t)

◊
3

“
‹
–

/̄n

2 “
µ + “

µ /n

2 “
‹
–

4
‰n̄(x)

(7)

(note that the relative sign between the two terms is op-
posite to that in DY). Here we have introduced the con-
tinuous shift parameter t̂ © (n̄·q)t for shift in the n-sector
and t̂ © (n·q)t for shift in the n̄-sector which parametrizes
the separation of fields along the light-cones. Finally the
1/Q

2 terms are reproduced by the two operators

O
(2A1)µ
2 (x, t̂) =2fii◊(t̂)

¢ ‰̄n(x)B–—
n (x + n̄t)“µ

“
‹
– “

‹
— ‰n̄(x)

O
(2A2)µ
2 (x, t̂) = ≠ 2fii◊(t̂)

¢ ‰̄n(x + n̄t)B–—
n (x)“‹

–

/̄n

2 “
µ /n

2 “
‹
— ‰n̄(x)

(8)
where we have defined the convolutions in t̂ by

f(t̂) ¢ g(t̂) =
⁄

dx dy

2fi
f(x)g(y) ”(t̂ ≠ x ≠ y). (9)

The QCD amplitude with the final state quark in the n-
sector and the gluon in the n̄-sector is reproduced by the

operators

O
(1B)µ
2 (x, t̂) = ≠ ‰̄n(x)

3
“

‹
–

/n

2 “
µ + “

µ /̄n

2 “
‹
–

4

◊ B†–
n̄ (x ≠ nt)‰n̄(x)

O
(2B1)µ
2 (x, t̂) =2fii◊(t̂)

¢ ‰̄n(x)“‹
– “

‹
— “

µB†–—
n̄ (x ≠ nt)‰n̄(x)

O
(2B2)µ
2 (x, t̂) = ≠ 2fii◊(t̂)

¢ ‰̄n(x)“‹
–

/n

2 “
µ /̄n

2 “
‹
— B†–—

n̄ (x)‰n̄(x ≠ nt)
(10)

while with the final state quark in the n̄-sector and the
gluon in the n-sector is reproduced by the operators

O
(1C1)µ
2 (x, t̂) =2fii◊(t̂)

¢ B–ccÕ

n (x)‰̄c
n̄(x ≠ nt)“‹

–
/n

2 “
µ
‰

cÕ

n̄ (x)

O
(1C2)µ
2 (x, t̂) =2fii◊(t̂)

¢ B–ccÕ

n (x)‰̄c
n̄(x)“µ /n

2 “
‹
– ‰

cÕ

n̄ (x ≠ nt).
(11)

Since these configurations are not relevant to DIS near
the endpoint, these operators don’t contribute to our re-
sults, but we include the relevant operators here for com-
pleteness.

With the above operator definitions, all matching co-
e�cients are C

(i)
2 (t̂) = ”(t̂) + O(gs). Following [33], we

will be working with the Fourier-transformed operators

O
(i)
2 (x, u) =

⁄
dt̂

2fi
e

≠iut̂
O

(i)
2 (x, t̂ )

C
(i)
2 (x, u) =

⁄
dt̂ e

iut̂
C

(i)
2 (x, t̂ ).

(12)

The matching coe�cients of the Fourier transformed op-
erators are then C

(i)
2 (u) = 1 + O(–s).

III. MATCHING ONTO THE PDF’S

The inclusive DIS rate is determined by matrix ele-
ments of the discontinuity of the T-product of electro-
magnetic currents in SCET,

T
µ‹ = Disc 1

2fi

⁄
d

d
x e

≠iq·x
T

#
J µ†(x)J ‹(0)

$
. (13)

At a scale µ ≥ Q
Ô

1 ≠ x, the n-collinear sector is inte-
grated out of the theory, and T

µ‹ is matched onto the
bilocal quark distribution operator „(x)

T
µ‹ æ

⁄
dw

w
C

µ‹(w)„(≠q
+

/w) + . . . (14)

Match QCD to SCET



SCET 202315

[M. Inglis-Whalen, and R. Goerke, 2018]

: RG Evolution



SCET 202316

3

state particles. Expanding the QCD amplitude in powers
of the small quantities n̄·p1

Q , n·p2
Q and n·k

Q then gives

iAµ = ≠ gsT
a
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ū(p2)

5
2p

–
2 + “

–/k

2p2 · k
Pn̄“

µ
Pn̄ ≠ Pn̄“

µ
Pn̄

n̄
–

n̄ · k

+ 1
Q

3
�–—(k)“‹

—

/̄n

2 “
µ
Pn̄ + Pn̄“

µ /n

2 “
‹
— �–—(k)

4

+ 1
Q2 Pn̄“

µ
Pn̄“

‹
— “

‹
“ k

—�–“(k)
3

1 + n̄ · p2
n̄ · k

4

≠ 1
Q2 “

‹
—

/̄n

2 “
µ /n

2 “
‹
“ k

—�–“(k)
3

1 + n̄ · k

n̄ · p2

46

◊ u(p1)Áú
–(k) + . . .

(5)
where �–—(k) = g

–— ≠ n̄–k—

n̄·k , and we have chosen to
work in a reference frame in which the total perpendicular
momentum in both the n- and n̄-sectors vanishes (this is
in contrast with Drell-Yan production [11], where such a
choice is not generally possible).

The LP terms in Eq. (5) are reproduced by the SCET
operator

O
(0)µ
2 (x) = ‰̄n(x)“µ

‰n̄(x) (6)

while the 1/Q term is given by the operator

O
(1A)µ
2 (x, t̂) = ≠ ‰̄n(x)B–

n(x + n̄t)

◊
3

“
‹
–

/̄n

2 “
µ + “

µ /n

2 “
‹
–

4
‰n̄(x)

(7)

(note that the relative sign between the two terms is op-
posite to that in DY). Here we have introduced the con-
tinuous shift parameter t̂ © (n̄·q)t for shift in the n-sector
and t̂ © (n·q)t for shift in the n̄-sector which parametrizes
the separation of fields along the light-cones. Finally the
1/Q

2 terms are reproduced by the two operators

O
(2A1)µ
2 (x, t̂) =2fii◊(t̂)

¢ ‰̄n(x)B–—
n (x + n̄t)“µ

“
‹
– “

‹
— ‰n̄(x)

O
(2A2)µ
2 (x, t̂) = ≠ 2fii◊(t̂)

¢ ‰̄n(x + n̄t)B–—
n (x)“‹

–

/̄n

2 “
µ /n

2 “
‹
— ‰n̄(x)

(8)
where we have defined the convolutions in t̂ by

f(t̂) ¢ g(t̂) =
⁄

dx dy

2fi
f(x)g(y) ”(t̂ ≠ x ≠ y). (9)

The QCD amplitude with the final state quark in the n-
sector and the gluon in the n̄-sector is reproduced by the

operators

O
(1B)µ
2 (x, t̂) = ≠ ‰̄n(x)

3
“

‹
–

/n

2 “
µ + “

µ /̄n

2 “
‹
–

4

◊ B†–
n̄ (x ≠ nt)‰n̄(x)

O
(2B1)µ
2 (x, t̂) =2fii◊(t̂)

¢ ‰̄n(x)“‹
– “

‹
— “

µB†–—
n̄ (x ≠ nt)‰n̄(x)

O
(2B2)µ
2 (x, t̂) = ≠ 2fii◊(t̂)

¢ ‰̄n(x)“‹
–

/n

2 “
µ /̄n

2 “
‹
— B†–—

n̄ (x)‰n̄(x ≠ nt)
(10)

while with the final state quark in the n̄-sector and the
gluon in the n-sector is reproduced by the operators

O
(1C1)µ
2 (x, t̂) =2fii◊(t̂)

¢ B–ccÕ

n (x)‰̄c
n̄(x ≠ nt)“‹

–
/n

2 “
µ
‰

cÕ

n̄ (x)

O
(1C2)µ
2 (x, t̂) =2fii◊(t̂)

¢ B–ccÕ

n (x)‰̄c
n̄(x)“µ /n

2 “
‹
– ‰

cÕ

n̄ (x ≠ nt).
(11)

Since these configurations are not relevant to DIS near
the endpoint, these operators don’t contribute to our re-
sults, but we include the relevant operators here for com-
pleteness.

With the above operator definitions, all matching co-
e�cients are C

(i)
2 (t̂) = ”(t̂) + O(gs). Following [33], we

will be working with the Fourier-transformed operators

O
(i)
2 (x, u) =

⁄
dt̂

2fi
e

≠iut̂
O

(i)
2 (x, t̂ )

C
(i)
2 (x, u) =

⁄
dt̂ e

iut̂
C

(i)
2 (x, t̂ ).

(12)

The matching coe�cients of the Fourier transformed op-
erators are then C

(i)
2 (u) = 1 + O(–s).

III. MATCHING ONTO THE PDF’S

The inclusive DIS rate is determined by matrix ele-
ments of the discontinuity of the T-product of electro-
magnetic currents in SCET,

T
µ‹ = Disc 1

2fi

⁄
d

d
x e

≠iq·x
T

#
J µ†(x)J ‹(0)

$
. (13)

At a scale µ ≥ Q
Ô

1 ≠ x, the n-collinear sector is inte-
grated out of the theory, and T

µ‹ is matched onto the
bilocal quark distribution operator „(x)

T
µ‹ æ

⁄
dw

w
C

µ‹(w)„(≠q
+

/w) + . . . (14)
4

where

„(r+) = 1
4fi

⁄ Œ

≠Œ
dt e

≠ir+t
‰̄n̄(nt)/n‰n̄(0)

= 1
4fi

⁄ Œ

≠Œ
dt e

≠ir+t
Â̄(nt)W (nt, 0)/nÂ(0),

(15)

and the ellipses denote higher twist PDF’s which we are
not considering here. The quark PDF in a target T with
momentum P is then given by the matrix element of „(x)
[22]

fq/T (x) = ÈT, P |„(xP
+)|T, P Í. (16)

The matching coe�cient C
µ‹ is determined by taking

matrix elements of Eq. (14) between quark states at the
matching scale µ ≥ Q

Ô
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µ‹ = q‹L
µ‹ = 0. The

matrix elements are taken between states in the n̄-sector;
since the n-sector is being integrated out of the theory,
the corresponding matrix elements of „(x) are the usual
QCD PDF’s. We further define the spin averaged matrix
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where the dimension of the operator O

(i)
2 is [i] + 3.

As was demonstrated by Manohar and Stewart [24],
matrix elements in SCET are only well-defined if an ap-
propriate subtraction procedure has been implemented
to remove double counting between di�erent modes or
sectors. In the formalism presented here, the unphysical
n-collinear limit of the n̄-sector and the corresponding n̄-
limit of the n sector must be subtracted in loop diagrams
and phase space integrals; the procedure was referred to
as overlap subtraction. At LP, overlap subtraction is re-
quired to make SCET loop integrals well-defined and to

correctly reproduce phase space integrals [20]. At NLP
the same subtraction procedure must be applied; how-
ever, it is more involved since at NLP one must include
not only the leading terms from the O(1/Q

2) results, but
also the subleading overlap from the LP operators [11].

First we review the LP calculation with the overlap
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(21)
where y © ≠ n·q

n·p .

The overlap subtraction term is given by expanding the
n̄-sector graph in the “wrong” limit k·n π k·n̄ and taking
the leading order term, which subtracts the leading order
contribution from integrating over the unphysical region

overlap

: Match SCET to PDF

LP factorization:

3

state particles. Expanding the QCD amplitude in powers
of the small quantities n̄·p1

Q , n·p2
Q and n·k
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◊ u(p1)Áú
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where �–—(k) = g

–— ≠ n̄–k—

n̄·k , and we have chosen to
work in a reference frame in which the total perpendicular
momentum in both the n- and n̄-sectors vanishes (this is
in contrast with Drell-Yan production [11], where such a
choice is not generally possible).

The LP terms in Eq. (5) are reproduced by the SCET
operator

O
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(note that the relative sign between the two terms is op-
posite to that in DY). Here we have introduced the con-
tinuous shift parameter t̂ © (n̄·q)t for shift in the n-sector
and t̂ © (n·q)t for shift in the n̄-sector which parametrizes
the separation of fields along the light-cones. Finally the
1/Q

2 terms are reproduced by the two operators
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where we have defined the convolutions in t̂ by

f(t̂) ¢ g(t̂) =
⁄
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2fi
f(x)g(y) ”(t̂ ≠ x ≠ y). (9)

The QCD amplitude with the final state quark in the n-
sector and the gluon in the n̄-sector is reproduced by the

operators
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while with the final state quark in the n̄-sector and the
gluon in the n-sector is reproduced by the operators
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Since these configurations are not relevant to DIS near
the endpoint, these operators don’t contribute to our re-
sults, but we include the relevant operators here for com-
pleteness.

With the above operator definitions, all matching co-
e�cients are C

(i)
2 (t̂) = ”(t̂) + O(gs). Following [33], we

will be working with the Fourier-transformed operators
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The matching coe�cients of the Fourier transformed op-
erators are then C

(i)
2 (u) = 1 + O(–s).

III. MATCHING ONTO THE PDF’S

The inclusive DIS rate is determined by matrix ele-
ments of the discontinuity of the T-product of electro-
magnetic currents in SCET,
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At a scale µ ≥ Q
Ô

1 ≠ x, the n-collinear sector is inte-
grated out of the theory, and T

µ‹ is matched onto the
bilocal quark distribution operator „(x)
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(the same result 
everyone else gets)
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Endpoint divergence at NLP:

• spurious divergence - neither UV (no counterterm) or IR (not in matrix 
element of distribution function)


• arises from region of loop integration where both sectors contribute - should 
be fixed by overlap subtraction



SCET 2023

18

Endpoint divergence at NLP:

cancels the spurious divergence

Overlap:
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Consistency:

Cancellation must occur at all renormalization scales, although terms arise from 
different operators -> nontrivial constraint on anomalous dimensions
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BUT rate only depends on the integrated operator

and

so the subleading operator runs the same as the leading order current: cancellation 
occurs independent of scale (RPI? presumably, but not obviously …)
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Final factorization:

Matching onto SCET

Matching onto PDF
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ex: Drell-Yan at small
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match 
onto SCET

run

match 
onto 
PDF’s

run

<latexit sha1_base64="UT71cRskqxrbFpCy+UxiGMO4RUI="></latexit>

• Essentially the same calculation until

[M. Inglis-Whalen, ML, J. Roy and 
A. Spourdalakis, 2021]
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• Inclusive rate given by matrix elements of operator products - match onto PDF’s at

• can Fierz operator products into convolutions of subleading TMD’s 
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• Inclusive rate given by matrix elements of operator products - match onto PDF’s at

• individual sector and overlap graphs are divergent in d dimensions - need to introduce 
rapidity regulator (“pure rapidity regulator”) 


• scheme dependence in overlap subtraction gives rapidity renormalization group - sum 
rapidity logs (for future work)

[Ebert et. al., 2019]
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Features at NLP:

• At leading power, only one operator product contributes -> rapidity divergence 
cancellation is simple (overlap graph). Reproduces known results. 


• at NLP multiple individually rapidity divergent operator products contribute: 
cancellation of rapidity divergences occurs between different subleading operators 
and overlaps (leading and subleading) - gives off-diagonal rapidity mixing.

[Becher and Neubert, 2011]

Hard Matching/running

Rapidity renormalization

Soft matching

Final Factorization:
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What about                  ?

QCD                             SCET

SCET                           Free Field TheoryRapidity Renormalization Group

RGE

Resummed coefficient

( - overlap)

( - overlap)
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Conclusions:

• It is useful to write SCET as a theory of decoupled QCD sectors, with no mode 
expansion. Factorization arises through usual matching/running procedure. Scheme 
dependence of overlap subtraction gives rapidity renormalization group equations.


• Using this, we presented the first EFT calculation of power corrections in endpoint DIS 
and small-qT Drell-Yan


• endpoint divergences naturally cancel between graphs - no refactorization prescription 
required. Cancellation arises due to consistent application of overlap subtraction 
procedure already required at LP.


• at NLP, complicated pattern of divergence cancellation between different operators, 
including NLP expansion of overlap


• lots of future work: application to more processes, consistency conditions, Glaubers, …


