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What is Lattice QCD (LQCD) and Why do we Need it?
Quantum Chromodynamics (QCD) is one of  the three gauge theories that make up the Standard Model 
(SM) of  Particle Physics  

QCD is the fundamental theory of  nuclear strong interactions (to the best of  our knowledge).  It is 
interesting to understand how to compute properties of  strongly interacting (nuclear) matter both 

To understand how nuclear physics emerges from QCD and to predict properties of  strongly 
interacting matter 

Nuclear Equation of  State (neutron stars) 
Properties of  the Quark Gluon Plasma 
… 

To understand how new, beyond the Standard Model (BSM) physics might effect precision, low-
energy tests of  the SM 

Why is the universe composed of  matter and not anti-matter?  (are there permanent EDMs in 
nucleons and nuclei?) 
Are neutrinos Majorana in nature, thus allowing for neutrinoless double beta-decay of  nuclei? 
Are there corrections to the SM V-A beta-decay processes (as can be measured with ultra-cold 
neutron decays?) 
…
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What is Lattice QCD (LQCD) and Why do we Need it?
QCD is a very “predictive” theory (it only has a few parameters) 
 
 
 

At “nuclear” energies, 3 parameters: g, mu, md 

Once these 3 parameters are determined with experimental input, everything else is a prediction 
Nuclear physics “emerges” from QCD 

But - at low energy, QCD is strongly 
coupled 

Very challenging to compute processes 
and quantities directly from QCD
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QCD is a “most perfect” theory: perturbative at short distance

The gluon self-interactions (the gluons carry the “color” 
charge) leads to a very different theory from QED. 
 
Solving QCD at low (nuclear) energy scales (≲ 1 GeV) is 
currently impossible with pen/paper techniques (no small 
parameter to control a perturbation series). 
 
At high energy scales, the interaction coupling becomes 
small,              allowing for perturbation theory to work.

Proton mass 
Mp=0.938 GeV

↵S(Q)
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We can discretize QCD on a space-time lattice, conveniently coined lattice QCD 
 
The quantum uncertainty principle means as we reduce the lattice spacing, 
a→0, this is equivalent to probing the theory at high energies (a~Δx) 

                                            ΔxΔQ ≥ 
 
We know the exact theory to discretize without uncertainty quantification and 
the computer can handle the non-perturbative long-range QCD interactions

~
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QCD is a “most perfect” theory: perturbative at short distance
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There are 2 important symmetries of  QCD which are important for understanding the dynamics of  the 
theory 

Exact gauge-invariance (invariance of  theory under local SU(3)-color rotations), which gives rise to 
massless gluons 

Approximate symmetry under global SU(2) chiral rotations of  up and down quarks



QCD: symmetry and low-energy
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Approximate global chiral symmetry of  QCD 

In the limit that the up and down quark masses are 0, QCD has an exact SU(2)L x SU(2)R chiral 
symmetry 
 
 
 

Global SU(2) rotation 
 

While the mass operator is only invariant if                   , the vector subgroup 
The quark mass explicitly breaks the full SU(2)L x SU(2)R symmetry 

We also know (now) that                                       so we expect that this global symmetry should be 
realized in nature
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Approximate global SU(2)L x SU(2)R chiral symmetry of  QCD 
 

If  this approximate symmetry were a symmetry of  the QCD vacuum, we would observe that the 
negative parity nucleon has the same mass as the nucleon 
 

We also observe — all hadrons made of  u,d quarks have masses >= 770 MeV 
except for the pions: 
 
 
 

Why are there three relatively light hadrons in the spectrum? 
And why do we not observe a near degeneracy between the parity partner states?
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QCD: symmetry and low-energy
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Approximate global SU(2)L x SU(2)R chiral symmetry of  QCD 
 
 

The situation reminded us of  spontaneous symmetry breaking.  If  a global 
symmetry is spontaneously broken, there must emerge Nambu-Goldstone 
modes which are massless excitations (along the vacuum) 

In our case, we have an approximate symmetry.  We postulate that the 
QCD vacuum spontaneously breaks this approximate symmetry down to 
the vector subgroup 
                 SU(2)L x SU(2)R → SU(2)V       — the remaining SU(2) symmetry is Isospin symmetry 

Because we start with an approximate, not exact, symmetry, the Nambu-Goldstone modes will have a 
small mass arising from the explicit breaking of  the symmetry
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Approximate global SU(2)L x SU(2)R chiral symmetry of  QCD 
 
 

The global chiral symmetry has 3+3 generators (from each SU(2)) 

We end with 3 symmetry generators of  SU(2)V 

The Nambu-Goldstone Theorem tells us we should end up with 3 nearly 
massless particles associated with each broken generator 

There is a theorem that this spontaneous symmetry breaking can not break into a parity broken phase 
Vaffa, Witten, Phys.Rev.Lett. 53 (1984) 
 
suggesting that the Nambu-Goldstone modes should be parity-odd (as they are associated with the 
breaking of  axial symmetries), and indeed, we observe the pions have intrinsic odd parity 

Our understanding of  low-energy QCD is heavily based upon the realization of  this approximate global 
chiral symmetry and its spontaneous breaking by the QCD vacuum
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QCD: gauge “symmetry”
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A key feature of  QCD is the exact gauge invariance — the theory remains the same under local SU(3) 
transformations 
 
 
a,b are “color” indices 

The gauge fields also carry “color charge”, which leads to the gluon self-interactions 

We demand the theory is invariant under  
where       are the Gell-Mann matrices 

A key question when discretizing a theory - how do you preserve the  
invariance of  these local transformations? 
 
 
 

A local transformation at x and x+aµ will not longer exactly cancel
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LQCD allows us to compute Euclidean space, 
finite volume,  correlation functions 
 
Non-trivial numerical analysis (and sometimes 
formalism) to extract spectrum, matrix 
elements, form factors, …

NOTE:
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LQCD: 2 point functions - proton

0tsep
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i0

⇢0(ū
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i0

⇢0(ū
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☐ For the nucleon, 2 of  the quarks 
must form a spin singlet
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The spin projectors to project onto the spin up and down proton are simply given by
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The spin projectors to project onto the spin up and down proton are simply given by
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☐ For the nucleon, 2 of  the quarks 
must form a spin singlet
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LQCD: 2 point functions
0tsep

<latexit sha1_base64="tPVYBEtLb824aAbl21MWaoCeCYs="></latexit>

C(t,p) =
X

x

e
�ip·xh⌦|O(t,x)O†(0,0)|⌦i

<latexit sha1_base64="dynFHx62JyicErOmqslfyNMzg9k="></latexit>

C(t) =
X

x

h⌦|O(t,x)O†(0,0)|⌦i

=
X

x

h⌦|eĤt
O(0,x)e�Ĥt

O
†(0,0)|⌦i

=
X

n

X

x

h⌦|eĤt
O(0,x)e�Ĥt|nihn|O†(0,0)|⌦i

=
X

n

e
�Ent

X

x

h⌦|O(0,x)|nihn|O†(0,0)|⌦i

=
X

n

e
�En(p=0)th⌦|O(0)|n,p = 0ihn,p = 0|O†(0)|⌦i

=
X

n

e
�Entznz

†
n

<latexit sha1_base64="OlKRzGVdbm9i16gT33B1HrdRT3g=">AAACEnicbZBNS8MwGMdTX+d8q3oUJDgEDzJaGepFGHrxOMG9wFpKmqZbWJqWJB2Mbjc/gp/Cq568iVe/gAe/i1nXg24+EPLj/38ekufvJ4xKZVlfxtLyyuraemmjvLm1vbNr7u23ZJwKTJo4ZrHo+EgSRjlpKqoY6SSCoMhnpO0Pbqd+e0iEpDF/UKOEuBHqcRpSjJSWPPPIhtfQkWnkcTjmjkC8x4jD8gvysWdWrKqVF1wEu4AKKKrhmd9OEOM0IlxhhqTs2lai3AwJRTEjk7KTSpIgPEA90tXIUUTkWTCkiczRzfKVJvBEmwEMY6EPVzBXfw9nKJJyFPm6M0KqL+e9qfif101VeOVmlCepIhzPHgpTBlUMp/nAgAqCFRtpQFhQ/W2I+0ggrHSKZZ2HPb/9IrTOq/ZFtXZfq9RvimRK4BAcg1Ngg0tQB3egAZoAg0fwDF7Aq/FkvBnvxsesdckoZg7AnzI+fwA4BJ1s</latexit>

1 =
X

n

|nihn|

time-evolve operator

multiply by 1,

focus on 0-momentum

define vacuum to have 0-energy

sum of  exponentials



15

LQCD: 2 point functions 0tsep

<latexit sha1_base64="uwyabEJRdHTH/Ca01lCKZMoK/pY="></latexit>

me↵(t) = ln
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C(t)

C(t+ 1)

◆
�!|{z}

large t

E0 +
X

n>0

rn
�
e��n0t � e��n0t+1

�<latexit sha1_base64="yzprx8ez5kzTuUGpS2HTuLE+Js0="></latexit>

C(t,p = 0) =
X

x

h⌦|N(t,x)N†(0,0)|⌦i

= A0e
�E0t

 
1 +

X

n>0

rne
��n0t

!

<latexit sha1_base64="6HdRbRXEUFeDJUaZUePd8U2iALQ=">AAACC3icbZDLSsNAFIYn9VbrLerChZvBIrjQkkhRN0LxAi4r2Au0IUwmk3boZBJmJoUS8gg+hVtduRO3PoQL38VpmoVWD8zw8f/nMHN+L2ZUKsv6NEoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43up76nTERkkb8QU1i4oRowGlAMVJacs29/g1hCrkptzJ4CW9dDk/0bblm1apZecG/YBdQBUU1XfOr70c4CQlXmCEpe7YVKydFQlHMSFbpJ5LECI/QgPQ0chQSeeyPaSxzdNJ8lwweatOHQST04Qrm6s/hFIVSTkJPd4ZIDeW8NxX/83qJCi6clPI4UYTj2UNBwqCK4DQY6FNBsGITDQgLqr8N8RAJhJWOr6LzsOe3/wvt05p9Vqvf16uNqyKZMtgHB+AI2OAcNMAdaIIWwCADT+AZvBiPxqvxZrzPWktGMbMLfpXx8Q32jplN</latexit>

�n0 = En � E0

NOTE: if  the creation operator is 
conjugate to the annihilation operator

<latexit sha1_base64="AFNjR6kbnUtzDznULNXH/sU8hLE=">AAAB/HicbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSFGXRTcuK9gLtqFMJpN26GQSZyaFEupTuNWVO3Hru7jwXZymWWjrgYGP/z+Hc+b3Ys6Utu0vq7Cyura+UdwsbW3v7O6V9w9aKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZGNzO/PaZSsUjc60lM3RAPBAsYwdpID7IvUG9AH5HdL1fsqp0VWgYnhwrk1eiXv3t+RJKQCk04Vqrr2LF2Uyw1I5xOS71E0RiTER7QrkGBQ6rO/DGLVYZumh0/RSfG9FEQSfOERpn6ezjFoVKT0DOdIdZDtejNxP+8bqKDKzdlIk40FWS+KEg40hGaJYF8JinRfGIAE8nM2YgMscREm7xKJg9n8ffL0DqvOhfV2l2tUr/OkynCERzDKThwCXW4hQY0gYCAZ3iBV+vJerPerY95a8HKZw7hT1mfP3eNlNc=</latexit>

rn � 0
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LQCD: 2 point functions 0tsep

<latexit sha1_base64="uwyabEJRdHTH/Ca01lCKZMoK/pY="></latexit>

me↵(t) = ln
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<latexit sha1_base64="6HdRbRXEUFeDJUaZUePd8U2iALQ=">AAACC3icbZDLSsNAFIYn9VbrLerChZvBIrjQkkhRN0LxAi4r2Au0IUwmk3boZBJmJoUS8gg+hVtduRO3PoQL38VpmoVWD8zw8f/nMHN+L2ZUKsv6NEoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43up76nTERkkb8QU1i4oRowGlAMVJacs29/g1hCrkptzJ4CW9dDk/0bblm1apZecG/YBdQBUU1XfOr70c4CQlXmCEpe7YVKydFQlHMSFbpJ5LECI/QgPQ0chQSeeyPaSxzdNJ8lwweatOHQST04Qrm6s/hFIVSTkJPd4ZIDeW8NxX/83qJCi6clPI4UYTj2UNBwqCK4DQY6FNBsGITDQgLqr8N8RAJhJWOr6LzsOe3/wvt05p9Vqvf16uNqyKZMtgHB+AI2OAcNMAdaIIWwCADT+AZvBiPxqvxZrzPWktGMbMLfpXx8Q32jplN</latexit>

�n0 = En � E0

NOTE: if  the creation operator is 
conjugate to the annihilation operator

<latexit sha1_base64="AFNjR6kbnUtzDznULNXH/sU8hLE=">AAAB/HicbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSFGXRTcuK9gLtqFMJpN26GQSZyaFEupTuNWVO3Hru7jwXZymWWjrgYGP/z+Hc+b3Ys6Utu0vq7Cyura+UdwsbW3v7O6V9w9aKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZGNzO/PaZSsUjc60lM3RAPBAsYwdpID7IvUG9AH5HdL1fsqp0VWgYnhwrk1eiXv3t+RJKQCk04Vqrr2LF2Uyw1I5xOS71E0RiTER7QrkGBQ6rO/DGLVYZumh0/RSfG9FEQSfOERpn6ezjFoVKT0DOdIdZDtejNxP+8bqKDKzdlIk40FWS+KEg40hGaJYF8JinRfGIAE8nM2YgMscREm7xKJg9n8ffL0DqvOhfV2l2tUr/OkynCERzDKThwCXW4hQY0gYCAZ3iBV+vJerPerY95a8HKZw7hT1mfP3eNlNc=</latexit>
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but… signal-to-noise - can not simply “wait till long time” to get ground state (g.s.)

LQCD: 2 point functions 0tsep

<latexit sha1_base64="uwyabEJRdHTH/Ca01lCKZMoK/pY="></latexit>

me↵(t) = ln
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◆
�!|{z}
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�<latexit sha1_base64="yzprx8ez5kzTuUGpS2HTuLE+Js0="></latexit>
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n>0

rne
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!

<latexit sha1_base64="6HdRbRXEUFeDJUaZUePd8U2iALQ=">AAACC3icbZDLSsNAFIYn9VbrLerChZvBIrjQkkhRN0LxAi4r2Au0IUwmk3boZBJmJoUS8gg+hVtduRO3PoQL38VpmoVWD8zw8f/nMHN+L2ZUKsv6NEoLi0vLK+XVytr6xuaWub3TllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43up76nTERkkb8QU1i4oRowGlAMVJacs29/g1hCrkptzJ4CW9dDk/0bblm1apZecG/YBdQBUU1XfOr70c4CQlXmCEpe7YVKydFQlHMSFbpJ5LECI/QgPQ0chQSeeyPaSxzdNJ8lwweatOHQST04Qrm6s/hFIVSTkJPd4ZIDeW8NxX/83qJCi6clPI4UYTj2UNBwqCK4DQY6FNBsGITDQgLqr8N8RAJhJWOr6LzsOe3/wvt05p9Vqvf16uNqyKZMtgHB+AI2OAcNMAdaIIWwCADT+AZvBiPxqvxZrzPWktGMbMLfpXx8Q32jplN</latexit>

�n0 = En � E0
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NOTE: if  the creation operator is 
conjugate to the annihilation operator

<latexit sha1_base64="AFNjR6kbnUtzDznULNXH/sU8hLE=">AAAB/HicbZDLSsNAFIZP6q3WW9Wlm8EiuJCSSFGXRTcuK9gLtqFMJpN26GQSZyaFEupTuNWVO3Hru7jwXZymWWjrgYGP/z+Hc+b3Ys6Utu0vq7Cyura+UdwsbW3v7O6V9w9aKkokoU0S8Uh2PKwoZ4I2NdOcdmJJcehx2vZGNzO/PaZSsUjc60lM3RAPBAsYwdpID7IvUG9AH5HdL1fsqp0VWgYnhwrk1eiXv3t+RJKQCk04Vqrr2LF2Uyw1I5xOS71E0RiTER7QrkGBQ6rO/DGLVYZumh0/RSfG9FEQSfOERpn6ezjFoVKT0DOdIdZDtejNxP+8bqKDKzdlIk40FWS+KEg40hGaJYF8JinRfGIAE8nM2YgMscREm7xKJg9n8ffL0DqvOhfV2l2tUr/OkynCERzDKThwCXW4hQY0gYCAZ3iBV+vJerPerY95a8HKZw7hT1mfP3eNlNc=</latexit>

rn � 0

Ω
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What does it mean to have a LQCD result?
continuum limit 
need 3 or more  
lattice spacings

infinite volume limit

physical pion masses 
exponentially bad  

signal-to-noise problem

tcomp / V 5/4
<latexit sha1_base64="uB6DidbgLIV5qDb/53qQklNHq9Y=">AAACC3icdVDLSgMxFM3UV62vqhvBTbAILqTOSEXdFd24rOC0hbYOmUzahiaTkGQKZaif4Fe41ZUrcetHuPBfTB9CfR24cDjnXu69J5SMauO6705mbn5hcSm7nFtZXVvfyG9uVbVIFCY+Fkyoeog0YTQmvqGGkbpUBPGQkVrYuxz5tT5Rmor4xgwkaXHUiWmbYmSsFOR3TJBiweUQNqUS0ghYvU1PjkrDIF/wiu4Y0P1FvqwCmKIS5D+akcAJJ7HBDGnd8FxpWilShmJGhrlmoolEuIc6pGFpjDjRh1GfSj2mrXT8zBDuWzOCbaFsxQaO1dnhFHGtBzy0nRyZrv7pjcS/vEZi2metlMYyMSTGk0XthEH78ygZGFFFsGEDSxBW1J4NcRcphI3NLzebx//EPy6eF73rUqF8MQ0mC3bBHjgAHjgFZXAFKsAHGNyBB/AInpx759l5cV4nrRlnOrMNvsF5+wSdSZsW</latexit><latexit sha1_base64="uB6DidbgLIV5qDb/53qQklNHq9Y=">AAACC3icdVDLSgMxFM3UV62vqhvBTbAILqTOSEXdFd24rOC0hbYOmUzahiaTkGQKZaif4Fe41ZUrcetHuPBfTB9CfR24cDjnXu69J5SMauO6705mbn5hcSm7nFtZXVvfyG9uVbVIFCY+Fkyoeog0YTQmvqGGkbpUBPGQkVrYuxz5tT5Rmor4xgwkaXHUiWmbYmSsFOR3TJBiweUQNqUS0ghYvU1PjkrDIF/wiu4Y0P1FvqwCmKIS5D+akcAJJ7HBDGnd8FxpWilShmJGhrlmoolEuIc6pGFpjDjRh1GfSj2mrXT8zBDuWzOCbaFsxQaO1dnhFHGtBzy0nRyZrv7pjcS/vEZi2metlMYyMSTGk0XthEH78ygZGFFFsGEDSxBW1J4NcRcphI3NLzebx//EPy6eF73rUqF8MQ0mC3bBHjgAHjgFZXAFKsAHGNyBB/AInpx759l5cV4nrRlnOrMNvsF5+wSdSZsW</latexit><latexit sha1_base64="uB6DidbgLIV5qDb/53qQklNHq9Y=">AAACC3icdVDLSgMxFM3UV62vqhvBTbAILqTOSEXdFd24rOC0hbYOmUzahiaTkGQKZaif4Fe41ZUrcetHuPBfTB9CfR24cDjnXu69J5SMauO6705mbn5hcSm7nFtZXVvfyG9uVbVIFCY+Fkyoeog0YTQmvqGGkbpUBPGQkVrYuxz5tT5Rmor4xgwkaXHUiWmbYmSsFOR3TJBiweUQNqUS0ghYvU1PjkrDIF/wiu4Y0P1FvqwCmKIS5D+akcAJJ7HBDGnd8FxpWilShmJGhrlmoolEuIc6pGFpjDjRh1GfSj2mrXT8zBDuWzOCbaFsxQaO1dnhFHGtBzy0nRyZrv7pjcS/vEZi2metlMYyMSTGk0XthEH78ygZGFFFsGEDSxBW1J4NcRcphI3NLzebx//EPy6eF73rUqF8MQ0mC3bBHjgAHjgFZXAFKsAHGNyBB/AInpx759l5cV4nrRlnOrMNvsF5+wSdSZsW</latexit><latexit sha1_base64="uB6DidbgLIV5qDb/53qQklNHq9Y=">AAACC3icdVDLSgMxFM3UV62vqhvBTbAILqTOSEXdFd24rOC0hbYOmUzahiaTkGQKZaif4Fe41ZUrcetHuPBfTB9CfR24cDjnXu69J5SMauO6705mbn5hcSm7nFtZXVvfyG9uVbVIFCY+Fkyoeog0YTQmvqGGkbpUBPGQkVrYuxz5tT5Rmor4xgwkaXHUiWmbYmSsFOR3TJBiweUQNqUS0ghYvU1PjkrDIF/wiu4Y0P1FvqwCmKIS5D+akcAJJ7HBDGnd8FxpWilShmJGhrlmoolEuIc6pGFpjDjRh1GfSj2mrXT8zBDuWzOCbaFsxQaO1dnhFHGtBzy0nRyZrv7pjcS/vEZi2metlMYyMSTGk0XthEH78ygZGFFFsGEDSxBW1J4NcRcphI3NLzebx//EPy6eF73rUqF8MQ0mC3bBHjgAHjgFZXAFKsAHGNyBB/AInpx759l5cV4nrRlnOrMNvsF5+wSdSZsW</latexit>
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V = N3
L ⇥NT
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But what does this mean?

The theory (the action, S), on the computer, is formulated in terms of  dimensionless fields, dimensionless 
masses etc. 

The only parameters we chose are the dimensionless quark masses, am, and the dimensionless gauge 
coupling, g 

But quark masses are not observable/measurable, and neither is g, so how do we know what these 
choices correspond to? 

We have to pick values for am, g,  
run the Monte-Carlo,  
“measure” some hadron correlation functions and extract the dimensionless masses 
trade one experimental quantity for each input parameter 
a(mu+md)⟷M𝜋    ams⟷MK   aMΩ⟷scale

<latexit sha1_base64="S6931k8lGRTsWlWMabO1s7Fbx8Q="></latexit>

S = a4
X

n

 ̄n[D +m] n � 1

4g2
Gµ⌫(n)Gµ⌫(n)

=
X

n

(a3/2 ̄)n[aD + am](a3/2 )n � 1

4g2
(a2Gµ⌫(n))(a

2Gµ⌫(n))



18

Example Scale Setting: arXiv:2011.12166 3

TABLE I. Input parameters for our lattice action. The abbreviated ensemble name [17] indicates the approximate lattice
spacing in fm and pion mass in MeV. The S, L, XL which come after an ensemble name denote a relatively small, large and
extra-large volume with respect to m⇡L = 4.

ensemble � Ncfg volume aml ams amc L5/a aM5 b5, c5 am
val
l am

res
l ⇥104

am
val
s am

res
s ⇥104

� N Nsrc

a15m400a 5.80 1000 163 ⇥ 48 0.0217 0.065 0.838 12 1.3 1.50, 0.50 0.0278 9.365(87) 0.0902 6.937(63) 3.0 30 8
a15m350a 5.80 1000 163 ⇥ 48 0.0166 0.065 0.838 12 1.3 1.50, 0.50 0.0206 9.416(90) 0.0902 6.688(62) 3.0 30 16
a15m310 5.80 1000 163 ⇥ 48 0.013 0.065 0.838 12 1.3 1.50, 0.50 0.0158 9.563(67) 0.0902 6.640(44) 4.2 45 24
a15m310La 5.80 1000 243 ⇥ 48 0.013 0.065 0.838 12 1.3 1.50, 0.50 0.0158 9.581(50) 0.0902 6.581(37) 4.2 45 4
a15m220 5.80 1000 243 ⇥ 48 0.0064 0.064 0.828 16 1.3 1.75, 0.75 0.00712 5.736(38) 0.0902 3.890(25) 4.5 60 16
a15m135XLa 5.80 1000 483 ⇥ 64 0.002426 0.06730 0.8447 24 1.3 2.25, 1.25 0.00237 2.706(08) 0.0945 1.860(09) 3.0 30 32
a12m400a 6.00 1000 243 ⇥ 64 0.0170 0.0509 0.635 8 1.2 1.25, 0.25 0.0219 7.337(50) 0.0693 5.129(35) 3.0 30 8
a12m350a 6.00 1000 243 ⇥ 64 0.0130 0.0509 0.635 8 1.2 1.25, 0.25 0.0166 7.579(52) 0.0693 5.062(34) 3.0 30 8
a12m310 6.00 1053 243 ⇥ 64 0.0102 0.0509 0.635 8 1.2 1.25, 0.25 0.0126 7.702(52) 0.0693 4.950(35) 3.0 30 8
a12m310XLa 6.00 1000 483 ⇥ 64 0.0102 0.0509 0.635 8 1.2 1.25, 0.25 0.0126 7.728(22) 0.0693 4.927(21) 3.0 30 8
a12m220S 6.00 1000 244 ⇥ 64 0.00507 0.0507 0.628 12 1.2 1.50, 0.50 0.00600 3.990(42) 0.0693 2.390(24) 6.0 90 4
a12m220 6.00 1000 323 ⇥ 64 0.00507 0.0507 0.628 12 1.2 1.50, 0.50 0.00600 4.050(20) 0.0693 2.364(15) 6.0 90 4
a12m220ms 6.00 1000 323 ⇥ 64 0.00507 0.0304 0.628 12 1.2 1.50, 0.50 0.00600 3.819(26) 0.0415 2.705(20) 6.0 90 8
a12m220L 6.00 1000 403 ⇥ 64 0.00507 0.0507 0.628 12 1.2 1.50, 0.50 0.00600 4.040(26) 0.0693 2.361(19) 6.0 90 4
a12m180La 6.00 1000 483 ⇥ 64 0.00339 0.0507 0.628 14 1.2 1.75, 0.75 0.00380 3.038(13) 0.0693 1.888(11) 3.0 30 16
a12m130 6.00 1000 483 ⇥ 64 0.00184 0.0507 0.628 20 1.2 2.00, 1.00 0.00195 1.642(09) 0.0693 0.945(08) 3.0 30 32
a09m400a 6.30 1201 323 ⇥ 64 0.0124 0.037 0.44 6 1.1 1.25, 0.25 0.0160 2.532(23) 0.0491 1.957(17) 3.5 45 8
a09m350a 6.30 1201 323 ⇥ 64 0.00945 0.037 0.44 6 1.1 1.25, 0.25 0.0121 2.560(24) 0.0491 1.899(16) 3.5 45 8
a09m310 6.30 780 323 ⇥ 96 0.0074 0.037 0.44 6 1.1 1.25, 0.25 0.00951 2.694(26) 0.0491 1.912(15) 6.7 167 8
a09m220 6.30 1001 483 ⇥ 96 0.00363 0.0363 0.43 8 1.1 1.25, 0.25 0.00449 1.659(13) 0.0491 0.834(07) 8.0 150 6
a09m135a 6.30 1010 643 ⇥ 96 0.001326 0.03636 0.4313 12 1.1 1.50, 0.50 0.00152 0.938(06) 0.04735 0.418(04) 3.5 45 16
a06m310La 6.72 1000 723 ⇥ 96 0.0048 0.024 0.286 6 1.0 1.25, 0.25 0.00617 0.225(03) 0.0309 0.165(02) 3.5 45 8

a Additional ensembles generated by CalLat using the MILC code. The m350 and m400 ensembles were made on the Vulcan
supercomputer at LLNL while the a12m310XL, a12m180L, a15m135XL, a09m135, and a06m310L ensembles were made on the Sierra
and Lassen supercomputers at LLNL and the Summit supercomputer at OLCF using QUDA [18, 19]. These configurations are available
to any interested party upon request, and will be available for easy anonymous downloading—hopefully soon.

gauge invariant Gaussian smearing routine with the same
parameters as the source. The values of the “smearing
width” (�) and the number of iterations (N) used to ap-
proximate the exponential smearing profile are provided
in Table I. The correlation functions constructed with
the point sink are referred to as PS and those with the
smeared sink as SS.

Local spin wave-functions are constructed following
Refs. [53, 54]. Both positive- and negative-parity omega-
baryon correlation functions are constructed with the up-
per and lower spin components of the quark propagators
in the Dirac basis. The negative-parity correlation func-
tions are time-reversed with an appropriate sign flip of
the correlation function, e↵ectively doubling the statis-
tics with no extra inversions. The four di↵erent spin
projections of the omega are averaged as well to produce
the final spin and parity averaged two-point correlation
functions.

The reader will notice that the values of � and N do
not follow an obvious pattern. This is because in our first
computations of gA [31, 32], we applied an “aggressive”
smearing with a larger value of � and correspondingly
larger number of iterations, which led to a large suppres-
sion of excited states, but also showed evidence of “over
smearing” such that the non-positive-definite PS correla-
tion functions displayed symptoms of having a relatively
large negative overlap factor for excited states (there were
wiggles in the PS e↵ective masses). In a subsequent pa-
per studying the two-nucleon system on the a12m350 en-
semble [55], where we utilized Matrix Prony [56] to form
linear combinations of PS and SS nucleons to construct a

“calm” nucleon which is ground-state dominated earlier
in time, we observed that using a milder smearing with
smaller width and fewer iterations provided a much more
stable extraction of the ground state and did not show
signs of large negative overlap factors. Hence, many but
not all of the ensembles have been rerun with our im-
proved choices of � and N . We have observed the choice
� = 3.0 and N = 30 works well for the a15 and a12 en-
sembles and that � = 3.5 with N = 45 works well for the
a09 and a06 ensembles.

In order to determine the omega baryon mass on each
ensemble, we perform a stability analysis of the extracted
ground state mass as a function of tmin used in the fit as
well as the number of states used in the analysis. The cor-
relation functions are analyzed in a Bayesian framework
with constraints [57]. We choose normally distributed
priors for the ground-state energy and all overlap fac-
tors, and log-normal distributions for excited-state en-
ergy priors. The ground-state energy and overlap fac-
tors are motivated by the plateau values of the e↵ective
masses with the priors taken to be roughly 10 times larger
than the stochastic uncertainty of the respective e↵ective
mass data in the plateau region. The excited-state en-
ergy splittings are set to the value of two pion masses
with a width allowing for fluctuations down to one pion
mass within one standard deviation.

In Fig. 1 we show sample extractions of the ground
state mass on our three physical pion mass ensembles.
In the left plot, we show the e↵ective mass data from the
two correlation functions. The weights are normalized
on a given time slice by the largest Bayes factor at that
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6

TABLE II. The omega baryon mass (m⌦) and gradient flow scales (t0,orig, t0,imp, w0,orig and w0,imp) determined on each
ensemble are listed as well as their dimensionless products. Additionally, in the bottom panel, we list the parameters used to
control the physical point extrapolation: l2⌦ = m2

⇡/m
2

⌦, s2⌦ = (2m2

K �m2

⇡)/m2

⌦, l2F = m2

⇡/(4⇡F⇡)2, s2F = (2m2

K �m2

⇡)/(4⇡F⇡)2,
m⇡L, ✏a = a/(2w0,orig) and ↵S . The values of ↵S are taken from Table III of Ref. [12] which were determined with a heavy-
quark potential method [63]. An HDF5 file is provided with this publication which includes the resulting bootstrap samples of
all these quantities which can be used to construct the correlated uncertainties.

ensemble am⌦ t0,orig/a
2 t0,imp/a

2
p
t0,origm⌦

p
t0,impm⌦ w0,orig/a w0,imp/a w0,origm⌦ w0,impm⌦

a15m400 1.2437(43) 1.1905(15) 0.9563(11) 1.3570(47) 1.2162(42) 1.1053(12) 1.0868(14) 1.3747(49) 1.3516(50)
a15m350 1.2331(31) 1.2032(14) 0.9660(11) 1.3526(35) 1.2120(32) 1.1154(11) 1.0988(13) 1.3754(37) 1.3550(38)
a15m310L 1.2287(31) 1.2111(07) 0.9720(05) 1.3521(34) 1.2113(30) 1.1219(06) 1.1066(07) 1.3784(35) 1.3596(35)
a15m310 1.2312(36) 1.2121(09) 0.9727(07) 1.3555(40) 1.2143(36) 1.1230(07) 1.1079(09) 1.3826(41) 1.3640(41)
a15m220 1.2068(26) 1.2298(08) 0.9861(07) 1.3383(30) 1.1984(27) 1.1378(07) 1.1255(08) 1.3731(31) 1.3582(31)
a15m135XL 1.2081(19) 1.2350(04) 0.9897(03) 1.3425(21) 1.2018(19) 1.1432(03) 1.1319(04) 1.3811(22) 1.3674(22)
a12m400 1.0279(25) 1.6942(11) 1.4172(10) 1.3380(33) 1.2237(30) 1.3616(07) 1.3636(08) 1.3997(35) 1.4017(35)
a12m350 1.0139(26) 1.7091(14) 1.4298(12) 1.3255(35) 1.2124(32) 1.3728(10) 1.3755(11) 1.3918(38) 1.3946(38)
a12m310XL 1.0072(41) 1.7221(07) 1.4407(06) 1.3217(54) 1.2089(50) 1.3831(05) 1.3865(06) 1.3930(58) 1.3964(58)
a12m310 1.0112(32) 1.7213(19) 1.4398(17) 1.3267(42) 1.2134(39) 1.3830(13) 1.3863(12) 1.3985(46) 1.4019(46)
a12m220ms 0.8896(92) 1.7891(15) 1.4977(13) 1.190(12) 1.089(11) 1.4339(12) 1.4406(12) 1.276(13) 1.282(13)
a12m220S 0.9970(26) 1.7466(20) 1.4614(17) 1.3177(35) 1.2053(32) 1.4021(15) 1.4069(16) 1.3980(39) 1.4027(39)
a12m220L 0.9944(30) 1.7489(09) 1.4633(08) 1.3150(40) 1.2028(37) 1.4041(06) 1.4090(07) 1.3962(43) 1.4010(43)
a12m220 0.9924(60) 1.7498(14) 1.4641(12) 1.3127(80) 1.2007(73) 1.4047(10) 1.4096(11) 1.3940(85) 1.3988(86)
a12m180L 0.9924(26) 1.7553(05) 1.4686(05) 1.3148(35) 1.2026(32) 1.4093(05) 1.4145(05) 1.3985(38) 1.4037(38)
a12m130 0.9801(26) 1.7628(07) 1.4749(06) 1.3013(34) 1.1903(31) 1.4155(05) 1.4211(06) 1.3873(37) 1.3928(37)
a09m400 0.7716(23) 2.9158(42) 2.6040(33) 1.3176(41) 1.2451(38) 1.8602(26) 1.8686(27) 1.4353(48) 1.4418(48)
a09m350 0.7561(35) 2.9455(37) 2.6301(34) 1.2977(61) 1.2262(58) 1.8810(25) 1.8900(26) 1.4222(69) 1.4291(70)
a09m310 0.7543(36) 2.9698(32) 2.6521(29) 1.2998(63) 1.2283(59) 1.8970(22) 1.9066(22) 1.4308(71) 1.4381(71)
a09m220 0.7377(30) 3.0172(16) 2.6952(15) 1.2814(53) 1.2111(50) 1.9282(12) 1.9388(12) 1.4224(59) 1.4302(60)
a09m135 0.7244(25) 3.0390(12) 2.7147(11) 1.2629(44) 1.1936(42) 1.9450(10) 1.9563(11) 1.4091(50) 1.4172(50)
a06m310L 0.5069(21) 6.4079(45) 6.0606(44) 1.2830(54) 1.2478(52) 2.8958(20) 2.9053(20) 1.4678(62) 1.4726(62)

ensemble l2F s2F l2⌦ s2⌦ m⇡L ✏2a ↵S

a15m400 0.09216(33) 0.2747(10) 0.05928(42) 0.1767(12) 4.85 0.20462(44) 0.58801
a15m350 0.07505(28) 0.2915(09) 0.04609(25) 0.1790(09) 4.24 0.20096(39) 0.58801
a15m310L 0.06018(23) 0.2984(11) 0.03630(18) 0.1800(09) 5.62 0.19864(20) 0.58801
a15m310 0.06223(17) 0.3035(09) 0.03675(23) 0.1792(11) 3.78 0.19825(26) 0.58801
a15m220 0.03269(11) 0.3253(09) 0.01877(09) 0.1868(08) 3.97 0.19311(23) 0.58801
a15m135XL 0.01319(05) 0.3609(11) 0.00726(03) 0.1986(06) 4.94 0.19129(10) 0.58801
a12m400 0.08889(30) 0.2648(10) 0.05610(28) 0.1671(08) 5.84 0.13484(15) 0.53796
a12m350 0.07307(37) 0.2810(13) 0.04454(24) 0.1713(09) 5.14 0.13266(19) 0.53796
a12m310XL 0.05904(23) 0.2909(12) 0.03506(29) 0.1727(14) 9.05 0.13069(10) 0.53796
a12m310 0.05984(25) 0.2933(12) 0.03482(23) 0.1707(11) 4.53 0.13071(24) 0.53796
a12m220ms 0.03400(16) 0.2000(09) 0.02229(46) 0.1311(27) 4.25 0.12159(20) 0.53796
a12m220S 0.03384(19) 0.3210(19) 0.01849(13) 0.1754(09) 3.25 0.12716(27) 0.53796
a12m220L 0.03289(15) 0.3195(14) 0.01816(12) 0.1765(11) 5.36 0.12681(11) 0.53796
a12m220 0.03314(15) 0.3202(15) 0.01831(23) 0.1769(22) 4.30 0.12670(18) 0.53796
a12m180L 0.02277(09) 0.3319(13) 0.01220(07) 0.1779(10) 5.26 0.12588(08) 0.53796
a12m130 0.01287(08) 0.3429(14) 0.00687(05) 0.1832(10) 3.90 0.12477(09) 0.53796
a09m400 0.08883(32) 0.2638(09) 0.05512(34) 0.1637(10) 5.80 0.07225(20) 0.43356
a09m350 0.07256(32) 0.2827(11) 0.04358(42) 0.1698(16) 5.05 0.07066(19) 0.43356
a09m310 0.06051(22) 0.2946(10) 0.03481(34) 0.1695(16) 4.50 0.06947(16) 0.43356
a09m220 0.03307(14) 0.3278(13) 0.01761(15) 0.1746(14) 4.70 0.06724(08) 0.43356
a09m135 0.01346(08) 0.3500(17) 0.00674(05) 0.1752(12) 3.81 0.06608(07) 0.43356
a06m310L 0.06141(35) 0.2993(17) 0.03481(29) 0.1696(14) 6.81 0.02981(04) 0.29985

1. Physical light and strange quark mass limit

The ensembles have a range of light quark masses
which correspond roughly to 130 . m⇡ . 400 MeV. We
have three lattice spacings at m⇡ ' m

phys
⇡

such that the
light quark mass extrapolation is really an interpolation.

On all but one of the 22 ensembles, the strange quark
mass is close to its physical value, allowing us to per-
form a simple interpolation to the physical strange quark
mass point. One ensemble has a strange quark mass of
roughly 2/3 its physical value (a12m220ms), allowing us
to explore systematics in this strange quark mass inter-
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4. Infinite volume limit

The leading sensitivity of m⌦, t0 and w0 to the size
of the volume is exponentially suppressed for su�ciently
large m⇡L [68]. We have ensembles with multiple vol-
umes at a15m310, a12m310 and a12m220 to test the
predicted finite volume corrections against the observed
ones. We derive the predicted volume dependence of
w0m⌦ to the first two non-trivial orders in Sec. III B.

A. Light and Strange Quark Mass Dependence

The light and strange quark mass dependence of the
omega baryon has been derived in SU(3) heavy baryon
�PT (HB�PT) [69, 70] to next-to-next-to-leading order
(N2LO) which is O(m4
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) [71–73]. It has been shown

that SU(3) HB�PT does not produce a converging ex-
pansion at the physical quark masses [46, 74–77], and so
using these formulas to obtain a precise, let alone sub-
percent, determination, at the physical pion mass is not

possible when incorporating systematic uncertainties as-
sociated with the truncation of SU(3) HB�PT.

However, many LQCD calculations, including this one,
keep the strange quark mass fixed near its physical value.
Therefore, a simple interpolation in the strange quark
mass is possible. Further, as the omega is an isosinglet,
it will have a simpler, and likely more rapidly converging
chiral expansion of the light-quark mass dependence than
baryons with one or more light valence quarks. This has
motivated the construction of an SU(2) HB�PT for hy-
perons which considers only the pion as a light degree of
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lation provided in Ref. [79]. In standard HB�PT power
counting, in which the expansion includes odd powers of
the pion mass, this order would be called next-to-next-to-
next-to-next-to-leading order (N4LO), where leading or-
der (LO) is the O(m2

⇡
/⇤�) contribution, next-to-leading

order (NLO) would be an O(m3
⇡
/⇤2

�
) contribution, which

vanishes for m⌦, etc.
The light quark mass dependence for t0 and w0 has

also been determined in �PT through O(m4
⇡
) [84] which

8

FIG. 3. The parameter space of s2F versus l2F (left) and s2⌦ versus l2⌦ used in this calculation. The vertical and horizontal gray
lines represent the physical point defined by Eq. (3.4).

0.00 0.05 0.10 0.15 0.20
�2
a = (a/2w0,orig)2

0.02

0.04

0.06

0.08

0.10

l2 F
=

m
2 �
/(

4�
F

�
)2

m400

m350

m310

m220

m180
m135

a06 a09 a12 a15

FIG. 4. Parameter space of pion mass and lattice spacing
utilized in this work expressed in terms of l2F and ✏2a.
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The leading sensitivity of m⌦, t0 and w0 to the size
of the volume is exponentially suppressed for su�ciently
large m⇡L [68]. We have ensembles with multiple vol-
umes at a15m310, a12m310 and a12m220 to test the
predicted finite volume corrections against the observed
ones. We derive the predicted volume dependence of
w0m⌦ to the first two non-trivial orders in Sec. III B.
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�PT (HB�PT) [69, 70] to next-to-next-to-leading order
(N2LO) which is O(m4
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that SU(3) HB�PT does not produce a converging ex-
pansion at the physical quark masses [46, 74–77], and so
using these formulas to obtain a precise, let alone sub-
percent, determination, at the physical pion mass is not

possible when incorporating systematic uncertainties as-
sociated with the truncation of SU(3) HB�PT.

However, many LQCD calculations, including this one,
keep the strange quark mass fixed near its physical value.
Therefore, a simple interpolation in the strange quark
mass is possible. Further, as the omega is an isosinglet,
it will have a simpler, and likely more rapidly converging
chiral expansion of the light-quark mass dependence than
baryons with one or more light valence quarks. This has
motivated the construction of an SU(2) HB�PT for hy-
perons which considers only the pion as a light degree of
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FIG. 7. Example extrapolations of
p
t0,origm⌦ and w0,origm⌦ versus l2F (top) and ✏2a (bottom) using the N3LO �PT analysis.

For the continuum extrapolation plots (bottom) we also show the results using the “improved” determinations of the scales,
Eq. (2.3). The numerical results have been shifted from the original data points as described in the text.

the di↵erence between the central values as an addi-
tional discretization uncertainty, but as is evident from
Eq. (4.9), the central values are essentially the same.

In Fig. 6, we also compare our result with other values
in the literature. All the results, except the most re-
cent one from BMWc [14], have been determined in the
isospin symmetric limit. Our results are in good agree-
ment with the more recent and precise results, though
one notes, there is some tension in the values of

p
t0 and

w0 reported.
In Fig. 7, we show the resulting extrapolation of

p
t0,origm⌦ and w0,origm⌦ projected into the l

2
F

plane us-
ing the N3LO analysis including the ln(m⇡) type correc-
tions. The finite lattice spacing bands are plotted with a
value of ✏

2
a

taken from the near-physical pion mass ensem-
bles from Table II, a15m135XL, a12m130 and a09m135.
For the a ⇠ 0.06 fm band, we use the value

w0,orig

a06
= 3.0119(19) , (4.10)

from Table IV of Ref. [12] with m
0
l
/m

0
s

= 1/27, and use
this to construct ✏

2
a
. The data points are plotted after

being shifted to the extrapolated values of all the pa-
rameters using the posterior values of the LECs from the
N3LO fit.

The lower panel of Fig. 7 is similarly constructed by

shifting all the data points to the infinite volume limit,
l
phys
F

, s
phys
F

and the value of ✏
2
a

from the particular ensem-
ble with the corresponding band in this same limit and
only varying ✏

2
a
. We plot the continuum extrapolation

of both the original and improved values to demonstrate
the impact of the improvement at finite lattice spacing,
noting the agreement in the continuum limit.

For w0, there is very little di↵erence between the orig-
inal and improved values with very similar continuum
extrapolations. In contrast, there is a striking di↵er-
ence between the original and improved values using
p

t0, though they agree in the continuum limit. We also
observe that the use of

p
t0,orig is susceptible to larger

model-extrapolation uncertainties arising from di↵erent
choices of parameterizing the continuum extrapolation,
see Eq. (4.9). Additional results at a . 0.06 fm will
be required to control the continuum extrapolation using
p

t0 in order to obtain a few-per-mille level of precision.

C. Interpolation of t0 and w0

With our determination of t0 and w0, Eqs. (1.1) and
(1.2), we can determine the lattice spacing for each bare
coupling. We could use the near-physical pion mass

16

TABLE V. The value of the lattice spacing in fm using
the interpolation of the four di↵erent determinations of the
gradient-flow scales, combined with the determination of

p
t0

and w0 at the physical point, Eq. (1.1) and Eq. (1.2) respec-
tively. Any one scheme for determining the lattice spacing can
be picked as a quark-mass independent scale setting that can
be used to convert results from dimensionless lattice units to
MeV. The di↵erent schemes will result in di↵erent approaches
to the continuum, however all choices should agree in the con-
tinuum limit.

scheme a15/fm a12/fm a09/fm a06/fm
t0,orig/a

2 0.1284(10) 0.10788(83) 0.08196(64) 0.05564(44)
t0,imp/a

2 0.1428(10) 0.11735(87) 0.08632(65) 0.05693(44)
w0,orig/a 0.1492(10) 0.12126(87) 0.08789(71) 0.05717(51)
w0,imp/a 0.1505(10) 0.12066(88) 0.08730(70) 0.05691(51)

and w0,imp/a were interpolated to the infinite volume and
physical quark mass limits for each lattice spacing, al-
lowing for the quark-mass independent determination of
a for each bare coupling �, expressed in terms of the
approximate lattice spacing, see Table V.

Of note, the approach to the continuum limit of
p

t0,origm⌦ and
p

t0,impm⌦ are quite di↵erent, Fig. 7,
with the use of

p
t0,imp leading to an almost flat con-

tinuum extrapolation. The two di↵erent extrapolations
agree quite nicely in the continuum limit, as they must if
all systematic uncertainties are under control. In con-
trast, the use of the original and improved values of
w0 leads to very similar continuum extrapolations of
w0,origm⌦ and w0,impm⌦, which also agree very nicely
in the continuum limit.

We also observe that the use of l⌦ and s⌦ as small
parameters to control the quark-mass interpolation are
relatively heavily penalized as compared to the use of
lF and sF , see Table VII for an example. We observe
the same qualitative weighting with all choices of the
gradient-flow scale. Perhaps this is an indication that
this parameterization is sub-optimal.

Our final uncertainty using w0 is dominated by the
stochastic uncertainty, Eq. (1.2), providing a clear path
to reducing the uncertainty by almost a factor of 3 be-
fore an improved understanding of the various system-
atic uncertainties becomes relevant. At such a level
of precision, a systematic study of the e↵ect of isospin
breaking on the scale setting, as has been performed by
BMWc [14], is likely required to retain full control of
the uncertainty. For

p
t0, we observe the model-selection

uncertainty is comparable to the stochastic uncertainty,
Eq. (1.1), which arises from the di↵erent ways to parame-
terize the continuum extrapolation, see Eq. (4.9). There-
fore, additional results at a . 0.06 fm will be required to
obtain a fer-per-mille precision with

p
t0.

The pursuit of our physics program of determining
the nucleon elastic structure functions and improving the
precision of our gA result [33, 34] will naturally lead to an
improved scale setting precision. The current precision
is already expected to be sub-dominant for most of the

results we will obtain, but a further improved precision
is welcome.
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Nucleon Axial Form Factor

DUNE and Hyper-K science goals reliant upon accurate and precise modeling of  𝜈-A 
cross sections 

The 50-year old pion-production model that is currently used in event generators 
was described by its authors as naive and obviously wrong in its simplicity [FKR] 
No experimental path forward to improve these basic 𝜈N reactions 

With Lattice QCD, we can pin down certain contributions to the cross section to 
minimize the modeling uncertainty 

𝜈n→lp, 𝜈N→lΔ, 𝜈N→lN𝜋, 𝜈NN→𝜈NN, …
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Nucleon Axial Form Factor
Current lattice QCD results show significant tension for even the simplest quasi-elastic form 
factor - A. Meyer, A. Walker-Loud, C. Wilkinson, Ann. Rev. Nucl. Part. Sci. 72 (2022)
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Primordial Abundance of Light Nuclei & Fine Tunings

t ⇠ 1 sec t ⇠ 3 min
T ⇠ 1 MeV T ⇠ 0.1 MeV

e�
⌫̄e

t ⇠ 15min
T ⇠ 0.1� MeV
t ⇠ 3+ min

T ⇠ 0.01 MeV

Alpher, Gamow;  Fermi, Turkevich; Hayashi;  Alpher; Peebles; Hoyle, Tayler; Wagoner, Fowler, Hoyle; 
Kawano; Olive; ...

Light Ion reactions in early universe produce primordial abundances of light nuclei
reactions dominated by radiation
absence of bound A=5,8 nuclei limit synthesis (no 12C)
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Primordial Universe 
(Mass Fraction)

~75% H
~25% 4He

� ⌘ XN

X�

CMB

� = 6.19(15)⇥ 10�10

Primordial Abundance of Light Nuclei & Fine Tunings
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T ⇠ 1 MeV T ⇠ 0.1 MeV
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⌫̄e

t ⇠ 15min
T ⇠ 0.1� MeV
t ⇠ 3+ min

Bd ⌧n

T ⇠ 0.01 MeV

Initial conditions
deuterium 
binding energy

neutron 
lifetime

Xn

Xp
= e�

Mn�Mp
T

Primordial Abundance of Light Nuclei & Fine Tunings
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t ⇠ 1 sec t ⇠ 3 min
T ⇠ 1 MeV T ⇠ 0.1 MeV

e�
⌫̄e

t ⇠ 15min
T ⇠ 0.1� MeV
t ⇠ 3+ min

⌧n

T ⇠ 0.01 MeV

Initial conditions
neutron 
lifetime

Xn

Xp
= e�

Mn�Mp
T

focus on leading 
isospin breaking

Primordial Abundance of Light Nuclei & Fine Tunings
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Big Bang Nucleosynthesis and Mn �Mp

initial conditions for ratio of neutron to protons exponentially 
sensitive to mass splitting

neutron lifetime very sensitive to mass splitting

f(a) ' 1

15

�
2a4 � 9a2 � 8

�p
a2 � 1 + a ln

⇣
a+

p
a2 � 1

⌘

Griffiths “Introduction to Elementary Particles”

Xn

Xp
= e�

Mn�Mp
T

10% change in                 corresponds to ~100% change 
neutron lifetime

Mn �Mp

1

⇤n
=

(GF cos�C)2

2⇥3
m5

e(1 + 3g2A) f

✓
Mn �Mp

me

◆
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Big Bang Nucleosynthesis and Mn �Mp

Mn �Mp = �M�
n�p + �Mmd�mu

n�p

two sources of isospin breaking in the Standard Model

mq = m̂1� �⇥3 Q =
1

6
1+

1

2
�3

quark mass quark electric charge

at leading order in isospin breaking

< 0 > 0

Mn �Mp = 1.29333217(42) MeV
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Big Bang Nucleosynthesis and Mn �Mp

PRELIMINARY

(lattice average)

Mn �Mp = ⇥M�
n�p + ⇥Mmd�mu

n�p

= �178(04)(64) MeV⇥ �f.s. + 1.08(6)(9)⇥ (md �mu)

Big Bang Nucleosynthesis (BBN) highly constrains variation of
                 and hence variation of fundamental constants

Observe gas clouds with low metalicity (very few heavy elements). 
Assume these are representative of  nuclear abundances shortly after the 
Big Bang (for some quantities, extrapolations are required) 
Run BBN code, changing input parameters connected to QCD, and 
compare predicted abundances to observed

Mn �Mp

31
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Big Bang Nucleosynthesis and mn �mp

32

Heffernan, Banerjee and 
AWL - 1706.04991

�Mn�p = �M �
n�p + �M�

n�p = 2.39
�

�phys
� 1.10

↵f.s.

↵phys
f.s.

MeV

Comparing the variation 
of 4He to the observed 
abundance 
4He tracks almost 
perfectly the nucleon 
mass splitting
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Big Bang Nucleosynthesis and mn �mp
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�Mn�p = �M �
n�p + �M�

n�p = 2.39
�

�phys
� 1.10

↵f.s.

↵phys
f.s.

MeV

Comparing the variation 
of Deuterium to the 
observed abundance 

electromagnetic effects 
in fusion cross sections 
are important, such that 
lines on constant D do 
not line up with Mn-Mp

Heffernan, Banerjee and 
AWL - 1706.04991
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Big Bang Nucleosynthesis and mn �mp
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�Mn�p = �M �
n�p + �M�

n�p = 2.39
�

�phys
� 1.10

↵f.s.

↵phys
f.s.

MeV

The combined variation 
of D, 3He and 4He 
restrict possible 
primordial variations of 
isospin breaking to less 
than 2% at the 95% 
confidence level 

This places tight 
constraints on possible 
extensions of the 
Standard Model

Heffernan, Banerjee and 
AWL - 1706.04991
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For fun - we can 
see what the 4He 
density would be 
for larger 
variations
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Neutrinoless Double Beta-Decay
long-range contribution 

(standard picture)
gA

gA

Short Range: lattice QCD is the ONLY theoretical tool we have to understand 
these contributions with quantified uncertainties 

 
Lattice QCD: compute 2-nucleon matrix elements to determine unknown 
couplings/transition rates 
 
Many Body Nuclear Effective Theory: take lattice QCD results as input and 
compute transition rate in nucleus (Haxton, others)

gA~

short-range contribution 
possibly equally/more important

~1/MR

d u

d u

e−

e−

gA~
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Neutrinoless Double Beta-Decay
long-range contribution 

(standard picture)
gA

gA

gA~

short-range contribution 
possibly equally/more important

~1/MR

d u

d u

e−

e−

gA~

Short Range Contribution
Need to know value of 4-quark matrix element in 
two-nucleon systems: LQCD is the only tool we 
have as we are not able to measure 0νββ in few-
nucleon systems - so need fundamental theory 
calculation
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Neutrinoless Double Beta-Decay
Short-range contribution: probe for heavy physics

gA
gA

~
~

~1/MR

d u

d u

e−

e−

and the left-right symmetric model and compare them to each other. We summarize our

conclusions in Section V.

II. EFFECTIVE 0νββ-DECAY OPERATORS

The classification of the operators in L0νββ
EFF relies on two elements:

1. The use of symmetry to relate effective lepton-hadron 0νββ-decay operators to those

involving quarks and leptons. The relevant symmetries are parity and chiral SU(2).

Indeed, because the lepton-hadron effective operators are generated from the quark-

lepton operators through strong interactions, they should retain the same parity and

chiral structure.

2. The organization of these effective lepton-hadron operators in an expansion in powers

of a small momentum p.

To organize the non-standard model (NSM) operators in powers of p, consider first the

long range π-exchange contributions to 0νββ-decay of Figs. 2a,b, and c. The fact that pions

are Goldstone bosons allows us to use chiral perturbation theory [26, 27] to classify the NSM

hadronic operators in terms of a p/ΛH expansion, with ΛH = 4πfπ ∼ 1 GeV and p ∼ mπ

where fπ " 92.4 MeV is the pion decay constant. The leading order (LO) quark operators

should therefore induce effective hadronic operators that do not involve derivatives of the

pion fields or pion mass insertions2, the next-to-leading order (NLO) operators would involve

a single derivative of the pion field, the next-to-next-to-leading order (NNLO) would involve

FIG. 2: Diagrams that contribute to 0νββ at tree level. The exchange diagrams are not included.
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2 At tree level, the pion mass insertions always have the form m2
π and therefore do not contribute at LO or

NLO.
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Short-range contribution: probe for heavy physics
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Summary
Lattice QCD is a formulation of  QCD in Euclidean spacetime that enables the use of  numerical 
methods to compute basic properties of  nucleons and other hadrons 

Lattice QCD is the only non-perturbative regulator of  QCD where we understand how to control all 
systematic uncertainties and provide fully quantified theoretical predictions for basic nuclear quantities 

Lattice QCD is essential to compute key quantities that are difficult or impossible to measure 
experimentally 

0𝜈ββ matrix elements 
Hyperon-nucleon forces, three-nucleon forces 
… 

The calculations are very expensive — requiring significant time on the world’s fastest supercomputers 

This is an exciting time to be involved as the growth of  computing power has brought us to an era when 
LQCD is starting to impact our understanding of  low-energy nuclear physics
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